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1.INDODUCTION: 

The purpose of this project is to introduce the 
status and trends in gear rating, optimum design and 
the computer aided design of gears and gear systems 
and to provide assistance in the develoiaent of a 
cOllpUter aided design 97ate• for high speed gears and 

gear 878teas. !'his vil1 be acc~•pl.ished b7 presenting 
a series of lectures to engineers and educators in 
China, b7 prov:i.diDg assistance to e~eers developing 
a CAD 117stea for gears , end b7 suggesting advisor.r 
opinions on aspects of research works.gear rating and 
optimum design. 

2. LECTURE SEBV:S: 

The lecture series to be given at ZBIME consists 

of seven dilferent, but related, topics. !he titles of 

the lectures are: 

A. Computer Aided Design: Steady State and Kinematic 

Simulation 

B. Predicting the Performance of Dynamic Mechanical 

Systems 

c. Torsional vibrations 

D. An Introduction to the Finite Eleme~t fiethod 

E. Metal Failures in Transmissions 

F. A Review of AGMA 218.01 , AGMA Standard for Rating 

the Pitting Resistance aad. Bending Strength· of 

Spur and Helical Involute Gear Teeth 

G. Gear CAD 
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ilter the lectures are coapleted., deao:natrationa and 

tr-inning sessions are provided for three groups of 

about 20 persons. These sessions use an IBM-H 286 

coaputer to provide experience with the f ollowi.ng 
• 

software: 

A. Gear Design Software b7 Geartech Software, Inc.: 

1. GEARCALC: 

Eftlua'tes •nim capaci't7 gear set vith lliJWma -

vol1111a and weight. Allows designer to select_ 

tooth numbers and addendum modificatioa based on 

the application. 

2. AGMA 218.01 : 

Verities compressive stress, bending stress, and 

gear life tor the-design .troa GEOCJLC. 

3. SCORIBG+:. 

Verifies the probabl7 of wear and scoring for 

the design from GEARC.ALC b7 evaluating flash 

teaperatures, alidiDg velocities, and elasto

hJ'dro~ic film thi~lmess. 

B. Mini TK solver: 

Solves linear and non-linear s7stems of equations • 
• 

It is a mathematical "tool box" from Universal 

TechnicaJ.-S7stems,Inc. 

C. GEAB!'ORC: 

Evaluates gear tooth forces and bearing reactions 

for a sha!t supported by two bearings and carrying 

any number of ext·~rnal gears. 

II 

• 

• 

• 
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D. FOURBAR: 

Evaluates the positions and veloc~ties of points on 

a fourbar mechanism. Graphical output of the pcsitions 

is given to-illustrate setup of graphics.code. 

E. INERTIA: 

Evaluates the mass moment of inertia, weight, and 

torsional spring rate for a stepped rotor system. 

F. VEHICLE SIMULATION: 

Evaluates the displacement versus time of a vehicle 

dynamic model with e. three speed, shiftable trans

mission. 

G. OPTit~iUM: 

Optimization method for multivarieble, non-linear, 

constrained problem using the com.p1ex method. 

This program is a modification of Dr.G.H.Michaud's 

~ork to evaluate sensitivity studies and provide 

graphical output. It evaluates the variables to 

give the maximum or the minimum value of the objective 

function and the graphical sensitivity study shows 

how the optimum value changes with each variable. 

H. FRAME: 

Evaluates tne reactions and deflections of a structure 

using the plane frame element. The frame finite 

element has three degrees of freedom at each of 

its two nodes: X, Y and e. 
One major theme of the first four lectures is to 

provide a course in computer aided design methods 

includin~ mod.elin::· of cynarnic sy::te;.,s. 
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Most of the ex£JDples are selected for gear systems 

in order to show the relevance. The torsional 

vibration analysis and finite element analysis are 

important GAD methods. An example evaluating the 

internal. tooth dJ'Damics is not explicitly presented, 

but the numerical integration method, the process 

of creating an equivalent mass-elastic system, and 

the F:EM for evaluating the var.Jing tooth stiffness 

are covered. Bence, the rundamentals for evaluting 

internal gear tooth forces are explained. 

One me.jor theme of the last three lectur~s is to 

show the development of the AGl-iA218.01 standard for 
• 

gear design relative to fm:uiamentals and the experiences 

b1' the .American gear Manufacturing Association's 

members. 

The lectures were attended by 72 engineers from 

~ different industries and institutions representing 

all areas of the nation. Their names and ·atfiliations 

are listed in Appendix A. This list indicates the 

broad interest in this prcject. The three interperters 

were experts: 

!it". Jia ;:,un 

Senior Engineer of Materials, Hot Precessing 
• 

Department 

~hengzhou Research Institute of r-.ecbanical 

1:.ngineering 

• 

• 
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- 5-Mr. Ding-Hong Yan 

Vice Director 

Gear Research InstitutE 

Hechanical Engineering Department 

Shanghai University of Technology 

Professor Zongying Ou 

, 

Dalian Institute of Technology 

Department of Mechanical Engineering 

Director of Mechanical Vesign Division 

A copy of these lectures is attached to this report 

for reference. 

3. ORGANIZATION OF ZRIE.E: 

'!'he Zhengzhou Research Institute of hechanical 

.Engineering has three ~esearch divisions and one 

design division: 

A. Mechanical Streng-~~ and Vibrations ~ivision • 

• ~tructural Analysis 

.~atigue and Fra=ture 

.~train measurement 

B. Hot Processing Division • 

• Foundry 

..Forging 

• ::elding 

C. ?:;lectrical and f.iechanical Design Division 

.1his broup designs products for cowmercial 

production 
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This division bas five departments: 

1.Fundamental Technology Department • 

• Basic researct topics: 

gear rating
1
lubrication 

life prediction 

gear CAD 

new developments 

2.Tecbnical Developments Department. 

.The goal is to assist the Government 

with the development of new products 

per the Five Year Plan, and to develop . 
needed equipment or assist in selecting 

foreign equipment. 

3.Materials and Heat Treating Department • 

• Conduct research on domestic materials 

including Carburizing, Nitriding and 

Induction hardening. 

4.Gear Manufacturing Research Department • 

• Conduct research on gear manufacturing 

methods including honing, shavi.~g, 

grinding and bobbing. 

5.Technical Services Department • 

• Conducts national symposiums and 

seminars, develops the China gear 

standards, publishes a bimonthly gear 

journal, represents China on the 

International ~tancards Cr[anization 

committee TC-60, repr~s~nts ~hi~~ on 

I~TCi-.1·. (and will host the ~all I .. ~1..,,~·.i·. 

.. 
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meeting at ZRif.ili), provides 

headquarters :for the China Nechanical 

Transmission Society which is a branch 

o:f the China i:iechanical Lzigineering 
• 

Society. 

The National Center :for Quality Control o:f Gears 

is also located at ZRIME. This group inspects the 

qualty of gears in the factories and reports their 

findings in order to correct any deficiencies and 

assure the quality o:f the Nation's gear products. 

ZRIME has approximately 900.employees and about 

45< are engineers. The Gear Division has 155 employees 

and 115 are engineers. 

Each division has a Cftief Engineer. The divisions 

are relatively independent and self supporting. 

The divisions coordinate their efforts to provide 

mutual support through the Director of the Gear Divis1on 

ri.r. ·.;ang • 

4. FACILITIES FOR GEAR ~iORK: 

In order to indicate the capability of the Gear 

Division and the National Center for Quality Control 

ot Gears, some of the equipment and facilities are 

listed below. 

This list is not complete. 

1. Pfauter hobbing machine 



2. 

3. 

4. 
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China made hobbing machine 

1.5 meters maximum diameter 

China made bobbing machine 

2.0 meters maximum diameter can cut 

MA.AG Shaper SH75K 

700mm 

320mm 

max. diameter 

max. stroke 

Quality: DIN 4, AGMA 12-13 

5. Shanghai gear grinder 

320mm 

5 

max. diameter 

max. module 

large modules. 

• 

1 

• 

• . ---.. 
: (' 
( 

I • . ... _.., ..... •"' 
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6. MAAG Grinder SD62 

620 mm max. diameter 

15 max modul6 

Quality: DIN 4, AGMA 12-13 

• 

.. 

1. Controls for wear and lubrication teat 
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8. Klingelnberg Hob Grinder 

300 mm max. diameter 

Quality: AAA 

9. Klingelnberg Tester 

(used with MAAG SD62 Grinder) 

1.2 m max. diameter 

• 
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10. Klingelnberg machine to check accuracy of hob. 

300 mm max. hob diameter 

11.Klingelnberg machine SP90 to inspect cylindrical 

and spirol bevel gears is on order. 

900 mm max. diameter 

12. VG450 for checking profile of master gears, 
450 mm max. diameter 

Quality: AGMA 13 or higher 
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.3. Concentricity measurement-laser 

o.5 arc second accuracy 

14. Goulder Mikron machine to check profile of 

large turbine gears 

10 modul~ maximum 

1 m millimum diameter 
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15. Fo-:.ir Square Test Stand: 

250 K~ max. power 

Computer control is on order.Measures noise, 

vibration, torque, efficiency, and oil temperature 

for a complete assembled gear system. 

16. Four Square Test Stands: 

Four test stands with 150 mm center distance 

and four with 100 mm center distance. 

For test of lubrication, scoring and wear. 

Size of wear particles in oil, vibrations, 

and dynamic loads are "1onitored. 
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17. Plasma carbonitride heat treating 

500 mm max. diameter 

18. Gas carburizing heat treatment 

1.2 m max. diameter 

2.4 m max. width 

4 mm case depth is achieved 
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19. Plasma Nitride heat treating 

Ring gear, 900 llllll aax. diameter 

2.3 m max. wid-t;h 

20. B&K Noise and Vibration instruments for 

measurement in field by portable system and 

tape recorder. Analysis of data by FFT on 

main computer. 

21. Computer facilities include an IBM 4381 with 

connected terminals, a large design terminal, 

and a Calcomp plotter. ~even IBM PC computers 

are in the Gear Division. 

22. The ADINA finite element code is used. 
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5. P..E~Zili~CH Al'ID TZCEUCAL ~ZRVICE: 

The gear research &nd the technical serYice prcvided 

by ~Rii·.Z are important to the d.ev-elopment of the i::ation 

as it stri-r,;;s to provide transportation, f o6d and 

energy to the citizens. The fundamental research on 

gear materials which are manufactured and processed 

within the Nation is necessary to establish the lif'e 

and reliability of these materials. The lif'e and 

reliability of gears depends on the material in addition 

to all of the machining and heat processing operations 

which are used to mr..nufacture the gear. 

The bas~~ research on gear 1-J..fe, heat treating and new 

materials will be beneficial to China and to the world. 

The research on contact fatigue life is of special, 

interest to the members of the I.OO-TC60 group. 

The need for a national standard for gears does 

exist in China. There are several dif'f erent standards 

in use today. The values of these standards provide 

good designs, but the values are not all i~tarchangable 

between the c.ifferent stanC.ards. The gears manufact:ir:=d 

from the new China materials and by new China processes 

are ~ot all included in these.other standards. 

The technical interchange sponsored by ~RINZ is very 

healthy !or the gear experts across the Nation as it 

multiplies their progress. The international activiti~s 

of ~Rih.i.::. accomplishes the same result across the worlC:.. 
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6. CONSULTING ACTIVITliS: 

Each lecture contained a period for questio.ns .. A.lsu, 

in the follc•ri.ng day~, qurstions ccncernins the lecturg 

and other projects were discussed. 

Examples are: 

1. The anal;ysis of lateral vibrations per the 

2. The activi1:7 in the U.S.A. on ductile iron gear 

research 
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7. VISIT TO ~ICEUAN G:::A!IB<JX FI.Alc""T: 

The purpc~as of the visit to the plant were to ~resent 

. 
Gears and on Standards and to gain a firsthand view of 

the state ot gear ll&llu!acturing technol.ogr as it is 

practiced in China te>CUq. Due to the lintited tir.le, 

cml7 Olle ciQ or lecturing was presented on 1:ile topcis 

o~ torsional vibrations and the AGMA 218.01 ~tawlard. 

However, co-pies of all seveIJ. lectures were provided to 

them. 

The Sichuan Gearbox Pl.ant is a subsidiary- of China 

State Shipbuilding Corporation. The proe1.lcts of this 

pl.ant include gearboxes, clutches, couplings and dampers. 

The plant is located in J'iangjin on the Long River and 

has 1200 emplo,-ees. The plant has eight shops, which 

incl.ude: 

1. Gearbox manufacturing 

2. Gearbox assembl.y testbeds 

3. Heat treatment (carburize, induction, nitride) 

4. ::?ress shop 

5.~orging and welding 

6. i'riction disk manufacture 

'l!be plant started in 1966. In 1978 - 1979 license 

agreements with Lomann & Stolterfoht and with Geislinger 

-,;ere mace to manu!acture marine gears an.C. alastic damping 

couplings respectivel1. A tour of the fac ility showed 

that it is an ~xcellen~ sgur plant with the ~achines, 

testi."lg a~ui;.ment, .~ualit:r cor.trol D.nc ;ersor:nel re~uir?<i 

to co the ~ob correctly. 
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8. CCNCL~ICNS: 

The organi~ation of idli·i.E and. the Gear Division is 

well plannec to advance the cevelopment of gears within 

the Nation. The high.technology of gears ari.C. gear systecis 

is a combination of art and science. The performance of 

a gear system depends on the nature of the parent material, 

the machining operations, the heat treating process, the 

gear design anal~sis, the SJ'Stem design, and the operating 

conditions. The Gear Division is organized to consider 

all of these factors. The interactions with industry, 

universities anc other institutions is very beneficial 

to a.:.l.. 

The ~aci1ities at lJUlii: are adequate to perform 

Co~uter Aided Design cf sears. Sowever, the softl-;are 

and ha.rC.'t'fare are ra.piCJ.y a.dvP..nc;ns an.C. ::la.ns for regui.~ 

u~a<iillg shoul.C. e:::ist. 

A solicis modeling soft":·:are package shoulC. ba consic!.er~. 

Improvecents in ~rs~s~ortatio~ .::.nC. co~=unicatio~ 

systems within the ~;ation will aid. in co=ercia: -.:.ev<slcp!:!en:i:s 

in China's gear industry. 

The UliD.lO support !or the computerized control o! 

the carburizing h~at t=aatin6 process, ~ill be v~r: helpful. 
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~he UNI:OO Gear CAD project has provided a good 

exchange of ideas on computer aided design of .gears. 

:nc an increased u:i.cers~an.ding of the American Gear 

L·.anufacturer' s Standards for gear design. 

The rapid advances in gear technology, computer 

aided testing, computer aided manufacturing, and 

gear CADin.China and in the world present a need for 

a long range education and training program. 

~here is a need for a training facility at SRIH:.!: 

in order to provide eff sctive training in o:ociern gear 

technology such as hot processing methods, manufac~~r;n~ 

methods, quali-r.T measurements, end computer aiced 

design and ana1;,ysis. The facility should be furnishec 

~i.th adequate computers and other equipment to allow 

the participants to receive personal training. 

Perhaps 10 training stations wuul<i be appropriate. 

{ The 386 computers should be considered.) 

Audio visual equipment is needed. It is recommended that 

these needs be considered. 



APPENDIX 

Participants in Lectures on Gear CAD In Zhengzhou, July, 1988 

t4AME AGE TECHNICAL TITLE AFFILIATIONS 

1. Chen Zegao 56 Senior Engineer Shanghai Research institute of HOist 

2. Mei Jianping 35 Teacher East China Institute of Chemical Engineering 

3. Jin Guopin 42 Teacher Technologz College, Shanghai University 

4. Leng Xiangzhu Teacher Xuzhou Gear Plant 

5. Cheng Dahei 43 Engineer Kaifeng Air Separator.Factory 

6. Yhang Qiankun Assistqnt Engineer Kaifeng Air Separator Factory 

Ansan Tractor Research Institute 
N 

7. Yao Hongl i ... 
• . 

a. 'tu Jiang Ansan Tractor Research Institute 

9. W!ng Jianshe 30 Graduate Changchun Research Institute of Optical Machine 

10. Shen Qingzhu 24 Graduate Changchun Research Institute of Optical Machine 

11. Li Oebao 40 Engineer Pallan Research Institute of Hoist 

12. Zhao Wei 30 Graduate· Northeastern Institute of Technology 

13. Li Jingfeng 24 Graduate II 

14. Ding shichao Graduate II 

. ' 



15. Shen Tao 24 Engineer Shenyang Blower Works 

16 • .,ang yuhua 28 Engineer • II 

17. Tong Rongchu 48 Engineer Beijing Gear Company 

18. Ma yuanj i ng 25 Assistant Engineer II 

19. Liu xitjan 46 Engineer Taiyuan Research Institute of Holst 

20. Jia Yi Teacher Gear Research Institute. Taiyuan University 

of Industry Tectmolop·, 

21. Tang zhengbao 53 Associate Professor Central China University of Science and Technology 

22. Zhong ylfang 53 Associate professor II 

23. Che Hexlang 53 Associate professor II 

n. Yang Kaixiou 45 Teacher II 

25. Li Haixiang 49 Associate Professor Wuhan Institute of Water Transporatton Engineering N 
N 
I 

26. Fan Qi 26 Assistant II 

27. Xie Peilin 42 Teacher Wuhan Institute of Navy Engineer 

28. Zhou Jingyu 38 Technician Hubel Vehicle Elements Factory 

29. Yan shaomu 23 Technician II 

30. Li Rei 23 Assistant Engineer II 

31. Ci.en Lin Assistant Entlneer II 

32. Gao Xlangqun 49 Senior Engineer Zhuzhou Research Institute No. 608 



33. Wei Gang 26 Graduate Zhu~hou Research Institute No. 608 

34. Deng Di ze 49 Senior Engineer Changqing Vehicle Office 

35. Yang Peil in 25 Assistant Xian Jaotong University 

36. Llu Geng 27 Assistant Shanxi In,titute of Mechanical Engineer 

J7. Wang Xtaoguang 31 Assistant Northwestern University of Industry Technology 
I 

38. Liu Renxtan 50 Professor Xian Institute of Metallurgical Architecture Engineer 

39. Wang Yuhang Assistant Engtener Xian Research Institute "' Heavy-duty Machinery 

40. Liang Botao Graduate Gear Research Sectlun, Luoyang ln~tltute of Technolopy 

41. zhang Jianzhong Assistant Engineer Luoyang Mining Ma~hinery Plant 

42. Pei Jingnlng 30 Engineer II 

43. Liu Guoping 30 Engineer II 

44. Zhou Ji Hang 54 Professor . ' 
L~~yang Tractor Research Institute 

N 
• w 

45. Sun Gongwei 48 Senior Engineer II 

46. An Llcal 50 Engineer II 

47. Wu Xucheng Engineer II 

48. Wang Luming 54 Senior Engineer II 

49. Wang Shiyan 30 Engineer II 

'iO. Zhao Kaottan 30 Engineer II 

51. Yu Reixi 45 Engineer II 



52. Li Shuping 25 Engineer Luoyang Tractor Research Institute 

53. Wang Xiaoling 35 Engineer II 

54. Zhou yu 35 Engineer II 

55. Zhou Xiaodong 25 Graduate Beijing University of Science and Technology 

56. Ai Chunting 3!) Teacher Wuhan University of Industry Technology 

57. Yan Oinghong Teacher Shanghai University of Industry Technology. 

58. Hu ziqiang Assistant II 

59. Ou zonhying 52 Professor Da It an Un tvers i ty of sc t ence and Techm, logy 

60. Chang Keqin Engineer Zhengzhou Research Institute of Mechanical Engineer 

61. Zhang Tingjian Engineer II 

62. Liu Zhi lei Assistant Engineer II 

N 

63. Li Xi ouzhen Engineer . II f:'-

• 
64. Zhang Zhiwei Assistant Engtener II 

65. Xi a Yi Engineer II 

66. Gao xinshu Assistant Engineer II 

67. Jing Xian Engineer II 

68. Zhu shiqing Assistant Engineer II 

69. Xu Jiaoyao Engineer II 

70. Liuo Shijun Graduate II 

71. Cai Neng Graduate II 

72. Wang Jifeng Graduate II 
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LECTURE 1 

<XllPUTER AIDED DESIGll : 
Steady State and lti.neaatic Si.multation 

PREFACE 

Seven lectures on the computer aided design of gears and gear 

systems are documented in this manuscript. These lectures wer~ pre-

sented in a national meeting at the ZhengZhou Research Institute of 

Mechanical Engineering (ZRIME} in ZhengZhou. China. ZRIME is responsi-

ble for standards. research and development relative to the nation's 

gear industry and is part of the State C011111ission er Machinery Industry 

or the People's Republic of China. 

The first three papers deal with the use of computers in the 

dynamic simulation of mechanical and gear systems and include torsional 

vibration studies. The fourth paper gives an introduction of the 

finite element method for computer analysis or stresses and deflections 

for non-prismatic shapes like gear teeth. The fifth paper discusses 

gear failures and outlines the Lewis and the Hertz equations for bend-

ing and compressive stresses in gear teeth. The sixth paper introduces 

the AGMA 218 Standard and shows how the Lewis and Hertz equations are 

modified for the American Gear Manufacturer's Standard on gear design. 

The last lecture introduces commercial software for computerized gear . 
design. 

The preparation. organization and management of this meeting by 

the Gear Division of ZRIHE was exceptional. The personal care shown by 

each member uf the staff is appreciated. The funding of this project 

by the United Nations Industrial Development Organization made this 

technology exchange possible. The technical competence or interpreters 

Jia Sun, Ding-Hong Yan, Zongying Ou and Mr. Mao added greatly to the 

presentations. The careful typing or the manuscripts by Mrs. Rook and 

Mrs. Yeatman was a significant contribution. Many or the examples and 
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research results are based on activities with Marine Gears, Inc. The 

efforts of my co-authors and of many graduate students are gratefully 

acknowledged. carol's support ~ade it possible for me to participate 

in this project. 

E. •illiam Jones 
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ABSTRACT: 

Modern. computers with low cost graphics are changing the scope or 

the mechanical designer's responsibilities and the way he performs his 

tasks. Salle of the implications ofCcmputer Aided Engineering are 

presented. The response or the engineer to the CAE enviroraent is 

demonstrated by software for gear rorces and for mechanism design. 

1. INTRODUCTION: 

The availability of low cost, fast cmp.ters with large memory and 

good graphics is producing a revolution in design departments. In the 

recent past ccmputers were used primarily for engineering calculations 

which had extensive c011plexity or length. Ihe major problems ror the 

designer included digesting the voluninous output, sllllllarizing the 

results briefly. accessibility or the computer, time required per rW'l, 

learning to program, training and retraining to use new hardware and 

software. The access problem is rapidly disappearing with the changing 

price to performance index. The low cost or graphics is provid!ng a 

visual solution to the problem or coping with the vol1.1Des or printed 

output. Modern software with considerations for hllDan factors is much 

easier to use. The computer offers the potential to perform calcula

tions at a fixed quality level by reducing the hlllan variation. The 

level or quality control depends on t~e maturity or the software, and 

it is still vulnerable to hlllan errors in the input data. The use or a 

cOllllllOn data base and the integration of Computer Aided Design ~1th 

Computer Aided Manufacturing are important. The potential or today's 

computers to contribute to the design ta~k ls making significant im

provements. 
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Engineering design is an iterative process, which produces a 

specitication ror a product, which will till a huaan need. The 

quality of the product and the timeliness with which the design task is 

ccmpleted are significant ractors in deteraining the value or the 

product. 

Engineering •anagement races different questions as their task 

changes rraa •anaging people to •anaging a machine rOCJ11 vith operators. 

The yearly rees ror •aintenance and sortvare rental are a large part or 

the engineering budget. The changir.g CAE technology makes hardware and 

software technically obsolete rapidly. which requires upgrading or 

software and hardware and retraining or personnel. The lack or 

standardization and interchangability ot hardware and sortvare have been 

major problems and a?""e beginning to get saae attention rraa the hard

ware and sortvare suppliers. The Construction Industry Institute' s 

Design Committee is currently studying the impact, implications and 

needs or CAE ror the construction industry. Even though CAE is still 

in the evolutionary stage the engineering camaunity needs to be in

volved with CAE so we will grow also. 

The training required to practice engineering is changing. The 

designer with a workstation can perform a larger and more complex task 

in a shorter time span. This reduction in time span reduces the con

scious and subconsious thought time which the designer applies to the 

taak. This may reduce the designers creative responses during the 

design phase. Conversely, the computer may allow the designer to study 

more alternatives during the design phase since it can reduce the 

repetitive manual labor. The enlarged scope or the task argues that 

the designer's training and qualifications must be increased to match 
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his respon::':~bi1..ities. Vhile the designer must have sane c0111puter 

skills. he must also understand the physics or the application. the 

constraints on how to design ror manufacturability. servicability. 

satety and ht.man ractors. and he aust have the mature judgement neces

sary to aake decisions. 

The benefits or CAD/CAE are still being debated. Sme suggest 

that a benefit is in the reduced nmber or clrattsaen on the task, 

however. the savings on the dratting expense is aore than orrset by the 

cost and maintenance or the caaputer and sortware. Much or the savings 

are outside or the design roaa. These savings include: 

1. The reduced cost or rework during manutacturing. 

2. The reduced loss due to scrap material. 

3. The creation or a C.C810n data base tor all. 

•. Electronic transmission or drawings to remote sites. 

5. The reduction in product development tiae. 

A c~eative approach is required in the evaluation or CA£ benefits 

because the task is usually redertned in the CAE enviroflftent. As an 

example, in 1975 caterpillar Tractor Company evaluated the Finite 

Element Met.hod. Sale questions were: 

1. Can the ~EM reduce the time required between the initiation 

ot design and the rP.l~ase tor production? 

2. What education and skills are required tor use or the FEM? 

Several engin~ers with different levels or education and experience 

were given different cO!llponents or a.new product, which had been de

signed by ~onventional methods. Since these engineers were learning 

the FEM, the time required ror their solutions was not representative. 
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However. if the FEM could predict any major failures of these caapo-

nents prior to testing. then the component could be redesigned prior to 

the test. A failure of a component. during the test of this high speed 

product. would produce fai!ures of other components also. A failure 

during the test would produce a delay of several aaonths in the product 

release date because: 

1. First. the failures aust be analyzed to determine the "root 

cause." 

2. Then. the component vith the "root cause• must be redesigned. 

J. The redesigned component aust be aanutactured. It the compo-
• 

ne."lt is a forging or casting. the die or mold must be re-

worked. 

IJ. The test must be rebuilt and restarted with zero credit for 

fatigue cycle testing. 

Hence, the major gains frm this CAE application were in the Proving 

Grounds Budget. 

The results of this study shoved a stress in a fillet of a forging 

to be above the endurance limit. A one inch fillet r~~ius would have 

been satisfactory but the component drawing shoved half of an inch. A 

review of the original layout shoved a one inch radius in this transi-

tion region, but the draftsman's circle templet had a maxim\111 hole size 

of one inch. Hence, the designer's intuition had been correct, but 

without calculations to reinforce this intuition an oversight was made. 

The drawing was changed. After this study. Caterpillar created a 

group for performing finite element analysis for their product design 

groups. 
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Some general purpose software packages have been developed and 

examples are given. but the list or examples is not intended to be 

complete. 

1. Computer Aided Design 

and Drafting. 

2. Dynamic Simulation 

J. Mathematics. Statistics 

'· Word Processing 

5. Finite Elements 

CADAH. AutoCAD 

ACSL. CSMP 

MATlll.IB, MATHCAD, TICSOLVER 

Word Perfect, Microsoft Word 

ANSYS, HSC-NASTRAN 

Special purpose CAD software can be a good engineering aid. 

First. there are small. homemade. special purpose CAD packages for 

personal tasks. Engineers should identify these tasks. Five examples 

are given below. The program INERTIA is typical or this cla.ss or 

programs. The program GEARFORC is for one area or technology. but it 

has a more general group or users since it is designed to evaluate the 

bearing reactions ror all combinations or helical gears and pinions. 

The program FOURBAR is.general tor one area or technology and it uses 

graphics to help show the output. These three programs can analyze an 

existing configuration. The fourth example deals with the use or CAD 

in the synthesis (invention) or a configuration. The fifth example 

indicates the coupling or Canputer Aided Design and Canputcr Aided 

Dratting software. The challenge tor the mechanical designe.~ is to 

~dentity tasks. which are repeated and require significant human ef

forts, and to develop software to perform these tasks. 
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2. EXAMPLE ONE: Inertia and Torsional Stittness 

The calculation or aass aoaents or inertia and torsional stirt-

nesses or •embers with circular cross-sections is an otten repeated 

task in evaluating the .ass-elastic characteristics or a gear train. 

Hence. a progr• to evaluate and add inertias and spring rates may be 

very usetul even tbough it is elementary. Since the llajori tJ or errors 

in progrcms occw dU£ to taulty input or the data. tbe progr• aust 

print all input data on bard copy for future reference and quality 

cantrol. Tbe progi:aa nmrrIA is listed in Appndiz A and tbe output 

for tbe shafting section of Figure 2.1 is given in Table 2.1. 

0. Dia. 14 12 
I. Dia. 10 0 

Length I s I s I 
Material • Steel 

4 
0 

so 

Units on d~ions • inches 

Figure 2.1 Shatt Section 

8 
2 

1 · 

7 
6 

10 15 

3. EXAMPLE TWO: Generalized Bearing Reaction Program 

10 
6 

I I 
7.5 

The calculation or the bearing reaction rorces on a shatt, which 

is supported by two bearings in a helical gear tranamission, is a 

c0111111on task. A program ror evaluating the bearing reactions, which 

allows ror any number or gears on the shart and ror any number or 

pinions to be in mesh with each gear, is developed in this example. 
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TABLE 2.1 Output from Prograa: IHERTIA 

TORSiONAL STIFFKESS AND UIERTIA 
PROGRAM: INERTIA 

ttATERIAL DENSITY • .283 POUNDS/CUBIC INCH 
truttBER OF DISCS = 6 

DISC NUMBER • 1 
OUTSIDE DIAMETER • 
INSIDE DIAMETER • 
LENGTH OF DISC • 

DISC NUttBER • 2 
OUTSIDE DIAMETER • 
INSIDE DIAMETER = 
LENGTH OF DISC • 

DISC NUMBER = 3 
OUTSIDE DIAMETER = 
INSIDE DIAMETER = 
LENGTH OF DISC • 

DISC NUMBER • 4 
OUTSIDE DIAMETER = 
INSIDE DIAMETER • 
LENGTH OF DISC = 

DISC NUMBER = 5 
OUTSIDE DIAMETER = 
INSIDE DIAMETER = 
LENGTH OF DISC • 

DISC NUMBER = 6 
OUTSIDE DIAMETER = 
INSIDE DIAMETER • 
LENGTH OF DISC • 

TORSIONAL STIFFNESS • 
SHAFT INERTIA • 
TOTAL WEIGHT • 

14 IN~HFS 
10 INCHES 
5 INCHES 

12 INCHES 
O INCHES 
5 INCHES 

4 INCHES 
O INCHES 
50 INCHES 

8 INCHES 
2 INCHES 
10 INCHES 

7 INCHES 
6 INCHES 
15 INCHES 

10 INCHES 
6 INCHES 
7.5 INCHES 

5310063 INCH POUNDS/RADIAN 
27.43824 IN. LB. SEC. SEC. 
727.9261 POUNDS 
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(The word pinion normally refers to the smaller or the two mating gear 

ele11ents. but in thi.S example the word 'pinion' refers to the elements 

which are meshing with that element on the shaft whose bearing reac

tions are to be evaluated. ) 

A typical gear and shaft arrangement is shown in Figure 3.1. 

Bearing nmber 1 is chosen as the location of the origin or the right 

hand coordinate system. The positive z-axis is directed to the right 

along the cen~erline or the shaft. Distar.ces to the left of the origin 

have negative values for the z-coordinate. The x-axis is horizontal 

and the y-axis is vertical. This figure shows two .J~ars. Each gear 

has one mating 'pinion•. There is a force Fs in this figure and the sign 

or this force is positive. if the force is directed upward. If Fs is 

due to gravity, the ni.aerical magnitude must have a negative sign. The 

angular orientation for each pinion is identified by the angle e, which 

is the rotation about the z-axis. This angle is measured from the 

positive x-direction with the positive direction defined by the right 

hand rule and illustrated in Figure 3.2. The positive direction for 

the helix angle is selected as the right hand helix per Figure 3.3. 

The tangential component of the tooth load is 

Wy • P x 396,000/(2 x • x N x d/2) 

where, 

P • Input power, horsepower 

N •Speed of shaft under study (CC'' is positive), RPM 

d • Pitch diameter or gear with speed N, inches 

d • Ny/(Pd x Cos(.)) 

NT • Number of teeth 

?d • Normal dlametral pitch 
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~ • Helix angle (right hand helix is positive), degrees 

tn• Pressur · ;p.e in normal plane, degrees. 

Bearing 2 

x 

Bearing 1 

~igure 3.1 Transmission Gear, Shatt and Bearing Arrangement 

[

Pinion 4 Pinion 
1 

~ -~-t--~ 
Gear 3 Gear 2 

Figure 3.2 Sign Convention ror Plgure 3. 3 s; gn Convention ror 

Pinion Location Helix Angle 
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The caaponents or the force or the pinion on the gear are 

illustrated in Figure ;.q and the magnitudes are given in Table 3.1. 

The signs or these forces depend on whether the gear is driving or is 

being driven. The radial rcr.ce on the gear is 

WR{N.M) • ABS(WT) x Tan•n/Cost 

Figure 3.4 Helical Gear Forces 

TABLE 3.1 Equations tor Components or Forces Acting 
on Gear N due to Pinion M 

Symbol ror When the 
... r ... o._rc ... e...._c.om--..;p,_o .. n,,,.e.-n.-t ____ .. g._ear is drl ven 

WTYCN,H) 
W'l'X(N,M) 
WRX(N,M) 
WRY(N,M) 
WA(N,M) 

WT x Cose 
-WT x Sine 
-WR x Cose 
-WR x Sine 
-WT x Tan• 

When the 
gear is driving 

-WT x Cose 
WT x Sine 

-WR x Cose 
-WR x Sine 

WT x Tan111 
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The sum of the :anents may be used to evaluate the canponents of 

the forces at the bearings. The moment of force F is given by the 

mixed triple scalar product (1) 1 of the three vectors, l, rand F. 

H • l • Cr x F) 

where, 

l A unit vector parallel to the axis about which the manent is 

evaluated. 

l • ilx + jly + klz 

lx• ly and lz are the direction cosines of the axis about which 

the manent is evaluated. 

i, j and k •unit vectors along x, y and z axes respectively. 

r • The position vector of the force relative to a point on ~~e 

axis of rotation. 

r • ix + jy + kz 

F • The force vector 

Hence, 

H • x z 

Each pinion will produce a moment M due to tooth contact forces on 

the gear. It each external force, which is not produced by tooth 

contact, is divided into x and y component~ (Fx and F1), then each 

component will also produce a manent H. For the gear and shaft ar

rangement or Figure 3.1 the sums or the moments about the x-axis, Lf\ 1, 

and about the y-axis, LMy~· at bearing one are given below and the 

1Numbers in parentheses identify references. 
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equations for the y-component, R12• and the x-component, Rx2• of the 

reactions at bearing number two are derived from these moment equa-

ti ens. 

0 0 

0 0 

+ 

0 0 0 0 

+ 0 0 Zs + 0 0 ·• 0 

R2y s {[ .SWA2d2Sine, - Zz<Wt2y + WR2y>l + [C.5W13d3Sin84 

- Z3CWT3y + WR3y>l + [o - Z5F5y]}1z6 

0 0 

0 0 
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0 0 0 0 

+ 0 0 Zs + 0 0 

Rzx - {[C.SWAzdzCose, - Z2CWT2x + Wazx>] + [.Sd3WA3Cose

- Z3CWT3x + Wa3x>] - [Z5F5x - o]}n6 

The values or R2y and R1y only depend on rour entries in the array 

ror Iffx1: HX1(2,2), HX1(2,3), MX1(3,2) and MX1(3,3). The array for 

L"xl may be represented for any general_ case by the following equation. 

NOG NP 0 0 
HX1 - L L 

N•l M•l 0 .Sd(N)Sin(eCN,H)) Z(N) 

0 (WTX(N,H) + WRX(N,M)) WA(N,M) 

NFY 0 0 

• MX1(3,(3CNP + NFY>)) 
+ l 

n•l 0 ·O FY(N,2) 

0 FY(N, 1) 0 

where, 

NOG • Nunber of gears in system. 

NP • Number of pinions meshing with the Nth gear. 

NFY • Nunber of forces in the y-direction. 

FY(N,1) •Magnitude of the Nth force in they-direction, lb. 

FY{N,2) • Distance along the z-axis from bearing number 1 to the 

Nth force in the y-direction, in. 

For the general case, ~ata for the evaluation of MX1 may be stored in 

an array with 3 rows and J(NP • NFY) columns. The equation for MX1 may 

be rewritten with the noncontributing terms set equal to zero. 
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0 0 11 0 0 f 1 0 0 

MX1 - 0 HX1(2,3) HX1(2,3) I 0 MX1(2,5) HX1(2,6) I 0 HX1C2,8) HX1(2,9) 

0 HX1(3,2) HX1(3,3) I 0 HX1(3,5) MX1(3,6) I 0 MXH3,8) MX1C3,9) 

Therefore, for one pinion in mesh with one gear: 

HX1C2,2) - .5d2Sine1 

HX1(2,3) • z2 

HXlC 3,2) • W,.2y + WR2y 

HX1C3,3) • WAZ • 

Each additional pinion in mesh with the gear adds three colmns to the 

array. Each external force contributes three additional colmns to the 

array. The values of elements or the array will be defined as follows 

for the case above. 

MX1(2,8) • 0 

MX 1( 2, 9) • z5 

HX1(3,8) • Fsy 

MX1(3,9) • 0 

With this definition of the array MXl, the following algorithm will 

evaluate the y-component or the bearing reaction at bearing number two, 

C Initializ2 bearing rea~tions 

R1Y • 0 

R2Y • 0 

C SX • Number of columns in arrays MX1 and MX2. 

SX • 3*(NP • NFY) 
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For I • 2 to (SX-t) step 3 

R2Y • R2Y + (MX1(2.I)*HX1(3.I+l)-MX1(2,I+t)*HXt(3.I)}IZ6 

RlY • RtY + (HX2(2.I)*MX2(3,I+1)-HX2(2,I+l)*MX2C3.I))/Z6 

Next I 

The equation for R1y is also evaluated in this algorittm. The 

terms or the equation ror R1y are the same as for R2Y except the 

distances along the z-axis. The array HX2 is dertned as follows ror 

each pinion: 

MX2(2,2) • HX1(2.2) 

HX2(2,3) • HX1(2.3) - Z6 

HX2(3.2) • HX1(3,2) 

HX2C3.3) • MX1{3,3) 

ihe array MX2 is defined as follows for each force: 

HX2(2,8) • HX1(2,8) 

HX2(2,9) • MX1(2,9) - Z6 

HX2(3,2) • HXl(J,8) 

HX2(3,3) • MX1(3,9) 

The form or the equation for Rzx is thP. same as fur R2y even 

though the terms diffP.r. The terms in Rzx are from the first and third 

columns or the 3X3 arrays instead of from the second and third columns. 

T~e above algorithm would produce the value of Rzx• if values of the 

terms in the first column are transferred into the second column or 

array MYl as follows: 

MY1(2,2) • .5d2Cose1 

MY1(2,3) • Zz 

MY1(3,2) • WT2x + WR2x 

MYl (3, 3) • w.\2 • 
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For the forces. 

MY1(2,8) • 0 

MYt( 2, 9) • Z5 

M!l ( 3.8> • F5x 

HI1(3.9) - 0 . 

The m.aber or colmn.s in this array. MI1. will be 

SY • 3*(NP + NFX) 

Hence. the following algori tlm will produce the bearing reaction 

forces. R1X and R2X. in the x-direction at bearings one and two 

respectively. 

C Initialize bearing reactions 

R1X • 0 

R2X • 0 

C SY • Nmber or colmn.s in arrays MY1 and MY2. 

SY • 3*(NP + NFX) 

For ! • 2 to (SY - 1) Step 3 

R2X • R2X + (MY1(2,l)*MY1(3,I+1)-MY1(2,I+1)*MY1{3.I))IZ6 

RlX • R1X + (MY2C2.I)*MY2(3,I+1)*MY2(2,I+1)*K!2(3,I)}tZ6 

Next I 

The equation for RlX given is the algoritl'm depends on array MY2 

which differs fran array MY1 by the following definitions. 

MY2(2,2) • MY1(2.2) 

MY2(2,3) • MY1(2,3) - Z6 

MY2C3.2) • MY1(3,2) 

MY2C3.3) • MY1(3.3) 
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tor each y rorce. the array HI2 is 

KI2(2.8) • KI1(2.8) 

MY2(2.9) • MY1(2.9) - Z6 

MY2(3.8) • MY1(3.8) 

MY2(3.9) • MY1(3.9) 

l progr• listing ror •C£AFORC•. which uses this algori u.. is in 

Appendix B. The data or Table 3.2 represents an ex•ple problea. The 

progr• output ror this problem is giYen in Table 3.3. 

II. EXAMPLE THREE: Four-Bar Linkage iCinaaatics 

The rour-bar linkage is a commonly used aechanism which has a 

highly deYeloped design methodology (2.3.11). The analysis or the 

four-bar linkage provides a good example ror the application or com

puter aided design methods. F'irst the logical progression or the 

analysis must be de•eloped. After the analysis is complete. computer 

graphics may be applied to plot data or to illustrate the motion of the 

mechanism. 

The analytical procedure ror determining the positions. velocities 

and accelerations of a rour-bar linkage has been often published (5) 

and the rolloving equations follow the outline used by Professor Rezek 

of Purdue University. For reference. it is repeated in brief form. 

For one given position of the input crank, link R2, the four llnkS may 

be assembled in the uncrossed configuration as illustrated in Figure 

4.1 or in the crossed configuration of figure 4.2. The first step in 

the analysis will be to identify the lengths, R1• R2, R
3 

and Rq, ot the 
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TABLE 3.2 Input Dau for "GEAFORC" 

iv.i!KC :iEAC7i.:iiS i:R n""EL.iCAL CilR TVJCSllISSICXS 

!rlEIIE ;..BE 2 <Or.Alls 
7"r1Ea£ ARE A TOTAL CF 2 !'!21IC!'I< S > 
NO GDB MAS !tOBE T"riAJI %. PI!llOJI< S > 
-:HE DISTJJCCE SETWE9 !£1JlI1'CS !S ~I .142 i!ICHES 
THE SHAr1 SP£ED :s -789. 7 IPft 

FO!t GEAR l'tu"fti!Ei 1 
G£All !1Uft8£ll 1 liAS : ?iJIICN<S> 
P!i£SS"uEE AllGLE 
HELa A.llGLE 
DISTANCE F~Cft S&G. !. TO G£AB ! 
OISTA!iCE F?.Ott :&G. ~ TO GEA!I 1 
? ITCH EiIAltE~R 

• 20 tiEGREES 
•-14.3615 CEGIEES 

= 7.065 IJICHES 
• ·51.077 I!lc:-iES 

7:-!£ !ICiM..~..!. CI;.1".£'!::.AL PITCH 
Ni.l'IBE:l C;F i~"T.~ C:!f GE;.?.. 

FOB PINI°C!I ! C!C GE.':i.R 1 

• 25.35941 INCHES 
• 3.175 TEE'!H/IW. 
• 79 

PIN!CN ~L'tlEE! 1 !S A ~!IViNG ?IN!OM 
ANGULAR ~CSI7ICN • !O QEG?.EES 
i~PUT ?OF-a • i~ao HORSEP~R 

ft;.:t GEAR IWl"ISER 2 
r,~a:1 .n-..=~= ' ;.;:.~ i p;-ir!'lN(Sl 
?!'..ESSU?.£ r.:•GLE 
HELIX A..tfGt:: 
:>IST1'JICE f!'Oft ERG. ! 70 GEAR 2 • 
OISTA..~CE f~C~ BRG. 2 TO GEAR 2 • 
PITCH OIAME'T'ER 
THE NCR.!'".AL ~!i\r'.E'!i\AL PITCd 
l'fl..l'l&E! CF TE~ ON GEAR 

• 20 !>EGBEES 
•·14.3El5 OEGP.££S 

29.896 INCHES 
·~8.24i l!ICHES 
• 22.1082 INCHES 
• 3.175 TEETH/·~
• 68 

PINION NUtlBER 2 IS A OftIVEN PINION 
ANGULAR !lOSITlOH • ~O OEGll£ES 
INPUT n~R • 20GO HOllSEP~R 

THE EXTEaNAL LOADS : 

i'X l • 0 POUNCS 
FX . 15 0 tNCHES :?.on Bl\G 1 .. 
FX 1 lS ·S8.142 ::,CHES fROn SllG .. .. 

FY 1 0 ?OUNDS 
F'! 1 ZS 0 iNCH£S F?.011 !RC 1 
fY 1 :s ·!! .1-12 ! :•CH::S Fi\Cl'I 2RC 2 
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TABLE 3.3 Output froa "GEAFORC" ProgTaa 

P.ESULTS 

GEAR TOOTH ~O&CES: 

GE.JUI !IUl'tBEli. 1 
?!N!CN NUf'.BER 1 

:liE TA!fGE?ITIAL '!OO'nl !..O.M> IS '" ·l 2~!9 
THE X·CO!'!P. CF r.-:E TANG. TOOTH LCAO ~s .. !:ZSee ?QUN:::s 
'!HE '! ·CGt'lP • OF '!:-:'£ TANG • 700nt LCJ..O IS • 0 POUNDS 

'!:-E !'.J.DihL TOOT:-1 t.C.IJi IS <7:t9 ?OUMDS 
'!Ii£ X·CCof!P. OF ~E it.:\DIA!. T::10TH tC~.D !S '" 0 NUNOS 
THE Y-CC-tlP. OF ThE RADIAL TOOTH LOAD !S • ·4i?O POUNOS 

7:~ AXInt. tZ·COM?C!iE!fTl TOCTH LCAD IS '" ·?2:Z? .!63 i'our.DS 

~E.~!t !ns"!'IBE! 2 
i' ! fi ! OM ll\:'?'!aE!l ! 

7:"'~ TA..t:GE!CTIA!. TOO!ri LCAD iS 
T:i£ X • CC!"t!» . Ci~ &:::: 'ir..NG • TCCTH ~O.i\D ! S 
"i"rE y ·CCf'!P • c~ 1r.:: '!'r_!'fG. 7CCT:-i L.QA!) ~ s 

!':IE i\ADIAL TOOTH t<d.0 IS 

'" • l HU ?OU?iuS 
,. ·14440 ?OUNDS 
= ·l ?OUHOS 
= 5425 ?OUJmS 

r:-=.E X·CC'ftP. OF THE ?..~OIAL ;corrt tCAD 
::-:£ Y ·COMf'. Of !HE :AADIAL TOOTH LCAD 

TiiE :.X IJ..L ! Z ·CCMPCI~E?f'il i"OCT:-1 :..·:.\O : S 

IS s 0 ?CUifDS 

!EARING ?.~TIONS: 

:o! SEARING :CUM!~P. l: 
?.1 • 7903 POUNDS 

RlY • 6790 ?OUN~S 
Rix • ·4044 ?O'~icos 

:oa !E.\RING :CUH!ER 2: 
!2 • 6787 POUNDS 

R2Y • 3364 POu1f!lS 
ft2X • ~895 POUNCS 

THE !CTAL A.~IAL ~OAO, "1A • 473 ?OUNOS 

IS '" -S4~S ?O'~'M~S 
s :E~7.!57 FO\.'!IDS 
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four linkS and to determine the initial position or the input crank 

angle. e2• The second step is to determine if these tour linkS will be 

assembled in the crossed or uncrossed contiguration. 

The geometry of the triangle connecti:ig points D, A and C or 

Figure Jt.3 may be analyzed by the halt angle equations. 

S1 • .5{AC + Rl 

-1c ca • 2 Tan CS1 

-1[ 8 • 2 Tan CS1 

+ R2) 

- AC){S1 - R2)/(s,cs, - e,>1]-5 

- ACHS1 - R1 )1(S,CS1 - R2>1]• 5 

The angle 8 may be determined rrca Figure Jt.3 by evaluating the 

distances 1y and Ax and applying the tangent function. 

ix • R1 - R2 Cose2 

1y • R2 Sine2 

8 • Tan-1CAy11x) 

Figure 4.1 Uncrossed Configuration ot Four-Bar Linkage 
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A 

(~ 
I 

\ D ,I 
.... __/ ~ 

B 

Figure 4.2 Crossed Configuration or Four-Bar Linkage 

Figure 4.3 Geometry tor Four-Bar Analysis 

Ir the ATN function fran BASIC is used to evaluate S, its value will 

only be correct it Ax ~ O. The following logic makes the correction 

when Ax < o. 

It Ax < 0 then 8 • 8 + w 
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The relatiu~ship between ~ and AC is 

AC • 'x/Cos8 

The halt angle equations may be applied to triangle ABC to obtain T. 

S • .S{AC + a3 • R11) 

T - 2 Tan-1[cs - AC){S - R-)/(SCS 

• - 2 Tan- 1[cs - AC)(S - R3ll(SCS 

For the uncrossed contiguration: 

83 - • - 8 

9- • w - (8 + T) • 

For the crossed contiguration: 

94 • w - 8 + T 

In order to plot the linkage in its various positions, the x-y 

coordinates or points A, B and P are specified below as a function ot 

the input crank angle. Point P is a point on the coupler link. 

XA • R2 Cose2 

YA • R2 Sine2 

Xp • XA + R3 Cos(93 • 95) 

Yp • YA + R3 SinCe3 • 85) 

x B • R4 Cose4 • R1 

The positions and velocities ror the uncrossed and crossed 

mechanisms in Figure 4.4 are given ir. Tabels 4.1 and 4.2. The 

accelerations may be easily added using equations Cran (6). 
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TABLE 4.1 

FOUR l!Ail LIMY.ACE POSITIONS AND VELOCITIES 

THIS IS ~OT A CROSSED TYPE L!N!t.~GE. 

LENGTH O~ GROUND LINK R1 
LENGTH CF INPUT CP.ANK R2 
LENGTH OF COUPLER LIHK R3 
~EMGTH Of OUTPUT CRANK RIO 
RS•OIST. FROft JOINT R2 AND R3 TO COUPt.ER eonrr 
AMC~E B~EM ~3 ~-~D RS. DEGP.EES 
ANGULAR VELOCITY OF INPUT CRANK. RADIA.'fS/SEC 
~OSITICN INCB.E..-.E!IT FOR iNPtrr CRANK. CEGa£ES 

" 14 = 9 
" 20 
.. 12 

p " 10 
:: 45 
" l 
"' 10 

rcittAi
0

f'dttA3"tri~~A4""6MtcAj"""CHtdA4···vEl:A·••vtL:a···~-t(:e 
OEGP..EE DE~R£E DEGREE S.\0£5 RAO/S IN/S Iff/S IN/S 

0 lIN!Ci\GE ~ILL NOT ASSr:.MBLE AT tHiS POS'rT!ON. 
10 LINKAGE ~I~L NOT ASSE"8LE AT Tr.IS POS!TION. 
20 LINKAGE wIL~ NOT ASSEH2LE AT THIS POSITION. 
30 LINKAGE will NOT ASSErtBLE AT '!'H!S POSITION. 
•40.0 ·17.2 ·0.6 •l.026e •2.2095 •9.00 •25.Sl 
•50.0 ·9.9 •16.e •0.5495 •l.4i59 •S.00 •l7.35 
•60.0 -5.3 •29.8 ·~.l945 ·l.:!64 •9.00 +14.24 
+70.0 ·1.7 •40.9 •0.3231 •l.0515 •9.00 •12.62 
•SO.O ·l.3 •51.C •0.20~5 •0.?o~O •3.00 •l!.5a 
•90.0 •4.1 •60.3 •0.2535 •0.90~2 •9.00 +10.SO 

+10~.0 •5.7 ·~~.G •0.2618 •0.8~53 •9.00 •10.15 
+110.0 •9.3 •77.2 ·0.2~31 •0.7957 •i.00 •9.55 
•12~.o •12.0 •a4.9 ·0.2106 •0.7~62 •9.00 •8.95 
•13c.o •!i.a •9i.1 •o.2a31 •0.?353 •9.oo •3.34 
•140.0 •17.7 ·1~.9 •0.2919 •0.6414 -s.oo ~7.70 
·150.0 •20.e •10~.9 •0.3202 ·o.sa40 •i.oc •7.0!. 
•lSO.O •2~.l •llC.5 •0.3;30 •0.5?29 •9.00 •6.27 
•170.0 •27.6 •115.~ •0.3671 •0.~S3; •9.00 •S.50 
•l90.0 •31.4 •ll9.5 •0.3913 •0.3913 •9.00 •4.70 
•liC.Q •35.5 •123.2 •0.4139 -0.3~?7 •9.00 •3.97 
•200.0 •39.7 •126.l •C.4332 •0.2533 •9.00 •3.04 
•210.0 •44.l ·123.3 •0.4476 •0.1338 •9.00 •2.21 
•220.0 •49.6 •129.8 ·0.4j54 •0.1139 •9.00 •l.37 
•230.0 •53.2 •130.S •0.4549 •0.042S •9.00 ·0.51 
•240.o •57.7 •130.5 •0.4441 -0.0315 •i.CC -o.3a 
•250.0 •52.0 •129.9 •0.4203 -O.ll23 •9.00 ·l.35 
•250.0 •66.0 •129.3 •0.3797 ·0.20~3 •9.00 ·2.45 
•270.0 •53.5 •125.7 •0.316; ·C.3154 •9.00 ·3.73 
•280.0 •72.l •121.i •0.2204 ·0.45SO ~9.00 ·5.50 
•29C.O •73.S •116.4 +0.0742 ·0.6543 •9.00 ·7.35 
•300.0 •73.5 •108.5 ·0.1561 ·C.9430 •9.00 ·11.39 
•310.0 •70.l •35.3 ·0.5493 ·l.4~57 •9.00 ·17.lS 
•320.C •61.l •77.7 ·1.3956 -2.5792 •9.00 ·30.95 

330 LrnKAGE WI!.L. riOT ASSEMBLE AT THIS POSITION. 
340 LIKKAGg ~It.L HOT ASSEMSLE AT THIS POStTION. 
350 !.INKAGE W!LL ~OT ASSEMBLE AT THIS POSIT!ON. 

•19. l 6 
•14.33 
•12.77 
•ll. 97 
•ll. 49 
-ll.17 
•10.92 
•10.71 
•lO. 5!. 
+10.31 
•10 .OS 

.. 9 .95 
•9.53 
•9. 27 
•8 ·'.?~ -a. :i ~ 
•8 .!. 5 
-7.72 
•i .29 
•6 .as 
•6.48 
•5.19 
•6 .C7 
•5.2S 
·6 .93 
•S. 27 

•lC.5o 
•14 .33 
•22.02 

THE"iAP 
DEGREE 

·12~.s 
•134.4 
•143.9 
•153.0 
•162.1 
•170.<J 
•i79. 7 
•1ae.3 
•195.7 
•205.0 
•i!l.l 
-221.1 
•:?29 .v 
•236.9 
•244.9 
•252.9 
-261.3 
•270.2 
•279.3 
• 29 0. 4 
•302.3 
•315.9 
•331.2 
•347 .9 

•4 .5 
.. l <J. 2 
•29.8 
•34 .4 
.. 29.3 
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TABLE 4.2 

fOUR SAR LIHKAGE POSITIONS ANO VELCC!TiES 

THIS rs A CROSSED TYPE trMKAGE. 
LENGTH OF GROUND LINK Rl. 
LENGTH Of HIPUT CF ... "l'IK a~ 
LENGTH OF COUPLER LINK RJ 
LENGTH OF OUTPUT C i'.A.t(K R4 
RS•DiST. F!Ort JOUT ai AND RJ TO COUPt.!::! POINT 
ANGLE BElWEiN R3 A.~D RS. DEGREES 
A?fGl.'LAR VELOCI1Y OF INPUT CMMK. RAOIA.'IS/SEC 
POSITION INCREMENT FOR INPUT CRANK. OEG?.EES 

p 

= !.4 
: 9 
c 20 
• 12 
: 10 
= 45 ,. 1 
• 10 

tHEtAi ·tHEtA3 ·mtt.A4 · ·oiltcii · · · cr1tdA4 ···.;ti:::;.· · ·vtt. :a·· ·v-~t.:e 
DEGREE DEGREE DEGREE BAD/S RAD/S IN/S IN/S IN/S 

0 LINl<AGE WILL KOT ASSEMBLE AT T"dIS POS!TIOM. 
10 L!Nr.AGE WILL NOT ASSE.~BLE AT rrlIS POSITION. 
20 LiN!Ci\GE WILL ~OT ASSEMBLE AT TH!S POSiTION. 
lO LIM!Ci\GE Will NOT ASSEMBLE AT THIS POSITION. 
•40.0 •298.9 •292.3 ·1.3966 -2.5793 •9.00 -30.95 
+50.0 •289.9 •253.2 -0.5493 -l.4458 +9.00 -17.35 
•60.0 •295.5 ·~SL.5 ·G.l.551 -0.9480 •9.0C ·ll.38 
•70.0 •286.2 •243.6 •0.0742 ·0.6543 •9.00 -7.85 
•80.0 +297.7 •235.l •0.2204 -0.4530 •9.~0 -5.50 
•90.0 •290.5 •234.J •0.3!64 ·0.3154 •9.00 ·3.73 

•100.0 •294.0 •211.7 •0.3797 ·0.20~3 •9.00 ·Z.~5 
•110.0 +298.0 •210.1 •0.42Gl -0.1121 •9.00 ·1.l5 
•120.0 •302.3 •229.4 •0.4441 -0.0315 •9.00 ·O.lS 
•130.0 •306.S •2Z9.4 •0.4549 •0.0~2S •9.00 •0.5l 
•140.0 •l!l.4 •230.2 •0.4554 •0.1139 •9.00 •l.37 
•150.0 •Jl~.9 •Z31.7 •0.4475 •0.l.S3! •9.CC •2.2l 
•160.0 •320.3 •213.9 •0.~332 •0.2533 •9.CO ·3.04 
•170.0 •324.5 •235.3 •0.4139 •0.32?- •9.00 •3.87 
•190.0 •323 6 •240.4 •0.3913 •0.391, ·9.00 •4.70 
•190.0 •312.~ •244.6 •0.3671 •0.45a4 •9.0C ·5.SC 
•200.0 •335.9 ·Z~9.5 •0.3<30 •0.5229 •J.00 •5.27 
•210.0 •339.2 •255.l •0.3202 •0.5340 •9.00 ·7.01 
•2Z0.0 •J42.3 •251.Z ·~.2999 •0.6415 •i.00 ·7.7C 
•230.0 •345.2 •!57.9 •0.2!31 •0.69Sl •9.00 •8.34 
•240.0 •143.0 •l75.l •0.2705 •0.7452 •9.0u •8.SS 
•250.0 •350.7 •282.S •0.2531 •0.7957 •9.CO •9.55 
•250.0 •353.3 •291.0 •0.2519 •O.S453 •9.00 •lO.lS 
·210.0 •355.9 •299.7 ·o.zsas •0.9002 •9.oo ·10.ao 
•2so.o •Jsa.1 •309.o •o.2a66 •0.9650 ·1.00 ·:1.sa 
•290.0 •351.7 ·319.1 •0.3231 ·1.os16 •9.00 •l2.o2 
•300.0 •365.3 •330.2 •0.3945 •1.1864 •9.00 •!.4.24 
·~10.Q ·~~i.9 •3~3.~ •0.54~5 •L.445; •9.00 •17.35 

THETA:' 
DEGREE 

•214.0 
+175.0 
•159.9 
+155.3 
•lSS.8 
•159.5 
•165.2 
•172.5 
•lSl.4 
•191.5 
•203. l 
•216.0 
+230.0 
•!44.S 
•25\l.O 
•275.0 
•2S9.4 
•303.2 
•315 .2 
•328.E 
•340.6 
•352.3 

•3.9 
•15.6 
•27.9 
•40.9 
•55.9 
•75.0 
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p 

R3 

' 

A 

D 

R1 • 14 

~. 9 

Ill • 20 

R4 • 12 

15 • lO 
s

5 
• 45• 

" ' "" ' " •1 
B 

Uncrossed Crossed 

Figure 4.11 Four-Bar Linkages ror Example Problem 

The x-y coordinates or points A, B and P may now be plotted using 

the elementary graphi~s commands included in QuickBASIC. The commands 

used ror this task are 

CLS Clears the screen on the monitor so a new graph may be 

started. 

SCREEN 2 • Sets the specification to match the display screen with 

6110 x 200 pixels. supports CGA, EGA. VGA and MCGA. 

VIEW • Defines screen limits tor graphical output. 

WINDOW • Defines logical dimensions or current viewport. 

LINE • Draws a ltne rraa one point to another. 

CIRCLE • Draws a circle or specified radius around a specific 

center. 

Betoi1 e applying these caamands, the size or the graph required 

must be determined. This is determined by performing a bubble sort on 

all x-dimensions and y-dlmensions to determine the maximum and minimwn 
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values of x and y required by the data for this problem. Since the 

data is in dimensioned arrays, this bubble sort is easily performed by 

a For-Next loop. After the maximum and ~inimum values of the x and y 

are determined, this information is combined with the information on 

Window size to obtain a scaling factor. Then all values of data are 

scaled to fit within the window. If screen width to hei~ht ratio is 

4/3 and the ratio of y-pixels to x-pixels is 3501640. multiply 

x-dimensions by (4/3)(350/640) to give true scale on plotter. 

The graphical output for the mechanism is given in Figure 4.5. 

The computer program listing is given in Appendix C. 

. . . . . 

i.· 

Unc~cssed Crossed 

Figure 4.5 Graphical Output from FOURSAR Program 

5. EXAMPLE FOUR: Synthesis 

Synthesis is the process of "building up" a complex whole from 

simple elements. Synthesis is that creative step in the design process 

which invents a configuration for the solution to the previously 

defined problem. Analysis may be a sizing process, which may occur 

after the synthesis of the solution's configuration, to assure proper 

reliability and performance. However, analysis may become part of the 
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synthesis process. This example uses the design of a mechanism. •hich 

must produce a specific movement. to illustrate the use of synthesis in 

computer aided design. The dyad method used in this example is devel-

oped nicely by Sandor and Erdman in Reference 4. 

The design problem is to synthesize a mechanism which will move a 

gear blank fraa position 1 to position 2 and then to position 3 for 

various manufacturing operations as shown in Figure 5.1. The design 

targets for th~ motion of this part are: 

61 - 0 

62 • -2x + 6iy 

63 - -1ox + 8iy • 

Figure 5.1 Gear Transport Problem Oe(inition 
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If the solution is assumed to be in the form of a four bar mecha-

nism, the lengths and positions for half of the machanism may be syn

thesized by working with vectors W and Z to produce the desired 

displacements, 6, or P ~hile the coupler link containing Z rotates 

through the desired angles Y. The vectors ii and Z as shown in Figure 

5.2 represent the original positions of the input crank, DA, and the 

line AP, respectively. The s~ of W plus Z forms the vector pair, the 

dyad, for the initial position. This dyad is defined by the following 

vector equation 

_ _ ia 1 
~ + Z • We 

D 

iY1 
+ Ze 

figure 5.2 Dyad for Half of Four-Bar Mechanism 

When the dyad moves to position 2, the displacement or P is 62 and 

the angle or rotation or the coupler link, which contains Z, is F.2• 

Where, 

F.z • Yz - Y1 

The dyad in position 2 as illustrated in figure 5.3 is given by 

the following vector equation. 
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iCe1 + • 2 > iCY1 + t 2 ) i91 i•2 iY1 it2 We • Ze • We e • Ze e 

-----•Re 

Figure 5.3 Dyad Moving fran Position 1 to Position 2 

The vector loop equation for positions 1 and 2 may be written as 

follows: 

He, + •2> iCY1 + t2> i91 n, 
we + Ze - We - Ze • 62 

or 

For the first and third positions the following equation may be written 

for the vector loop • 

• 

with, 

These last two vactor equations may be changed into four nonlinear 

algebraic equations by using the Euler's relationship from Pigure 5.4. 

The ~9al or x component of the unit vector r is Re and the imaginary or 

y component is Im. 
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,,__.,._ x • r Cos& 
r • 1 

I 
y • r Sin8 

x. Real 

Figure 5.Q Unit Vector on Ccmplex Plane 

The two vector loop equations may be placed in matrix rorm. 

(e 
it2 

1 ) (e 
it2 

1) ii 'i2 .. 
i•3 

(e - 1) 
it3 

(e - 1) z 'i3 

It the complex elements in the square matrix are expanded into real and 

imaginary components using Euler's relation.ship. this matrix equation 

bee an es 

• 

where, 

Rl • Cos•2 - 1, • Sin•2 

R2 • Cost2 - I2 • Sint ... 
' 

R3 • Cos;3 - 13 • Sin;3 

Ru • Cost 3 - Iu • Sint3 

But. the other vectors may also be expanded into real and imaginary 

components. 

• 
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w. WR + iWI 

z. ZR + iZr 

i2 • 62R + i62r 

63 - 63R + 1 ~3! 

Substitution into the matrix or vector equations and separating the 

real and imaginary components produces the rolloving matrix or rour 

algebraic equations. 

The above rour algebraic equations contain the rollowing unknown.1: 

t 2• t 3• t 2• t 3• WR~ w1 , ZR and z1• For the stated problem, values of 

rotation or the coupler link Z are given: 

Hence, there are four equations and six unknowns. In order to solve 

the equations, two or the remaining six variables must be defined. One 

methOd of solution would be to assume a value for each or the two 

angles, t 2 and •r This changes the four equations from nc· .-linear to 

linear equations and values ror W~, w1 , ZR and z1 may be obtained 

directly by Gauss elimination. The negatives or these values may be 

plotted Crom point P to locate the pivot point A and the ground pivot 

D. 

The locations or all possibl~ ground pivots, O, and their corre

sponding circle points, A, :nay be evaluated by performing the above 

proceedure in a pair or nested do loops. The outer loop could vary ljl3 

~hrough 360° in increments or pernaps 10° while the inner loop could 
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vary t 2 through 360• in similar incremen&s. The two curves traced by 

these pairs or pivot point locations are Burmeister Curves and they 

define all possible design COllbinations which will pertora the stated 

task. In order to •anage the wide spread or data. a test or the values 

ot WR• •r• Za and z1 could be conduc,ad and tbose values outside or the 

reasible region could be discarded prior to plotting the data. 

6. EXAMPLE FIVE: Integration or Cmputer Aided Dratting with Cm

puter Aided Design and Analysis 

A progrcm may calculate the sizes or tour gears in a gear train 

configuration based on bending stress and contact stress. The data 

tram the program may be transmitted to a Gear Generation Progr•. GGP. 

These two programs can be linked together by 1.1Sing the BASIC cm.and 

CHAIN. 

The GGP program rormats the values or the dimensions or the gear3 

so this information can be read by the caaputer aided drawing system, 

AutoCAD. The program generates the positions or the ends or each 

straight line section or the drawing. the positions or each arc section 

or the drawing, and the position and content or any text. Figure 6.1 

identities the positi~ns or generic points on this standard drawing. 

The output is written to the Drawing Interchange File, otherwise known 

as the DXF tile. The DXF tile contains intoramtion needed by the 

AutoCAD sortware to create a drawing. (Other CAD systems may use IGES 

instead or DXF.) 
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The uXF rile must be written in a speciCic arrangement. ~ut m~y 

sections can !:>e omitted ror siaplir!cation. The Cile for this example 

is considered siaple. since it uses only a rev sections. The general 

file structure has fi•e sections: 

'F4n 
I Flil 14 .ll I I (4.2) 

15.ll 't r . :- ~ >ts • ., "" 
{14) - 101 ,u.1> I I • (2 2) • 

(2.1) I 11 . (4,4 ' I . 4,3) I 
Cl.1ITT13.2) 

; (6.2i (6,3) ~6.5) • (6,6) 

~~:~~orl-IJIJ' .. (6.4) r .;: : ~, -. i -
• 02 I I ' 

.c2.4) I o.4) ! CJ. 3> 't 
I I (2.3) J 
c Z2--; ---------
.,_ ______ Z7 

Figure 6.1 Generic Transmission with Coordinate DeCinition 

A.. HEADER section - General information about the drawing is 

~ound here. Each parameter or the HEADER section has a variable name 

and an associated value. This section may be omitted it no special 

settings are needed to complete the drawing. 

B. TABLES section - This section defines named items such as 

line types. !ayers, :ext styles, and views. It may be omitted it not 

needed. 
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c. BLOClCS section - This section contains the entities ror each 

~lock in the drawing. A block is a set or entities. such as lines. 

arcs, circles. and text, which when grouped together rorm a caapound 

object. For example, a square can be drawn and be det'ined as a block 

called "square.• Each tiae the block "square" is inserted into the 

drawing, the square appears. Usually blocks are much more ccmplex and 

are used to eliainate repetitious drawing or cmponents that are used 

rrequently. The blocks section may also be aaitted it no blocks are 

used. 

D. ENTITIES section - This section contains the drawing 

entities, including any block references. The entity ccmaands are as 

follows: 

LIME 

ARC 

INSERT 

POINT 

SOLID 

TRACE 

CIRCLE 

TEXT 

This is the main section or the program and in scne instances the only 

section. 

~. END OF FILE - This is the last seciton. rt is the signal to 

AutoCAD that the Cile is complete. The program must end w~th this 

section. 

DXF files are composed or multiple groups, each occupying two 

lines in the DXF file. The first line is a group code, which is a 

positive integer. The group value is the second line or the group. 

'Olis value is in a format ~pecif ied by the group code. the group codes 

are categorized in the following way: 
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GROUP CODE RANGE 

0 - 9 

10 - 59 

60 - 79 

FOLLOWING VALJE 

String 

Floating Point 

Integer 

After examining the outline of the DXF file. it is apparent that 

it has a definite pattern. After each "SECTION" is called, there is a 

2 group code, which indicates that the name of the section follows. 

The Gear Generation Program in Appendix D shows that there is only one 

section. ENTITIES. plus the END OF FILE section that closes the 

program. On line 1300 a LINE INPUT statement is used to input a file 

name for the DXF file being created. In line 1400 the DXF file is 

opened and the following program can be written in the file. The 

camnand PRINT #1 must be used to write each bit of information to the 

DXF f'ile. 

The DXF file starts with a 0 group code, followed by SECTION. 

The section is then named by entering a 2 group code followed by the 

ENTITIES section name, so these are the first outputs or GGP. From 

line 1850 to line 2500, coordinates are calcualted f'or the gear train 

using data calculated in the Gear Design program. 

In lines 2800 through 3900, the outlines or the f'our gears are 

generated. The entity command LINE is used to accomplish this. The 

following commands are used in a subroutine to draw one line. 

Defini tlons are to the right or each entry. 

0 group code O precedes each entity 

1..INE command to draw a line 

8 group code ror layer name 

0 layer name for line (default) 
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1 c group code for 1st x•coordinate 

Xt lst x-coordinate 

20 group code for 1st y-coordinate 

Yl tst y-coordinate 

11 group code ror 2nd x-coordinate 

X2 2nd x-coordinate 

21 group code for 2nd y-coordinate 

Y2 2nd y-coordinate 

The above group codes are ca ways :JSed in this manner. To draw a 

line, values would be assigned to X1, Yl, X2, and Y2. To draw a line 

connected to this first line, X2 and Y2 can be used as a first set of 

coordinates, then assign values to a set or new coordinates X3 and !3. 

Lines 4000 through 6700 d~aw the axes of the gear train. 

Calculations can be executed anywhere in the GGP program as long 

as they do not interfere with the order of commands in the DXF file. 

Text ~s created in the !ile by using the follo~ing command series: 

0 

TEXT 

8 

0 

10 

x 

20 

y 

40 

H 

group code O precedes entity 

command to input text 

layer group code 

layer name (default) 

group code for text start point Cx-coord.) 

x-coordinate start point 

group code ror text start point (y-coord.) 

y-coordinate start point 

group code ror text height 

text height value 
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group code for text value 

GEARS text value 

At the end of the ENTITIES section and before END OF FILE, the DXF 

file must be closed. First, the section must be closed by another O 

group code followed by ENDSEC. The file is then closed by another O 

group code followed by EOF. 

The listing of the DXF created by GGP is in Appendix E. 

Figure 6.2 shows the drawing created by AutoCAD using a Gear 

Design Program and this Gear Generation Program. 

Creating the DXF file by this method is complicated on personal 

computers. Larger mainframes have enhanced capability for graphical 

design. 

-

- -

- -

-

I 

~ 

GEAR TRAIN 
GENERATION 

BY ROB SHEPARD 

Figure 6.2 Four Gear Transmission Drawing rrom Automated 

Design Process 
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.APPENDIX A 

PllOGRAll : 'INERTIA' 

1 LPRINT • TORSIONAL STIFFN£SS AlfD INERTIA• 
2 LPRINT • PROGRAft: INERTIA• 
5 Dllt K< 40 >. I< 40) 
6 £.E'RINT 
9 Uf?UT •TOTAL NUttBER OF DISCS•: I2 
lO WI' • 0 
11 Kl • 0 
12 INE:tTIA • O 
14 INru'T -~IGnT DENSITY o~ H.'T£RIAL. L!/IN°3 <ENTEa .293 FOR ST::EL>• ·: ~1 
16 L?R!NT " M.'TEaIAL DENSITY • "; Wl: • POUNDS/CUBIC INCH• 
18 LPRINT " NU~3ER OF D!SCS • •; 12 
l9 L?~UNT 

io FOR Il • 1 TO I2 

21 l?RINT • DISC !IUMBEa • •; I1 
25 ?a!NT "DIS!< NU~a::a ··: Il 

OUTSID~ JIAl1ET~R. IN •"; 01 
INSIDE DIAMTER • IN •": 02 

30 
35 
40 
50 
so 
eo 
e2 
so 
!.00 
102 
104 
lOS 
106 
107 
108 
109 
110 
120 

!N?UT " 
iNPU'i' " 
l!'R!NT " 
i:.?R!NT " 

OUTSIDE D·Al'IETER • ": 
INSIDE Oir.l'!ETER • "; 

Dl: • !NCH:'.S" 
D2; .. I!'iCHES" 

INE'UT" LENGTH OF DISC , IN •"; L 
L?R!NT" LENGTH OF DISC • "· L: .. INCHES" 
W • 3.l4159 • CDl - 2 - 02 - 2) • L • Wl ( 4 
IcI!> • .5 • t.:1 • l • 3.1415 • cco1 I 2> 4 - <02 I :n 
!NERTIA •INERTIA• ICI1> 
KCill • 11500COO • 3.14159 • CDl • 4 • D2 - 4) I CL• 32> 
Kl • K!. • 1 I KC I 1 > 
Wl"•Wf•W 

NEXT Il 

4 > I 385 

K2 • 1 I Kl 
L?RINT " 
L?RINT " 
L?RINT " 
END 

TORSIONAL ST!F:NESS • •; 
SHAFT INERTIA • •; 
TOTAL WEIGHT • ": 

K2: " INCH POUNOS/Ri\DI~.N" 
INERTIA: .. IN. LS. SEC. SEC." 
WT; " POUN::IS" 



51 RE~ 
54 aEl1 
55 REZ'I 
56 aEK 
57 REM 
57 REM 
l\JO CLS 
900 PI= 3.1415927# 
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APPERDIX B 

PROGRAM "GEAFORC" 

GENERALIZED BEAR::Kc REACTroK E'ROGRAH 
PROGRAft: ~GEAFORC" 

WRI':'TEN aY 3aENT KN1GHT 
l'HSSISSI~!'! ST!\.TE UNIVEEI7Y 

SPRING. ::. 988 

910 PRINT "THIS i:'ROGil.11:.&~ CALCULATES THE REACTrONS ~7 i'HE n.'O SEARINGS• 
920 PUNT " ";.IHICH SUPPORT A "SHAFT. IM A KELI CAL GE.l\.a TRANSZ'IISS!ON." 
930 PRINT " THE ~RD "GEA? •• P.EFFERS TO 'P.tE GEAR E!.E?'!EN!'S OK THIS "SHAFT. A?'D" 
940 PRINT " THE ~RD "?!NION" REFERS TO 'lriE ELEMENTS ~'HICH ARE I?-f ~SH WITH" 
950 PRINT " THE GEAR ELErtENTS OK THIS "SiiAFT"." 
980 !NPUT "SPEED OF "SHAFT" CCCW iS POSITIVE1, RPM ""; SS 
990 INPUT "TOTAL NUMSER Or "P!MIONS" MESHING ~!TH A~L "G~as· •"; NP 
995 P?.INT "9E.~RIKG 1 IS THE ORIGIN FOa THE RrGHT a~~o· 
996 i:'?.HIT " COORDINATE SYS7Ef't. '!HE OISTAtlCE FRCl"l 3E>.R!?lu" 
1000 PRINT p NUMBER l TO aEARIKG NUl"lBEEl 2 IS POSI!:VE :::" 
1~06 P!!trr" SEARiNG 2 IS TO THE RIGHT OF BEAP.ING l." 
l007 !NPUT "DIS!:U~CE FRO~ BEARING l TC SEARING 2, I~ 
t010 rn~t."T "TOTAL NUMBER OF "G~~as· CN "SHArT" 
lO:?O IN?t.'T "r".A.'( rm. Cc "?tNZCNS. i'!ESHrnG WITH Ari'! c::E "GEAR. 
1030 DIM THETACKCG, ~MP>. G?(NO~>. OGCNOG. ~NP> 
~035 C!.S 
1.040 FOa N " L TO ?fOG: F'.)~ M • l TO ~IE': TiiETA~N. ~l = 0: NEXT 
1.050 FOR N = 1 TO NOC 
~050 PP.I~T "GEAR Nt.'MaEs~-; N 
1.070 !S?UT " NUMSE?. CF .N:O~IS IN r'!ES:! WITH 7:-'.!S G!:..:ts••; G?( ~() 

s•: !)36 
s ... ; ~CG 
s••; !'!~H" 

~= NElC7 

1075 PEt!~T "-·-----·--- ------·----··--·--·-------·-·--··----·-----" 
1080 FOR~ s l TO G?(Nl 
1035 P!Ur."T " PINIOtl #"; :"!; "Ori GE.\?. t:": !'I' 

N 

1.0a7 !NPUT " tS THIS ;;, !J:!.!VEN P!!HON '? r= Y::5. TiiE::i •SE'UT 1. ; !F N(). THEi' rnP1.J"T 
O"; DGCN. ~): PaINT : ~R!NT 
1090 INPUT .. MGtiLAa POSi:TrO~! 1r THE E'!11Iml"; THETi\UI, I'!): THC:Tl\(N. ~) = TF.E'!A<N 
• ~ > • E'I I 180 
1100 ~IEXT l't 
i:10 PRIN7 : e':tINT : ??.r:rr 
1!20 NEXT N 
1130 0[11 ?A<NOGl. HACNCGJ, OWOG, 2i, N(NOG>. ?CN::lG, !".-"fE'>. ?OCNOG), ~X{KOG, ~NE' 
>, ~YC NOG. MNP >, WRXC NCG, MNP >. "1RY~ NOG. ~mp), WA( NOG, :-tMP 1, t.r:'C NOG, MNP), !.:?.<?I 

OG. :-!NP>. NOTEETHCNOGl, ~C'tTCHCNCGl 
1.l40 CLS 
llSO FOR N • l TO NOG 
1160 PRINT ·roa GEAR NUMBER"; N 
lL 70 WPUT " P!ESSIJRE A:IGLE •": ?AC N > 
1175 ~ACNl • PA~N> • P! I 160 
1190 INPUT " HELIX ANGLE •"; HAUi> 
ll.9S HAnl> s HACN> • P! I 160 
1200 INE'iJT "O!STAflCE fR•JM 9EARUIG l TO GEAR CE~IT=:R•"; DOl, 1.> 
1205 uc N. 2 > • O< N. 1 i · oaa 
!.23" !~l?IJ'! .• DI.:t..~E'!?..:t.{. ?IT\::i•"; OPITCHi :i I 

123:.? IN?•J7 .. NUf'taEa OF T::;;rH•": 1iO!EETHiNi 
1233 PR!NT : ?RINT 
1235 E'Ono. NOTZE'!Hi~) I f0?t7CH(Nl. C·JS:HflC:il)) 
t240 flE:<T ll 
2~00 F~a N • t TO NO~ 
2~30 F~R M • l TO G?t~i 
2035 PR::rr" '~R ?rSi:·JN w;!'!;C:?."; :-t; '"~Ii c::.:..~ N 1JM8E~··; :1 
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2037 !~?!IT • !MPUT HCRSE?OWER.ffp ··: ?CM. ~> 
2~40 ~l'CN. M> • ?CN. ~l • 33000~ • lZ / {2 • ?! •SS• ?DCM> I 2> 
~050 ~'RC M. r! > = ABS< ;.-rnl. ~ » • TA?H P.!\C Nil / CCSC HAC N » 
2060 ~'!XC:t. HJ= -wrnr. ;"!). SI:tCT'riE7i\C!'f. rt)) 

4C70 ~'!"!CM. ~> • w"TCN. ~> • COSCTHE7i\CM. ~>> 
2l7i !F C-GCN. H> • t THEN ~"!'Xf!'f. H> = -W't'XCN. K>: ~'TYCM. M) • -WTYCN. M> 
2080 ~'RKCM. M> • -~CM. ~> • COSCTHETA<N. K>> 
2090 liJRYCN. M> • ·WRCN, HJ • SIM<THETA(N, M>> 
2ll0 ~'A(N. H> : ·W'f(N, H) • TANCHACN>> 
2115 IF DGCM. H> • l THEM WACK. ~> • -YACK. Ml 
~!.20 NEXT M 
2130 Ct5 
2140 ~EXT !I 
3000 INPUT •ffUl'IBER CF EXTE!UIAt LOADS IM THE X-DIR.••; NFX 
3010 IM?UT •NUMBER OF EXTERNAL LOADS IN THE Y·DIR.••; NFY 
3030 DIM FXCMFX. 3), FY<MFY. 3) 
3040 FOR N • 1 TO NFX 
3045 PRINT •THE SIGH COtcVE.'fTION !S RIGHT HAND autE WITH Z POSITIVE TO TH£ RIGHT• 
3046 PRINT •;u.-o Y POSiTIVE UP'..JAilD AND X POSITIVE INWARD. THE ORIGIN IS AT SEARIN 
G- l." 
3047 PRINT 
3050 ?P.!l'«T "FOR FORCE FX"; N 
30~0 rN?UT. "-'GNA11.'DE OF FORCE IN x DIRECTION <INWARD !S POSITIVE>. ts=·; rXCN 
. ll 
3070 !N?UT • DIST.A.•CE F!OH SEARING •1 TO FORCE FX CTC THE RrGHT IS PCS.}. IN••; 
F:':Of. 2 > 

3075 FX{N, 3> = FXCH. 2> - OBB 
1oao c~.s. 
lJ90 NEXT r1 
Hao cr.s 
3110 FOR M " l TO NF'! 
31!5 P~rNT ·:F A FORCE iS ACT!MG TO THE aIGKr OF THE S?EC!F!ED BEARINC IT rs A p 
OSITIVE OIS7ANCZ FRO!'t THE 3EAP.!NG.N: PRINT : :';i!MT : PRHl'i' 
H 20 ~~rnT N;o~ FORCE i;-y-·: lf 
3 HO !NC'trr .. !1AGNATt."OE Or Foacz ni '! DI F.ECT!ON ( Oet.'N Is rJEGl\7I'JE). t3 ... : F'!nl. 
1) 

3!. 4\1 rn?UT " DISTANCE F!iOM BE:AEHNG °"! iO FOP.CE =y CT·:> THE P.IGHT !S POS. >. I!ia"; 
=Ye N, 2 l 

3:. 45 f"!' N. 3 ) " F'!C K. 2 ) - osa 
HSO C!:.S 
3 t 5'l ~JE:<! N 
H 70 C!:.S 
3730 SX s CNP • NFY> 
3750 DIM !1X!~3. SX>. 
~900 f0R I a L TO 3: 
3320 FOR I " 1 TO 3: 
3640 FOR I • L TO 3: 
3a6o ma I = 1 1·0 3: 
4020 I! " ·2 

• 3: S'{ • CNt' • Ni::<> • 3 
MYlC3. SY>. MX2(3, SX>. MY2\3, SY> 
FOR II " 1 70 SX: MXlCI. II> • 0: NEXT 
FOR II • 1 TO SX: MX2C!. II> • 0: ~EXT 
Foe Ir s ! TC SY: !1Y1CI. II> • O: NEXT 
FOR II • l TO SY: !1Y2CI. I!> • O: NEXT 

4030 FOR M • L TO NOG 
4050 rOR NN • 1 TO G?CM> 
4050 I I • rt • 3 
HOO MXl{2. II • 1) 
41\13 !1Xl,2, II • 2> 
4106 MKl\3, I! • 1> 
4?. O~ MXl C 3 . I I • 2 J 
4112 RE!'t 

• l I 2 • ?DCM> • SLNCTHETACM. 
• DCM. l > 
• 1 • .-... (( :-! • NN) • WR'{(~. :no 
• '.JI\! !1, NN > 

rlr{) ) 

41 t 5 ~'!l C 2 • I I • 1 > 
4l10 llYU 2, II • 2 J 
4121 l'!Yl 0 • It • 1 J 
4 l 2 4 l't'f l c 3 • I I • 2 l 

• l I 2 • ?O<l't> • CO~C THETi\' !1. NU l > 

H 27 :U::M 
4 ~ l IJ ~:<::: 2 • 
H31 M:<2:2. 
H JS ~:~:?< l, 

• 0{ l'I. 1 } 
• WTiC C :1, N :1> • wR:(( !1 • N~J> 
• w~:M. mo 

II • l l • 1 I 2 • ?OC~l • ~E~CTHETAC~. ~N>J 
I ! • 2 l • Dt r. . 2 l 
I I • l l • l.TiYC M. :rn l • t.IRYC'1. N11 > 
t r • :? > .. \.I;\: M. N:.I l 

rr. 
I!: 
IT. 
I I: 

NEXT I 
NEXT I 
NEXT I 
NEXT I 



.nu ~M 
,;:.45 r'!Y2C2. 

~'(2{ 2. 
~'!:?( 3. 
MYZC3. 
ac'.rt 

U4S 

NEXT NN 
?IEXT ?'! 
EtE!\ 
JJ = Ii 

) . 
) = 
) = 
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t i 2 • ~D{~) • COS\7HE7~(M. 
D~ :'!. 2 l 
W'!'X { ~. NN > • w"EXC M. • ~fN > 
WAC:'!. mf > 

4151 
4154 
HSS 
U60 
.;170 
·H72 
U75 
U77 
4178 
4181 
4185 
4190 
U5i> 
4270 
1290 
4381 
.naz 
4384 
5000 
5010 
SC40 
5050 
506u 
5'393 
HH 

RE."t 
?.at 
REl'l 

FORCES FOR SUM OF MOf".E!fTS ~SOU"i 3RG l AND aaG 2 IN TiiE x-ora 

FOR rt = l TO ~FY 
Ii"tI•l 
f'lXlC 2, LI • 2 > = F'!Cf'!. 2 ~: f'lX2<2. II • 2 > " F'l(l't. 3 l 
f'lX1~3. II • ll "F'!Ut. l>: MX2<3. II• 11 "'F'!CM. 11 
NEXT rt 
aEft 
3EM. !ORCES FOR SUPI OF rtO."!E:frS ABOUT SRC l AND BRG 2 IM THE '!-DI~ 

599S 
~'JOO 
5020 
5:125 

RElt 
FOR rt " 1 !O MFX 
J.J "' JJ • l 
~YlCZ. ;J • 21 : FXCM. 2>: MY2C2. jJ • ?> z FXCM, 31 
~'!1(3, ~J • l> = FXCM. l}: M'!~C?. JJ • ll = FX<rt. l> 
NEXT ~ 
REM 

EtEl'l 
au 
rOR 1 

?.Z '! 
Ell'( 

C: R2X 
= 2 TO 
1"-'<l (:. 
~X2(2. 

.. 0: !i2 '! .. 
SX - l STE;? 
[ ) . P'!Xl( 3, 
! ) . :'.'!X2C3, 

a : 2lY " 0 
3 
I . l> - MXl( 2. I . l ) . l'tXl Cl • 

I • l) - MX2C 2. [ . 1> . !1.."CZO. 

E".'27 ~iE:<T I 

! ) • a2'! 
! ) • !UY 

6029 :oa ! = 2 TO SY - l ST~? 3 
6030 ~2X = M'!l~Z. !> • rt'!l(J. ! • l > - i'tYl{Z. ! • ll • M'!lCJ. t> • ?.2K 
5015 ai:< "' 1'!'!2{ 2. 'i: l • i't'!Z( J. I • l) • M'!2C 2, ! • l > • MY2( 3. ! > • RlX 

5040 N::Y.7 ! 
50~0 a2'! • az! I caa: RZX = azx I DBS: R:Y = P.LY I -035: a1x = ?.lK I -oss 
oOilJ GOTO 9;j:JO 
5072 :.?at~rr TASCl2): ":'~R SEAaING NUMBER l: .. 
~0:"5 ?.l = rnn soa: ?.l:< • l • ?.l '! 2) ): t.PRHIT -rr.ac 15 ); "P.l = .. : Et!; .. POUNDS'" 
6.J30 ::t.:.'! • IN7C:U.!i: L!??!~T TASC17>; "Rl'! s "; LU.'!; "E'OUNOS" 
;oes :tl:< s Hff(?.1:0: t.?R!~fT TA3CL7); '"RlX s '"; ?.lX; • POUNDS": L?:HN7 
soa6 i..E'R!NT n.ac l.l;; '"F'a BEARING NUMBER 2: .• 
6087 El2 .. Hi~( SQP.( az:< - 2 • P.2 '! - 2 )) : LE'RINT TABC 15 ) ; .. R2 • .. ; a2; .. ?'JUNOS .. 
ou90 EU'! • r~lT\ ?.2'!): [..?~HIT n.ac l 7); .. a2 y = .. ; R2'!: • POUNDS .. 
6095 a2x. IN!C:UXJ: !:.?RINT TASCl7); '"RZX" "; a2x: .. PIJUMDS": Li?RH'T 
7000 :oP. N • l TO NOC 
7020 FOR ~ • l Tv MNP 
7040 WA • WA • WA(N, Ml: ~A • tNTCWA) 
7060 NEXT M 
7080 NEXT N 
7100 LPEHNT: t.PEUN7 !Ai?<l2>: "THE TOTAL A.lC!AL LOAD. Wi'. •";·...:A:" POUNDS" 

7200 ENO 
7Z10 t.?EHNT 
9000 L?Rtrrr Ti'.B< l'l >: "SEAEUNC P.EACTtCNS IN HEt!CAL. CEJ\?. !P.,\NSM!SSIONS" 

~ocs L?~HNT 
NLO L??.Hf'! T.l.al HI; ··?;:;Ouni.i"i: GEARFO?.C": L.P?rN'i 
~OlS t.P!t!NT V..3{l0>; "THE IN?UT DATA:" 
·)IJL3 L.PR~:l"t' 
n:o t.P?.WT ':'i\3CLS>: "THERE 1'.?.E"; ~•OC; "GEA? . .S' 
3040 ::.:>~Bf7 r.:i.ac~SI; "THE?.E A?.E i\ TOTAL CF••; N?; "E'I~l[Oll(S)" 
31)60 L.?:H 1'17 n.a : 5 , ; .. ~I·'.; GEAR Hi'..5 !10P.E TH.\W" ; MN?; . ? t N ~Of(( s ) .. 
903C L??.!~17 n.s ts); ·r:-:a OtS'!'AflCE SE'i"' ... C:EN Bc.'o.?.I~ljS !S": osa; "HICHES'' 
9085 !.~am:- 7.'.3 l3>; '!rt!:: Si-!~fi S?EEO 13 ·•; S:>; "?.?M" 
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H5\l t??..rnT 
32~~ ~OR ~ = l 70 ~OG 
'nlO C.PRINT T?ta< 1.il l: "E"'0R ~E.!\.a !'lt.~BE:t": ~ 
n1s t:i2nrr TAsns;; "GEAR ~UMBER": s: "HAS": ~rno: NP!NIONCSi" 
~260 LPRIHT TASC1.Sl; "~RESSUR£ ANG~E •": PA!N> • 190 I ~I: ·~E 
GREES" 
9290 t?!UNT TAaC15l; "HEt!lC ANGLE a"; HACN> • 180 I PI; "DE 
CREES" 
9300 L?RiflT TABC1.5l: "tHSTANCE :'ROl't !??..C. l TO GEAR"; fl; "• "; DCN. 1>: "INCHES• 
9310 t?RINT TABC15>: "DISTANCE FROK BRG. 2 TO GiAP."; N: "= •; DCM. 21: "I~CHES• 
93~C tPR!NT TABC15>: "?!TCH DIMtETER •"; PDCN>: "INCHES" 
9322 LPRINT TABClS>: "'!HE NOfltA(. O!AMETRAL PITCH =": DP!TC.~<N>: "TEE'!H/!N. 

tPRINT TA!!ClSl: "NUHSER OF TEETH ON GEAR 
t?RINT 
a::rt NEXT N 
!:..PRINT 

RE.II\ FCR N=l TC NOC 
FOR M = 1 TO G?CN> 
LPRIMT TASC13>: "~OR P!NICK"; M; "ON GEAR"; N 
LP RI HT 
IF DG\N. f!l = 0 THEM As • " DRIV!NG " 
If' oco;. M) • 1 THEN AS = .. DRIVEN • 

• ": NOTEE:THCN> 9324 
9330 
9350 
9490 
9500 
7520 
'3540 
9560 
3565 
9570 
'3575 
9580 
9600 
7620 
96~0 

t.PRINT TAl:H1.5l: "?IN!O~I NU!!SER": ~f: "IS A": AS; "PINION" 
t.?RINT TABClS>; "ANGULAR POStTIO~ a "; TH~ACN. Kl • tao I ?I;·•oEGaE~S" 
t.?R!NT Tn8(15>: "IH?UT PC~'Ea • "; PCM. ~); "HOiiSEPOWER" 
NEXT f! 

HoO ffEXT N 
9665 !F rlFX ) 0 rnEN G-'.:TO Hao 
9567 IF NrY • 0 THEN GOTO 9780 
HSC L.fl'!HNT 
9700 L??.INT T~3Cl0l; "T~E E~TERN~L lOADS :" 
1720 L?RINT 
9710 FOR ~· = l TC NFK 
9740 t.?RINT T~a(!.'5>; •:X"; N; "= "· F:<eN. 1); "?OUNDS" 
9750 L?RWT T'1.3{1'5l; "::<":~I; "!S "· rY.(N. 2>; "!NCHES FROM BRG l" 
9760 L?anrr Trt3{lS>: "::':"; M; "!5 ... n:~M. 3); "INCHES FROM BRG 2 1 

S765 L?P.t::T 
9770 NEXT N 
9775 Lfl'RHIT 
9780 FOR N • ~ TO NFY 
9790 L?~:NT TASCl'5>: "F!"; N: " • "; FYCN, L); "POUNDS" 
HOO L?£UNT T.?.S(L'5>: "F'!"; ti; "!S "; FYCN, 2); "INCHES F:tOM BRG 1" 
9910 L?!HN7 TJl..6(:.S>; "F"f"; M: "IS ... F'lCN. 3l; "!NCHES Fii0i1 BRG 2" 
9815 LP!UNT 
9820 tlEXi' N 
9e2s IF NFY • 0 THEN GOTO 10000 
9850 REM ······-·······-···-·-···········-··················-·········· 
10000 LPRINT CHR~CL2i 
10001 LPRINT ; LPR!NT t.?!HIT 
10002 £.PRINT TABC LO>; " RESUt. T:>": t.PRUIT 
1.0005 LPRrnT !ABC LO>; " GEAR TOOTH FORCES:" 
10010 tPR!NT 
10020 FOR N • 1 TO NOC 
10045 L?!INT TASC12J; "GEAR NUMSER"; N 
10060 FOR~ • L TO GP<N> 
100S3 L?RINT TASCL2J; • ?INION NUMBER"; M 
1•l070 ti?RI~ff 
10075 wrrn. M> • UITC ... 'T(N, M)) 
1 Joa J wr:<c ~1. M, • rnn ;..-;:<: !'i • M 1 > 
100'35 WT'(\~I. Ml • rnrn . .-~"!(~I. Ml) 
1(1090 wan1. ~ > • rnr'.:..:P.. :; !'!' 1 
LOJ15 W~XIN, ~l • INTC~?X N. ~ll 
10037 W?.'!(M, Ml • I!l'!'\';.;?.Y ~I. Mil 
L ul 0·) tP?.t lfi r;..a( 15 1: "7"rl Tr.i'i~2:rn ~.:. i')OTH !..C~D [.; ". '..'7; :; . Iii; 
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- ?Cm•DS .. 
:.:~=c ~?~r~T TABClSl; .. 7HE X-CO~P. OF~~~ 7ANG. TCOTII ~OAD IS & •; ~"TXCl'l. ~): 

·· :-c~cs·· 
;014C :.?:t!NT TABClS>: • THE Y·CCltP. OF THE Tlu~C. TOOTH LOAD !S •· ~!M. ~>: 

• ~QUlfL>S .. 
lill5u L~!U:i"r TAS<LS>: •!ffE tl.\DIM. TOOTH t.OAD :s "··WU. tt>: 
~ POONCS• 
101~0 LPR!:rr TAa<lS>: • THE X-CC'f!P. OF THE RAOIM. TOOTH LOAD IS • -- ~"RXCN. ft>: 

" POUNDS" 
~0200 tPHINT TABClS>; • Tl'.E Y-CO!'IP. OF THE RACIAL TOOTH LOAD tS • •· WRY<K. ~>: 

" PQu'liDS" 
lC2l0 :O?lUNT TA!!llSl: "TIIE A.''CIAL 'Z-COftPONElfT> TOOTd LO~.!> IS 
• PCuKDS" 
113220 !IEA7 l't 
:.n40 t.?RIMT 
1026v l'lEll.'T fl 
1.G400 LPR!lf! 
1.04ZO LPRIMT TASClO>; • BEARING iEACTIOflS:• 
t~440 t.eanrr 
1.04SG t.PR!NT : GOTO 6072 
:.;;so;; SND 

• .. : ~ca. 111: 
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APPEllDIX C prograa "POURBAlt .. 

AT 
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APPEllDU D 

Progr- : " Gear Generation Progr_.. 

ltn· .. -. ~ 
! ~~)(• i:\-21 5EHP. Ir.MIN DP.AW!:-tG ~"IE?.M' iJFt 
:=-)t) F~ 

l~· ~[Pt PT:r -:=·>. :·)) .PTV <::W). :·)J 

1::00) LIPE tNP'JrCRAWlNG \DJ(Fi FILE NtVE: ·:;:.• 
tol(,c) QPEpt ·o·.1.olS•·.oxF· 
15'>1) PP.!NT •!.C:-
1£.t)c) PRINT 0 • • :ECT::OH• 
17{)<• PR!NT •l. : 
191\.io) ?RlNI •1. -e.nnes-
195-) X•)z4:Yo-9 
1'90Q PTX !l, U • '(<) ... ...... Ft/:? 
1910 PTY\l ,li• Y(I ... Dl ... 0=1::? 
1'r-0 PTX;: l ,::?>• (I) .,. .. + Fl/:? 
19~ PTY<t.:)z 'f•) + lil ... 0:1::? 
1940 PTXil,~J:s X•) + !~ + F!I: 
195-:> PTY\l,:>• . .,.; ... D::?.!::? 
19.W PTX < l .•U • X•) ... !~ - Ft.':? 
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Predicting the Performance of Dynaaic llechanical Systems 

Abstract: 

A mathematical model may be used to evaluate the perfor1Dance of 

high speed machines. This model may be ased to predict the contribu-

tion of various design variables to the required specifications. This 

paper revie•s some aspects of dynamic systems: model formulation. 

solutions of equations. nt11erical integration. sensitivity studies. and 

optimization. 

1. Introduction 

Mathematical models are used to design dynamic systems which must 
• 

meet specific performance criteria. ior example. the performance of a 

vehicle with different design parameters may be predicted for a spe-

cific duty cycle. Or the displacement versus tinae characteristic of a 

variable speed mechanism may be evaluated. The model may be used to 

optimize the performance of the system and it may be used to quantify 

the se1.3i ti vi ty of the performance to changes in each design variable. 

However, the configuration or the machine is also constrained by con-

siderations or economics, safety, aesthetics, manufacturability and 

standards. The accuracy or the model's predictior~ is an important 

consideration. The quest for the absolute model ~ay lead the engineer 

through infinite difficulties according to Professor B. E. Quinn of 

Purdue University. 

This paper gives a review of sane fundamental concepts which are 

used in dynamic modeling of machines. The solution or algebraic and 

differential equations is discussed. The need for sensitivity studies 

is presented. An optimization program is described and illustrated. 
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2. Fundamental Concepts for Modeling 

The dynamic model or a machine is the mathematical relationship 

between variables based on physical laws. The following tasks are 

included in the modeling activity: 

2.1 Identification of the required output 

2.2 Identification of the duty cycle 

2.3 Definition or the system's mass. elastic and damping 

characteristics 

2.q Identification or the excitation and restraints 

2.5 Specification or the design variables to be considered 

2.6 Application or Newton's and Euler's.equations or motion plus 

the equations or continuity and constraint to produce a 

system or equations which will predict the required output in 

terms of the specified design variables. 

The output required rraa the model should be identified as the 

first step. It the model is to be used to design tor improved 

performance. the variables which account for good performance must be 

identified. For example. good performance of a forklift truck may be 

related tc the n\lllber of pallets moved per day. If the model is to be 

used to reduce cost. the energy consumption would be a ~igniricant 

variable. !t the model is to be used to predict torsional vibrations. 

the combining of one inertia with an adjacent inertia will reduce the 

complexity or the problem, but it also eliminates one degree or freedom 

and it's related mode of vibration from the solution. Hence, the 

desired output significantly affects the mathematics of the model. 
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The identification of a duty cycle for a machine is essential in 

order to predict performance. Several different duty cycles may be 

used if the ap9lication of the machine varies. For example. a forklift 

truck operating in a Imber yc.rct has signiflcantly different operating 

requirements than when operating in a warehouse per Figure 2. 1. The 

duty cycle may require different configurations or the system. For 

example. the torsional vibration of a fishing vessel with a food proc-

essing plant (Figure 2.2) may have different duty cycles with different 

power outputs for the following drivetrain configurations: 

Engine at idle speed and all clutches disengaged. 

Engine at rated speed and clutch to generator engaged. 

Engine at rated speed and clutches to generator and propeller 

engaged. 

Engine not at rated speed. propeller engaged. and generator off 

line. 

Pickup 
Load 

Shipping and Receiving Cycle 

Figure 2.t Forklift Truck Duty Cycles 

Deposit 
Load 

I 
/ 

0::-, 
--~ 

\ 
J 
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12 Cylinder Engine 

Turbocharger 

Elastic 
Coupling 

Elastic 
Coupling 

I~ 
Generator 

CHJ~ 
Clutch :--t..-'\) 

Propeller 

Figure 2.2 factory Ship Power Train Ma:Js-Elastic Diagram 

The mass, elastic and dissipative characteristics of the machine 

are required for the equations of motion. HeRce, the configuration or 

the machine must be developed before the model can be formulated. The 

mathematical model of the machine must be complex enough to produce the 

required output, but simple enough :v allow canpletion or the analysis 

within the cost and time constraints. The number of equations in the 

model may be reduced by using equivalent masses, equivalent inertias, 

equivalent spring rates and equivalent damping. Careful judgement must 

be used when reducing the original system to these equivalent quanti-

ties in order to assure that the mathematical model will properly 

represent the original sy~tem. 

Equivalent mass or a system may be determined by writing the 

different equations for tt-.e system and combining th,;m into one 

differential equation with a single variable representing all of the 

mass and inertia terms. For the geared system of Figure 2.3, this 

procedure is as follows. The equations or motion for the pinion and 

for the gear are: 



Ip ~ • Tin + TGp 

1G «c - TpG + Tout • 
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The angular displacement relationship for pinion and gear i~: 

ep • - 9c • Ratio. 

The second derivative gives the angular acceleration relationship: 

~ - - OG • Ratio. 

A C.C.W. torque on the gear by the pinion will produce a C.C.W. torque 

on the pinion due to the reaction of the 3ear: 

TpG ~ + Tep • Ratio. 

substituting these equations into the differential equation for the 

gear gives: 

Ic<- ~/Ratio) • + Tep • Ratio + Tout 

Divide by Ratio, 

Ic «p/Ratto2 • - Tep - Tout/Ratio 

Add this latter differential equation to the first differential 

equation: 

. 

Pinion 

All variables are shown in the 
posi~ive direction, CCW. 

Gear 

Figure 2.3 Original Mass-Elastic Diagram for Geared System 



rr the original system is replaced by an equivalent sy~tem as 

shown in Figure 2.q in which all shafts rotate at engine speed, the 

sign or Tout is reversed and the differential equation for the gear 

pair would be: 

1equiv ~ • Tin - Tout/Ratio 

Comparison or this latter differential equati~n with the prior equation 

shows that the equivalent inertia is 

Iequiv • IP + Ic/Ratio2• 

T0u~ • Tin x Ratio 

lequiv 

Figure 2.4 Equivalent Mass-~lastic System 

An alternative method ror obtaining the equivalent inertia is to 

equate the kinetic energy or the original system to the kinetic energy 

or the equivalent system per Reference 6. For this sample problem, 

the equivalent inertia or the gear pair referred to pinion speed may be 

obtained as follows: 

KEoriginal • KEequivalent 

1 2 1 2 1 2 z Ip wp • z IG 111G "'z 1equiv wp 
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By cancelling the one half and using the r€lation.ship l\etween the 

angular velocities, 

The kinetic energy equation becanes 

2 2 2 Ip wp + IG(wp/Ratio) • Iequi v "'p 

Solve this expression for Iequiv' which agrees with the former 

equation. 

Iequiv • Ip + IG/Ratio2 

A mechanical linkage has an equivalent inertia which changes in 

magnitude as the position changes. Consider the engine's slider crank 

mechanism or Figure 2.5. The angular velocity of each link and the 

linear velocity of the center of gravity or each link are evaluated for 

an input crank speed of 1 ra~ian per second as illustrated iri Figure 

2.6. (This calculation was performed ~Y a four-bar linkage program for 

a linkage with the output crank located at 90° fran the path of the 

piston and for an nintinitelyn long output crank.) 

The inertia of the piston, connecting rod and crankshaft may be 

represented by an equivalent inertia, I~Q• which has the speed of the 

cranksr.aft. IEQ ha3 a different value for each position of the crank

shaft. The magnitude of IEQ may be obtained by equating the kinet~c 

energy or the original system to the kinetic energy of the equivalent 

system at each position: 

.5 x IEQ x w2
2 • .~ x ! 2 x w2

2 
+ .5 x Me x v4

2 

2 2 
+ .5 x 13 x w3 + .; x M3 x VcG3 

2 2 2 M8 CV~lw2 ) + r3cw3tw2) + M3CvCG3'"'2> 
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He • Piston assembly mass 

H8 • 0.119 lb sec211n 

H3 • Connecting rod weight 

H3 • 0.355 lb sec2/in 

13 • Inertia of connecting rod about 

center of gravity ., 
13 • 31 .6 lo in secL· 

I 2 • Inertia of cranl<Shaft 

! 2 • 30 lb in sec2 

t • Length of cor..necting rod • 23 inches 

R • Radius or crank 

R • 5.25 in 
AC • Distance from rod end to C.G. of rod 

AC• 5 in 

Figure 2.5 Schematic of Engine Piston and Crank Mechanism 
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Figure 2.6 Velocities or rtston and Crank Mechanism 
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Figure 2.7 Equivalent Inertia as a Function or Crank Position 

This latter equation shows that the equivalent inertia or a linkage is 

the sum or the products of velocity ratios times the mass and inertia 

values of the links. This ratio of velocities is independent of the 

actual speed of the linkage, since it is established by the position 

and configuration of the mechanism. The dependence of the velocity 

ratio ~n the mechanism position may be illustrated by cor.sidering the 

velocity polygon or a mechanism. The shape or the polygon is a rune-

tion of position while the size is determined by the magnitude of the 

velocity. This is illustrated in Figure 2.8 showing the graphical 

solution to the velocity equation: 

Ve • VA + VB/A 

If VA is doubled, the polygon will aouble in size but the ratio VA/V
8 

will not change at this position. 
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c 

Figure 2.8 Velocity Polygon ror Linkage 

When a mass is supported by the rree end or a spring, whose 

opposite end is stationary, portions or the spring's mass move with 

different velocities. The equivalent mass or the spring will be 

considered as that rraction or the spring's mass which moves with the 

velocity or the rree end. The kinetic energy of.the spring with one 

end fixed may be equated to the kinetic energ-/ or a massless spring 

supporti.1g an eqai valent mass on its free end per Figure 2. 9. 

KEoriginal • KEequivalent 

fL 2 2 

0 
.5 x v x dm • .5 MEQ V 

wht:re, v • ~elocity or particle or spri"13 mass • V x X/L 

dm • Hass of particle or spring • p x A x dX 

X • Distance rrom stationary end to particle or mass 

v • Velocity of rree end or spring 

~ • Length or spring 

p • Mass density of spring 
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A • Area or spring normal to x-direction. 

Hence, 

H i ,. IL dm • p x A x L spr ng o 

HEQ • p x A x L/3 • Hspring13 

For a shatt in torsion with one end fixed and the other end sup-

porting an inertia, J, (Figure 2.9) the equivalent inertia due to that 

part or the shatt which moves is obtained as follows 

KEoriginal • KEequivalent 

/d(KE) • .5 x JEQ x w2 

The angular velocity or the shaft varies rrom zero at the base to w at 

the rree end. So the angular velocity or a particle located a distance 

X rran the free end is 

WP • w x X/L 

The mass moment or inertia or a particle with radius of gyration r is 

ti.JP • p x A x r 2 x dX 

.5 x f~ p x A x r 2 x Cw ~ X/L) 2 x dX • .5 x JEQ x w2 

JEQ • p x A x L x r 213 • H x r 213 • Jshaft/3 

Hence, the equivalent inertia of a shatt with one end stationary is 

equal to one third of the inertia of the total shaft. This equivalent 

inertia rotates at the speed of the free end of the shaft • 

• 



'\:Q • ~spring/3 

"spring • Mass of spring 
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x JF.Q 

JEQ • Jshatt/3 

Jshaft • Mass maaent of inertia 

of shaft 

Figure 2.9 Equivalent Inertia of Fixed End Spring 

The elastic properties or the machine must also be quantitied in 

order to create a mathematical model or the dynamic system. The elas

tic deformations provide storage tor the potential energy, which may be 

changed into kinetic energy at a later phase. The elastic properties 

may be characterized by spring constants. An example or a spring 

constant would be the ratio or the change in force on a gear tooth to 

the change in deflection or the tooth per Figure 2.10. An example or 

torsional ztiffness would be the ratio or the ch...nge in shaft torque to 

the corresponding angular deflection. 
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Figure 2.10 Gear Tooth Stiffness rran Finite Element Analysis 

The elastic characteristics of some machines are more complex than 

these two examples and equivalent spring constants may be used to 

simplify the model. If several springs are in parallel, as when more 

than one pair of teeth of a helical gear shares the load, this multiple 

spring system may be represented by an equivalent system with only one 

spring. This is illustrated in Figure 2.11 and the equivalent spring 

constant is evaluated as follows for the equivalent system. This 

expression is valid for parallel torsion springs also. 

KEQ - FIX. CF,•F2•F3)/X. F,tx + FzlX + F3/X - K,•K2•K3 

n 

KEQ • r Ki 

where, 

i•l 

F • Total force on all springs 

X • Deflection of each spring 

KEQ • Equivalent spring constant, lb/in 

n • Number of springs in parallel 
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K1 • Spring constant of original spring, lb/in 

Original System Equivalent System 

Figure 2.11 Springs in Parallel 

Ir springs are in series, as the torsional spring constants of a 

stepped shaft, the equivalent system may be simplified. The total 

deflection at the end of the shaft is 8, which is made up of the sum or 

the deflections of the individual springs. The torque on each spring 

in series is the same. 

8 • 81 + 82 + 83 • T/K1 + TIK2 + T/KJ 

n 
• T(1/K1 + 1/K2 + 1/K3) • T x r (1/Ki) 

i•1 

But, the equivalent system's spring constant is 

so, 

KEQ • Equivalent spring constant, lb in/radian 

n • Number or springs in series 

Ki • Spring constant for original spring, lb in/radian 
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This expressior. is valid for series extension springs also. A pair of 

gear teeth in mesh is another series spring arrangement (Reference 7) 

with each tooth having a stiffness, KT, per Figure 2.12. 

Original 
Stepped Shaft 

K1 . K2 
--K 

Equivalent Shaft 

T 

~ [EQ {! 

Single pair of teeth 
in contact 

Series springs 
represent tooth stiffness 

Figure 2.12 Springs ip Series 

The equivalent spring constant concept may be useful when 

nonlinear relationships exist between deflections and torque (or 

force). This nonlinearity may be a function or torque (or 

displacement) as in the elastic coupling illustrated in Figure 2.13. 

The equivalent spring constant is usually taken as the slope or the 

force (or torque) versus deflection curve at the operating point. 

For systems with gears, the original system may be replaced by an 

equivalent system with all inertias o~erating at the same speed. The 

equivalent system must have an eGuivalent spring constant which will 
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allow it to store the same amount of potential energy as the original 

system. since the nature of a Yibrating system is to transform kinetic 

energy into potential and then reverse this transformation. The 

68 

.....__ Operating 
Point 

.. •--•.-'-·Operating 
I I Range 

a - Angular deflection 

Figure 2.13 Nonlinear Springs 

potential energy is stored in the springs as they deflect and is equal 

to the product of the average fo~ce times the displacement. Consider 

representing the original gear with the dual speed shaft system by an 

equivalent single speed system as in Figure 2.14. Equate the potential 

energies of these two systems to obtain the equivalent spring constant. 

In this sample, the 

PEoriginal • PEequivalent 

.5 x K1 x (82 - 03>2 • .5 x KEQ x (82 x Ratio - e3 x Ratiu) 2 

Hence, 

The equivalent inertias are also shown in the figure. 
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Original System 
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• 
"=7 8 3 • 83 x Ratio 

81 • 82 x Ratio 

J!Q • J1 + Jz/Ratio2 

Equivalent Systea 
(Referred to Motor Speed) 

Figure 2. 111 Equi ~alent Sp~ng Constant 

. 
LJ 

•~-----Pressurized Rubber Tube 

--- Friction Material 

Figure 2.15 -0 Inch Pneuaatlc Clutch in Test Stand 
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-c .... 
~ -

Clutch Gland Angular Deflection (Rad/Ans) 

Figure 2.16 Torsional Detlection ot -0 Inch Clutch 

I 
iladius 
to dial 

In.Ucato 

I 

Cyli:u!a'!' • 
"L" 

Valve 

Clutch Dnm 

Clutch Housing · 

Cylinder "il" 

Pressui • ~age 
Air Su?ply 

' Strain Ca1a 
i:i i'oiHO:\ 
>.rrange::e~ t 

Figure 2.17 Device tor Static Measurements ot Torsional 

Clutch Stiffness and Damping 

• 
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•. 

Cyl:lDc!er "!... ~ Cyluder , .. 

valn AG-. Pressure Case 

A:1r Supply 

scraia c:aaa u. 
Poissoa Ar=an&e8&DC 

Figure 2.18 Device tor Static Measurements or Radial 

Clutch Stittness and Damping 

The torsional stittness or a pneumatically activated clutch as 

illustrated in Figure 2.15 may be evaluated as the mean slope or the 

torque deflection curve. Values or relative damping and torsional 

stittness were measured in the zero frequency test device designed by 

Cardenas (Reference 8) in Figure 2.11. Typical load curves are shown 

in Figure 2.16. The results or tests by Elahi are are in Table 2.1 

(Reference 9). This work was supported by Marine Gears, Inc. 
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The radial stittness or these clutches may also be evaluated by 

reaoYing one bearing to allow the shaft to deflect radially and 

rerouting the hydraulio lines to cause both cylinders to move in the 

sme direction. This test setup is shown in Figure 2.18. the radial 

stittness results or tests by Elahi (Reterence 9) are in Table 2.2. 

The test data in Figure 2.20 is typical tor the J&O inch clutch. 

Same pnematic clutches do not allow the elastmer air bag to be 

deflected as the torque is transmitted by metal m•bers. This results 

in a aore rugged design. but the torsional stittnas is auch higher and 

the energy dissipating capability or the elastOller ls not available. 

The dallping characteristics or a syst• aust be included in the 

dyncmtc aodel. The dissipation or energy by d•ping is one methOd ror 

keeping the •plitudes or vibrating systems trail reaching dangerous 

magnitudes. D•ping may be achieved by viscous daping or a tluid. 

hysteresis dallping in an elastic solid or coulaab triction damping .. 
between solids. 

The viscous damper may be subjected to a harmonic excitation 

source. 

P • P0 sin(wt + •> • 
which leads the displacement. 

X • X0 sin(wt) • 

by a phase angle •· The resulting work is 

W • w P0 X0 sint 

The damping rorce is 

P0 is 90° out or phase with the displacement x0 • Hence, the damping 

work per cycle is 
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w • w x c x ~ x x0
2 . 

D•ping by aaterial hysteresis is due to internal rriction vhich 

heats the •aterial. Elastaaer materials, such as rubber, have high 

hysteresis loss when strained. The elastmer material or the 

pressurized tube of the 110 inch clutch shown in Figure 2.15 provides 

daaping. The area under the torque versus deflection curve for 

increasing torque is larger than the area under the curve traced as the 

clutch returns to the unloaded position per Figure 2.16. The 

hysteresis energy dissipated per cycle, Vd, is equal to the area 

between these tvo curves per Figure 2.19. The energy of a linear 

elastic deflection rre11 ~he aean position to the maxi11111 a111plitude, 

X.ax• is 

we• .5 x k x X.ax2 

Relative daaping, •· is a term tor characterizing hysteresis dallping: 

t • Wd/We 

The relative daaptng ror this 40 inch clutch with elastcaer air bags 

was evaluated under static conditions and the values are gt ven in 

Table 2.1. 

The model ot a system wt:h hysteresis damping may be simplified by 

express!..1g the energy loss per cycle as a function or an equivalent 

viscous damping function. This is obtained by equating the energy 

dissipated per cycle for hysteresis damping to the energy dissipated 

per cycle by an equivalent viscous damper. 

2 • x We • • x CEQ x w x X0 

we •• 5 x K x x
0

2 



TABLE 2. 1 Relative DamplnR and Toratonal Stlttneaa or Clutohea 

Clutch Maximum Hlntmum Hean 2+ Toralonal 

Slze Torque Torque Torque v surrneaa Relative 

(tnch) (lb-ln) (lb-ln\ (lb·ln) (Radian) (lb·ln/rad) Dampln1 

26 53,071 15,198 311,138 o. 001531 211,7111,3116 o.8277 

26 52, 1112 18,706 35,11211 0.001358 211,621,502 1. 0290 . 
26 78,11117 52,376 65,1112 0.000962 27'100,832 0.9237 

30 76,1160 27,825 52,1113 0.000905 53,7311,3911 0.8818 

30 82,305 27,203 511,7Slf 0.001062 51,870,1170 o.8267 
'° CID 

30 138, 1123 91,658 115,oan 0.000878 53,263,098 o.66511 

30 133,980 91'191 112,586 0.0008110 50,933,222 1.11118 

35 116,911 111 ,620 79,266 0.001960 38,1113,776 0.7106 

35 1811,953 95,633 1111,793 0.0025511 36,1117,220 0.91139 

110 153,387 113,023 98,205 0.001537 71,8011,815 0.9685 

110 227,976 11111,0311 186,005 0.0013112 62,5119,926 0.73118 

118 200,000 60,818 130, 1109 0.001217 1111,299,509 1. 3191 

lt8 287,500 191,266 239.383 0.000637 151,073,781f 1.5638 
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' Tv 

Figure 2.19 Hysteresis D•ping Energy 

Clutch Maxiaum Radial 

Size Radial Force Stittness 
-

Cinch) Clb) (lb/in) 

26 3971 132, 188 

30 31120 87,710 

30 3365 87,3119 

30 31156 87,592 

3Ci 5622 87, 1113 

30 50119 88, 182 

35 2019 80,0117 

ltO 5889 143,298 

118 562l 1~8E572 

TABLE 2.2 Radial Stltrn•ss ot Pne1.11atic Clutches 
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- .... 

" ..... ••••• •••• s ..... •. us t.eH •••• ••••• •••• 
ladial Deflection (in) 

Figure 2.20 Radial Detlection or -0 Inch Clutch 

Hence, the equivalent value or Yiscous d•ping is: 

Where, 

K • Torsional stittness or member with hysteresis 

w • Natural frequency or Vibration. 

3. Types or Excitation 

The type or excitation tor a mechanical system may be steady 

state, periodic, aperiodic or random. The method or analysis is 

ditterent tor each type. 

For periodic •~citation, the response or a linear system will also 

be periodic and the initial conditions will establish the amplitudes. 

The excitation or an internal combustion engine's gas pressure pulses 
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may be represented as a periodic excitation by a fourier analysis or 

the gas pressure as shown in Figure 3.1. It the crankshaft; speed. Q1
0 

is constant. the time. t. is a function ot ~rank position. e. 

t • e1 .. 

Hence. the period. T. tor one cycle ot a two stroke cycle engine vith 

T • 2w/w • 

The Fourier expansion ot the function is 

xCt) • t(t) • t(k) 

- -x(t) • Xave + I B(n) Sin(neatt) •. I C(n) Cos(n..t) 
n-1 n•l 

NO 
Xave • ( I r{k) At)/T 

k•l 

NO • T/At • N1.m1ber or data sets in one period 

t • (k-.5)At. fork• 10 2. 3 •••• NO 

At • Time increment between data sets. (The t'irst data set 

ls at t • At/2 and the last set is at t • T -At/2 

Xave • Average value er function over one period 

NT • Total n1.m1ber or harmonic components 

n • Number ot a harmonic. 1 S n S NT 

The coerricients B(n) and C(n) must be evaluated ror each value or n. 

NO 
B(n) • (2/T) I t{k) x Sin(Cn x 2 x w/T) x (k-.5)At)At 

k•1 
NO 

C(n) • (2/T) r C(k) x Cos(Cn x 2 x w/T) x (k-.5)At)At 
k•1 

B(n) • Amplitude or nth sine harmonic. 

C(n) • Amplitude or nth Cosine harmonic. 

The phase angle between the harmonic components is 

•<n> • arctan (C(n)/B(n)) • 
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~ 
~ r-......_ -..........___ 

........._ 
i-..... 

so 100 

Piston Displacell81lt. Percent 

Figure 3.1 Engine Cylinder Pressure (Two Stroke Cycle) 

N 

1 
2 
3 
4 
5 
6 
7 
8 
9 

INPUT DATA 

EtfGINE SPEED • 209.43 RAD/SEC 
NUMBER OF HARK>NICS • 10 
TOTAL TIME PERIOD • .03 SEC 

FOURIER SERIES COEFFICIENTS 
CONSTANT COEFFICIENT XBAR • 165.07 

BN CN 

119.04 185. 140 
87 .923 87.642 
90.502 32.504 
53.280 .010 
4!1.167 -6.100 
20.327 -18.589 
13.113 -12.3110 

.305 -10.703 

.407 -2.005 
10 -5.023 -4.967 

TABLE 3.2 Fourier Coefficients ror Engine Gas Pressure 

.. 



TIME 
(Seconds) 

0 
.001 
.002 
.003 
.0011 
.005 
.006 
.001 
.008 
.009 
.01 
.011 
.012 
.013 
.0111 
.015 
.016 
.011 
.018 
.019 
.02 
.021 
.022 
.023 
.0211 
.025 
.026 
.027 
.028 
.029 
.03 
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PRESSURE 
(PSI) 

220 
6110 
780 
580 
385 
280 
205 
175 
130 
106 
100 
98 
95 
90 
88 
Hl 
10 
10 
10 
12 
13 
10 
25 
30 
45 

.. 50 
80 

100 
145 
210 
220 

CRANKSHAFT POSITION 
(Degrees) 

10 
12 
211 
36 
118 
60 
72 
811 
96 

108 
120 
132 
11111 
156 
168 
180 
192 
2011 
216 
228 
2110 
252 
2611 
276 
288 
300 
312 
3211 
336 
348 
360 

TABLE 3.1 Engine Ga.a Pressure Versus Time and Crankshaft Position. 

Each harmonic component has a unique frequency, which ls equal to 

the product or the engine speed and the harmonic nmber, n. At n • 2 a 

harmonic ~ressure, with a rrequency or 418.8 rad/sec ls produced by the 

engine. The magnitude or this pressure component ls 

Nr 
P(t) • 165.07 + I 87.9 • Sin(2 x 209.4 x t) 

n•l 
NT 

+ I 87.6 Cos(2 x 209.4 x t) 
n•1 
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e:n 
- Actual Data 

700 

5:D -""4 - • 5l) f-4 ca. - . 
Siio . • 

.;xi ~ c .. 
0 ::s .... • ., • u • :m c .. Fourier Values 
::s ca. 

Siio • • 200 CJ -
iCD 

0 o.:m O.IXS 0.01:J 0.0;5 0.020 0.&25 

Tlme (Seconds) 

Figure 3.2 Graph ot Fourier Representation ot Engine Gas Pressure 

· This harmonically varying pressure produces torces which could excite a 

resonant vibra~ion, it the system has a natural frequency or -18.8 

r:mdians/second. As the values or n increase above t t , the amplitudes 

decrease. This indicates that the energy or the higher harmonics will 

be too small to produce significant vibration amplitudes atter overcom-

ing the damping. These harmonic pressures also produce narmonic compo-

nents or crankshatt torque. The re!lponse or a linear system may be 

obtained by summing the response ror each or the harmonic components. 

Aperiodic excitation is a nonrepeating pulse. The pulse is 

equivalent to the sum or numerous natural rrequencies. The shape or 

the pulse determines its frequency content. For example, a step would 

contain :aigh frequencies in order to dertne the sharp corner. The 
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Fourier Integral m,.y be used to transform an aperiodic function, f(t), 

fran the time danain into an equivalent function. g(C11}, in the 
• 

frequency dcmain. In the frequency daaain. the system response may 

then be characterized in terms of gain. the ratio of output to input. 

The Fourier Integral (10) may be e>.pressed as 

f(t) • J:. g(w) eiwt dw 

where. 

g(w) • - f(s) e-ifllS ds , r· 
2.. --

The dummy variable s may be repalced by the variable t and the 
• 

following relationship may replace e-iwt in the expression for g(w). 

e-iwt • Cos(wt) - i Sin(wt) 

Hence, 

or, 

where, 

1 r· i r· g(w) • - f(t) Cos(wt) dt - - f{t) Sin(wt) dt 
2'1' -- 2.. --

g(w) • A - 18 

A • ..!_ r· f(t) Cos(wt) dt 
2.. --

B • 2.._ r• f(t) Sin(wt) dt 
2ir --

The absolute value of g(w) is 

lscw>I • CA2. 82>.5 

The phase angle for g(w) is 

• • Tan- 1CB/A) • 
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If the system gain, M, and the excitation are both expressed in the 

frequency domain. the system response.at a frequency 111 would be 

Boutput • M x Bexcitation • 

IC the excitation of the system is random, it uy be expressed in 

statistical terms as a power spectral density function, P s. The power 

spectral density function is a function of frequency. The auto-

covariance function, C(t), may also be used to locate periodic content 

of random functions (11 and 12). The following equation shows how C(t) 

will have larg~ values when the lag index corresponds to the period or 

a harllonic coaponeni. of the data. However, if the relationship between 

the data, Y(t} and Y(t•_T). is truly randaan, with values above and 

below zero, the value or C(t) will approach zero. 

C(t) • Lim I~ JT Y(t) x Y(t + t) dtl 
T- 2T -T 

For nt111erical methods the following form is convenient. 

where, 

1 n-R 
C(R) - ~ I Y(i) x Y(i+R) 

n-R 1•1 

C(R) • C(t) • the autocovariance tunctlon. 

T • the tlme length of the data re~rd. 

t • time 

t • Lag value. (The maxim .. value or t shOuld not exceed 5 to 10s 

or the length or the data record.) 

6t • Time interval between meas•.ared values or Y ( i). 

Y(l) • Y(t) • Variable under study (The data must be processed so 

Y(l) has a mean value or zero. 

n • Total number or data points. 
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M • tmax/At - Total nt.mber or frequency bands. 

R • t/At •Lag index• o. 1. 2 ••••• M 

r.ie Fourier Transform or the autocovariance function is 

1 f-g (.,) • - C(t) x e-iciat dt 
21r -

or 

1 f- i J-g( .. ) • - C(t) CosC .. t) dt - - C(t) Sin( .. t) dt 
2• - 2• --

Since C(t) ls an even function and Sin(~t) is an odd function. this 

equation becaaes: 

g( .. ) • ~ J• C(t) Cos(en) dt • 
21r -

Power sepectral density is 

P(fll) • 2g( .. ) 

where, 

0 s ... s -

1 f-g( .. ) - -
2• 0 

CCt) CosC .. t) dt 

The maxim\111 frequency which can be identified by the data is 

fmax • 11c2 x At) 

The frequency bands, H, divide this maxim\111 frequency into incr•ents 

At. 

Af • rmax'" • 11c2 x M x At) 

Define ff as an integer with the following relationship to frequency ta: 

fa • H x Af 
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The •alues of H are taken as the •alues of R to establish the 

connection between CC'd and PCr8 >. At 't • o and 't - • the •alues or R 

are zero and M respectively. For nmerical methods the following form 

is convenient 

f 
R•M 

P(tH) • (2/w) C(R) x Cos(wHR/M) d't 
R-0 

The Fa.rier Transform vill place the autocovariance function into the 

frequency domain. The area under the plot of P( .. ) •ersus .. is the aean 

square •alue of the function t(t). Peaks in P(at) identify f:-equencies, 

... of haraonics in t(t). The power spectral density function and the 

c:irrelation function are very useful in signature analysis. vhich gives 

early warning of rauures in bearings or gears bJ shoving changes in 

the pover spectrm or noise or acceleration signals. 

A si•ple exaaple or the use or the power spectral density function 

in signature analysis may be based on data ror the acceleration or the 

driver or a vehicle (13). The rear shock absorbers vere not active for 

the acceleration data in Figure 3.3. The power spectral density tor 

this data ls given as a function or frequency in Figure 3.1.1. The pover 

spectral density function has its largest spike at 11 cps, which is 

near the natural frequency or wheel hop for the independently sprung 

front wheels. The next largest spike is 2 cps which is clcxse to the 

bOdy roll natural frequency of the vehicle. 

For the condition with acti~~ rear shocks, the acceleration data 

is characterized as a probability density function in Figure 3.5. The 

probability density function gives a good indication or the magnitude 

scatter or the data. The probability or encountering loads· in excess 

or one standar' deviation (.035 g's) is 2oi, when shockS are active. 
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This data ror active shocks ls given in the frequency domain in Figure 

).6. The signature of the machine shown in Figure J.6 ts siailar to 

the signature ur Figure 3-' as the two dominant rrequencies appear in 

both r!gures. however, the magnitudes are significantly dtrrerent vhich 

indicates a signiticant change in the •:chine i tselr. 

'· Integration or Equa:ions or Motion 

The predictive llOdel llUSt be based on the fundamental lavs of 

phpics. ut.'1matical principles. the equations of continuity and 

constraint functions. The difrerential equations or 11<>tion, vhich 

define the r~iationships between forces and movement, vill require 

nmerical integration aethods for aost cases. The aodified Euler 

predictor corrector aethod and the Runge-Kutta aethod are tvo popular 

integration aethods. The rourth order accuracy Runge-Kutta aethod can 

provide a solution to the rirst order differential equation or the form 

dx/dt • F(t,x) • 

The solution at one tiae interval past k is 

where, 

a, • 6t x F[Ct), (Xk)) 

a2 • 6t x F[Ct • .5 x 6t), (Xk + .5 x a,>] 

a 3 • 6t x F[Ct + .5 x 6t), (Xk + .5 x a2>] 

a- • 6t x F[Ct + 6t), (Xk•a3)). 

A caaputer algorithim for solving a system or differential 

equations is given by Singiresu S. Rao (1) and Charles H. Haberman (2) 

presents the theory. 
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A critical ractar in the nmerical integratton is the choice the 

integration step size, At. Ir At is too small, the computer time ~ill 

be excessive. Ir it is extraaely small the caaputational a;:curacy or 

the ccaputer may introduce errors. Howe•er, if At is too big, the 

solution will cease to be independent or the •alue or At. A practical 

suggestion ror e•aluating the size or At is to assign a •alue to At and 

pertona the nmerical integration o•er an interYal vi th the maxi•• 

dfllmic characteristics. The Yalue or At is then plotted on the log 

scale or saai-log paper vhile the terminal Yalue or the dependent 

variable is plottecl on the other axis. Then change the Yalue or At by 

a ractor or 5 and repeat the prior procedure. The graph will show no 

variation in the Talue of the dependent Yariable tor Yalues or At vh.ich 

are ~l enougll. The exaaple in the next section will illustrate this 

technique. 

5. Example: Vehicle Simulation 

Suppose that it is desired to determine the change in the 

performance or a •ehicle when dU'rerent gear ratios are used in it's 

three speed transmission. The tirst step is to develop a predicti•e 

110del tor this vehicle. The duty cycle tor this model requires the 

vehicle to start traa rest and travel 1000 teet up a one degree slope. 

The output rre11 the model is to be the time required to reach the end 

ot this path. the data or Table 5.1 defines the problem and Figure 5.1 

illustrates the original system. 
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TABLE 5. 1 Data tor Veh1cl3 SfllUJ. "ltion 

WEICHT OF THE VEHICLE {LB) • 2000 
WHEEL BASE LEllGTH OF THE VEHICLE (FT) • 8 
HORIZ<»ITAL DISTANCE FR<»I THE FROllT AXLE TO THE 
CEllER OF GRAVITY (FT) • II 
VERTICAL DISTANCE FR.<14 THE GRoutm TO THE CENTER OF 
GRAVITY (FT) • 2.11 
DISTANCE TO BE TRAVELED (FT) • tOOO 
DITEGRATIOtl TIME IHCREMEllT (SEC) • .1 
TIME TO SHIFT THE TIWISKISSION C SEC) • • 5 
llUltBER OF FIRST ORDfll DIFFEREllTIAL EQUATIOllS • 2 
ROAD IllCLDIE (DECREES) • 1 
NUMBER OF TIWISMISSI<ll GEAR RATIO SELECTIONS • 3 
DIERTIA OF EIIGllE (LB FT SF.C2) • .016667 
DIERTIA OF FL'NIEEL (LB FT S~2) • .020833 
IllERTll OF Q.utal (LB FT S~ ) • .00111667 
DIERTll OF 1ftlEEL (LB FT S~) • .583333 
RADIUS OF REAR VHEEL (FT) • 1 
DRAG COEFFICIEIT .8 
PROJECTED FRCllTAL AREA OF VEHICLE Cfr2l • 25 
COEFFICIEIT Or' TRACTI09 OF TIRES • • 65 
EFFICIEllCY OF THE DRIVE TRAIN • .85 
COEFFICIEIT OF ROLLDG RESISTANCE • • 02 

RATIO FOR GEAR DRIVE 
GEAR • 1 RATIO • 2.77911 
GEAR • 2 RATIO • 2.05113 
GEAR - 3 RAno - 1 
DIFFEREITIAL RATIO• 11.111 

Fipsre S.1 Vehicle Schellacic 
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The rorces acting on this Yehicle to produce its d}"llaic motion 

are described below. It ls illlJOl"tant to note that the rc:-ce Fl\ <!epends 

on the actual aass and not on the equi Talent mass. 

V • Weight or Yebicle. lb. 

FG • The resistance due to gravity as the •ehicle ao•es up a 

slope or alpha. lb. 

FG • V x Sin(Alpha) 

r1 • • Air drag resistance. lb. 

F1 • • .0012 x AF x DC x y2 

r1 • r1 •n2 

AF • ProJC!Cted rrontal area or Yehicle. rt2 • 

Y • Velocity or vehicle. rt/sec. 

DC • Drag eoet'ricient 

r 1 • Inertia rorce 

F1 • - M x i 

M • Actual mass or vehicle. lb sec2trt 

M • V/g 

FF • Moment about rront tire contact point due to static 

weight only. lb rt. 

FF • LF x W x Cos(Alpha) • H x W x Sin(Alpha) 

FR • Force normal to rear wheels due to static weight and 

dyn•ic loads, lb. 

FR • (- FI x ff • FF)/LT • CH x X x ff • FF)/LT 

TElfG • torque produced by engine on crankshatt, lb rt. The 

following expresison was obtained frClll a least squares 

rlt or data tor this engine. 
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R • Engi~e speed. RPM. divided by 100. 

"1 ~ CoetCicient or traction between tire and road. 

~ • Thrust rorce or ground on tire. lb. The value or P 

dep.:nds on engine to:-que. gear ratio al'd vheel radius. 

oot aust not exceed Pmax• vhich is the aaxi ... slip 

rorce. Hence. 

p ~ paax 

P • TEllG x GR( I) x GRD x EFF /RRV 

CR(I) • Gear ratio in tranaaission. 

CRD • Ge;Jr ratio in ditrerential 

EFF • Mechanical erriciency or transmission. 

Pmax • Mu x FR 

In order to siapli!y the dirrerential equation or 80t1on. the 

original system will be replaced by an equivalent system per Figure 5.2 

vith a tr·.... · ating aass. vhich has the same linear velocity as the 

vehicle. 1ne equivalent mass is obtained by equating the kinetic 

energy or the original and equivlient systems. 

KEoriginal • KEequivalent 

.5 x (Wig) x y2 + .5(IE•Ir•Ic> x "'£2 
+ .5C• x Iv> x ,,,,,,2 •• 5 x "£gV

2 

But, 

"'£ • V x GR(I) x GRDIRRW 

"'w • V /RRW 

Caabine these three quations to obtain: 

"'Eg. (Wig) + Cle•Ir•Ic> x (GR(I} x GRDIRRW) 2 • <• x Iv)IRRW2 
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I 

Figure 5.2 Equivalent System ror Vehicle 

The ~trrerential equation or motion ror this vehicle is: 

f\:Q x X • P - FG - FR - FA x y2 

When the clutch is engaged, 

P • TENG x GR(I) x GRD x EFF/RRW 

it, P<Pmax. 

So, X • (P - FG - FR - FA x V~)/MEG. 

Otherwise, it P > ~max, set; P • P max as follows. 

P • PIUX • Mu x FR • Hu(M x X x ff + FF)/LT 

P •Hux Xx ff x HILT - Mu(LF x Cos(Alpha) + H x Sin(Alpha))W/LT 

For this latter ~ase, the equation ot motion is 

X • {• Hu(LF x Cos(Alpha) + H x Sin(Alpha)) x W 

+LT. c- FG - FR - FA x v2>Jt(MEQ. LT - Hux ff x M) • 

When the clutch ls disengaged, 

p • 0 

X • C- FG - FR - FA x y2)/~Q 
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In orer to use the Runge-Kutta method or integration. the variables 

will be redefined per standard practice as in Table 5.2. 

TABLE 5.2 Variable Definitions for Vehicle 

Old Variable New Variable T:nitial Differential 
N•e Naae Value !luation 

x XX(l) 0 F(l) • t • Xl'(2) • JX(l) 

V•X XX(2) 0 F(2) • X • IP/MgQ • xX(2) 

-x 

The size or the integration step. 6t. was varied rrcm .001 to 0.5 

seconds by factors or 5 while the distance traveled in 5 seconds was 

e•aluated. This initial 5 seconds is associated with the maxill\ll 

dyn•ic conditions tor this problem. The results as shown in Figure 

5. 3 indicate that signiticant nmerical error is created tor this 

problem when 6t is greater than 0.10 .:seconds. 

The displacement versus time and velocity versus time plots for 

this system's performance are shown in Figure 5.11 and 5.5. 

l!D 

·-'d t ICI ... _ 
.&: • • > 'G c: 
tM 0 I~ :: 
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I J 

11 I/' 
I 

._,. 

I I I I i 
0.010 0.500 

Integration time increment (sec) 

Figure 5.3 Investigation or Integration Step Size 
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Figure 5.- Vehicle Perrormance: Position versus Time 
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Figure 5.5 Vehicle Performance: Velocity versus Time 
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6. Solutions of Algebraic Equations 

6.1 Solution of an Equation 

The solution of a linear or nonlinear equation may be obtained by 

drawing a graph of the function to determine those •alues of the 

indepenaent .ariable vhich reduce the function to zero. A nonlinear 

equation may haYe aore than one root. Figure 6.1 illustrates hov the 

function. t(X). beha•e as X Yaries. 

g _L . , 
.... c .. .., x : . ·. 
~ ..:r '----_-_-_-_-_-_-_._t_-..:.~---.;.·+r-

1---x_ .. _J I 
J----!d xn --4 tJC 

Figure 6.1 Solution to Function 

The Yalue of x vhich produces a zero value ot the function. m~y be 

obtained by the Newton-Raphson n\.lllerical method. This method starts 

with the tirst two terms or the Taylor series expansion or the function 

t(X) abOut the position xn: 

f(Xn + 4X) • t(Xn> + 4X x t'(Xn) 

r•cxn> s the slope or the function at x • Xn· 

The small value 6X which may be added to Xn to Eake t(Xn + 4X) approach 

zero may be obtained by rearranging the Taylor series to solve ror 6X. 

An initial trial value ror Xn must be estimated. 

f(Xn + AX) • 0 

rcxn> •AX x r•cxn> • o 
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The slope may be approximated: 

rcxn> - [rcxn> - r .. xn_1>]t<xn - xn-t> 

4X • - rcxn> x (Xn - xn-t>t[r<xn> - r<xn-t>] 
Add 4X to Xn to bring Xn closer to the root as follows. 

Repeat the above procedm""e of calculating the correction incremenc 6X 

and modifying Xn and Xn-t• When f(Xn) approaches zero. the solution 

has been obtained. 

6.2 Solution of a System of iinear Equations 

The Gaussian elimination method vi th pivot elem~nts is a popular 

method for finding the roots of a system or linear equations. 

Reference 3 gives a Fortran subroutine for this method. The following 

system of linear equations may be expressed in matrix form as 

indicated. 

K,,x, + K~~2 + Y.13X3 • a, 

K21X1 + K2~2 + K23X3 • R2 

K31Xt + K3~2 + KJ3X3 • R3 

• 

x .. 
I ~ 
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The Gaussian method uses the rules or algebra to modify the matrix 

equation until the diagonal or (K] has unity for each value and the 

entries in [K] below the diagonal are zero. The values or x1 • x2 and 

x3 aay then be obtained directly. 

6.3 Solution or a System of Non-linear Equations 

A non-linear system or equations may be solved by Newton's 

iterative method (Reference II). The tvo equations below 

rcx.y> - o 

g(X.y) • 0 

may be satisfied if they are equal to zero when X • X0 + 6X and J • Y0 

+ 6y. The Taylor expansion about CX0 .y0 ) is 

f(X
0

,y
0

) + 6X x 3t(X
0

,y
0

)/3X + 6J x arCX0 ,y0 )/3y • 0 

g(X
0

,y
0

) + 6X x 3g(X
0

,y
0

)/3X + 6y x 3g(X0 .y0 )/3y • 0 

Rearranging these tvo equations into matrix rorm produces the 

following. 

arcx52 .152 > arcx52 ,152 > 
6X - rcxo,Jo> 

ax ay 

-
3gCX52 ,y52 ) 3g(X52 ,y52 ; 

fly - g(Xo,Yo> 
ax 3y 

Values or the partial derivatives provid~ the slope. The values or 

and 4Y may then be evaluated as the changes in X and y which are 

required in order to approach the roots. Before repeating the above 

calculations, nev values or X and y are needed. 

Y1 • Y0 + 4Y 

6X 
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This process is repeated until the runcttons approach zero. 

The ntmerical values or the slopes arCX0 ,y0 )/aX. arCX0 ,y0 )/ay. 

agCX
0

,y
0

)(/3X and agCX
0

.y
0

)/3y may be ditticult to evaluate ror soae 

functions by taking the partial derivatives. An alternative is to 

estimate these slopes numerically over a saall increaent about the 

point X
0

,y0 • The siz~ or the increment •ust be saall so it's size does 

not intluence the magnitude or the slope. 

T. Sensitivity Studies 

Sensitivity studies quantity the relationship between the input 

par•eters, which are independent design variables selected by the 

designer, and the output variable, which is the dependent variable 

representing value, performance or cost. The sensitivity study shows 

how the output variable responds to a change in the input variable, 

that ls, it q~tities the amount or iaprovement in value (or the 

change in cost) tor a specified change in a design variable. 

Sensitivity studies help the engineer to develop a realistic model 

as it aids his visualiuation or the mathematical relationships between 

the variables. On the other hand, the optimization study norP1ally 

determines the set or values or the in;>Ut v11riables which will produce 

the "best" value or the output without regard to how the variables 

change in approaching this "i:>est" value. Figure T.1 illustrates a 

sensitivity study in which the current performance (cycles completed 

per shift) tor the machine can be improved by 8.6 percent oy an 

increase in vehicle rated speed or 25 percent while the performance can 

be improved an additional 5.5S by increasing the vehicle speed an 

additional 25S. The rate or change in performance is decreasing and 
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the sat'ety or the operation is rapidly decreasing as the vehicle speed 

is increased. In the next section. which discusses optiaization. the 

sensitivity study is applied to the •optiau11• set or design variables 

to quantity the aanner in which each variable approaches this optia .. 

condition. 

so 100 lSO 

Vehicle rated speed 
(Percent of current value) 

Figure 7.1 Sensitivity Study: Fork Lirt Truck Perroraance 

8. Optillization by the Complex Method 

The Complex Method or optimization or a aultivariable. nonline.V", 

constrained problem was studied by Or. '6. H. Michaud (5). This aethod 

rinds the maxim\11 or mini11n11 value or a function. 

To describe this method, consider a prnblem with n design 

variables. For a set or values ror these n variables, the output or 

the system may be evaluated. Each set or n design variables locates a 

vertex in n-space. Eaeh design variable is considered as one or the 

coordinates tor the vertex in n space. Now consider k sets or these 

design variables rrom which k values ot the output may be evaluated. 

lt we select a problem with two independent design variables, n will be 
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equal to two. Ir ve select k as equal to three tl•es n. then k • ,). 

tUcbaud usually used k • 2n. but 3 n may proYide a llOr"e dyn•ic search. 

A plot or the six Yertices inn-space is giYen in Figure 8.1. The six 

sets or design Yariables were scattered between upper and lower bounds 

tor each or the independent r.u-iables. These sets or Yalues may be 

randomly generated between these bomdaries. 

3.2 
0 

4.5 
0 

0 
2.7 

0 
3.1 

0 
5.4 

Figure 8. 1 Cc:mplex tor Two Space 

0 
4.3 

The magnitude or the output par•eter, which ls to be optimized. 

ls gl.en beside each Yertex in Figure 8.1. The output is to be 

uxiaized. The Yertex with the lowest pertoraance, has an output Yalue 

or 2.7. This Yertex with the lowest pertoraance is remoYed and the 

centroid or the coordinates or the remaining vertexes is determiend. 

Figure 8.1 shows the tlYe remaining vertexes plus the centroid. 

1 It 
cx1 >c • - ( I cx1 )J) - (Xi )R ) 

k-1 
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0 ,• (X.)nev 
, 1 

~ , ,_, 
~ , 

, ,8' centroid , 

0 

x. 
1 

Figure 8.2 Cclllplex Method HoYing Strategy 

0 

The next. step is to obtain an iaproYed Yalue or the independent 

Yariable '>Y llOYing along a line trm the rejected Yertex. (Xi >8 • and 

tbroulh the centroid. (Xi>c• to a nev Yalue (Xi>nev· The (Xi>nev is a 

point beyond the centroid by ca tiaes the distance between the rejected 

Yertex and the centroid. Box (3) used a value or ca • 1.3. 

<X1>nev • ca[<X1>c - <S1>e1 • Cx11c 

It this nev point is within the bounctr or the design space. the search 

continues with cx1>nev proYiding the one or the independent variables 

tor a nev vertex. 

Tbe Yalue or the output par•eter is evaluated tor the set or 

nluea at CXi>nev· The process is repeated by identifying the set or 

independent variables with the lowest pttrtormance and rejecting 1t. 

Then another nev set or variables is obtaiend by marching rra1 the 

rejected vertex through the centroid again. 
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It the nev design point had been outside or the design space, a 

nev trial Yalue would haYe been lcoated by taOYing in toward ttie 

centroid by the factor beta: 

CXi>nev • 8[CXi>nev - (Xi>c) + CX1>c 

One vay to stop is to pertora a certain nmber ot iterations and 

obserYe the Yalue or the output to deteraine it it is conYerging. 

Dr. Michaud's Designer-Aupented Optiaization Prov• requires the 

user to identity the output Yariable, which he calls the •obJectiYe 

tunction.• He created a subroutine, OBJFUllK, which contains this 

function and the user aust build this subroutine OBFtlllC ror each 

probl•. His progr• also has a subroutine, TEST. which contains the 

upper and lwoer bounds ror each independent design Yariable. 

Subroutine TEST aust also be rebuilt ror each probl•. 

In order to coabine soae or the concepts or sensitiYity studies 

vi th the concepts or optiaization as described by Dr. Michaud, his .. 
optiaization prograa was modified to produce sensiti•ity studies about 

the optiam design point. The sensitiYity study keeps all design 

•ariables at their opt1- values except one, which is allowed to •ary 

while the output (per!onaance) is eYaluated. The results are presented 

ln graphical ror11 to aid in •isualization or the sensitivity or the 

system's pertormance to changes in each particular design Yariable. 

In order to demonstrate the use or this optimization/sensitivity 

progr•. the code from Ex•ple 1 for the vehicle with three speed 

transmission is inserted into subroutine OBFUNK, the output parameter. 

which is to be optimized, i~ chosen as the time reuqired to traYel 1000 

reet. This is a minimization problem. The value or k is taken as 2n. 

The independent de51gn par•eters are the final drive gear ratio, the 
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transmission ratio in rlrst gear and the transaission ratio in second 

gear. (The transllission ratio in third gear is 1 to t • ) !The optiam 

gear ratios are 

First Gear Ratio • 1.9 

Second Gear Ratio•'·' 

Final Gear Ratio • 2.9 

The sensitiYity studies are shown in Figures 8.3. 8.' and 8.5 tor 

rtrst. second and tinal driYe ratios. The ratios in tlrst and in the 

tlnal drift are not •ery strong intluences. it adequately large ratios 

are giftft to proYide starting torque. However. second gear ratio has a 

llUCh narrower band or desirable Yalues in between the extremes or high 

and low ftlues. 

I (l J Ill : .Z£t4llJ IC lJ IR : 4.Zlm5 
111 u1: ium: cu 111: li4.mt 

• 
~· .._ ..... ....__..._...., ( l ,.. • • •••••.• 

Figure 8.3 Vehicle Travel Time, OBJ, versus First Gear Ratio, 

xc 1) 
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11 z J l!il : .;Qss 1 ' z > !'ll : z.~z 
.. Ill : J,.mn F.J P.:.I : Zl.!51H 

.. • • • • • 
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Figure 8.11 Vehicle Tra•el Tl•e. OB.J. versus Second Gear Ratio. 

X(2) 

1 < 3 > as : .nmw r ' J > m : 5.~ 
.. Ill : 1'.i4Til O!l 111 : !~.$1 

• 

Figure 8.5 Vehicle Travel Time, OBJ, versus Final Drive Ratio, 

X(3) 
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ABSTRACT: 

Torsional •ibrations in geared syste.s may cause premature tail-

ures. Sensiti•itJ studies. which shov the change in torsional •ibra-

ttons dUe to r.ariations in the inertia. elastic and daaping 

characteristics. are presented to illustrate hov a system aay be tuned 

to tmprc>Ye pertorunce. A coaputational technique. based on the tinite 

element •thod. that takes ad•antage ot qualities unique to torsional 

systems is cleYeloped tor analyzing the •ibratory stresses in torced-

damped torsional syste11S. 

1 • IIITRODUCTIOll: 

Torsional •ibrations or power train syste11S may produce excessi•e 

yfbratory stresses in the dri•e train and •Y cause ·~ring' or the 

gear teeth. The •ibratory stresses my produce tatigue taUure ot the 

shatts. 'nle gear tooth hammering, which is produced when the vibratory 

torque exceeds the mean torque. produces impact loads between the 

mating teeth Which can be several times the vibratory torque in the 

gear shafts C 1 ) • 1 

Torsional vibrations are produced by masses rotating out or a 

steady state position to twist the shatt. This rotation produces a 

restoring torque in the twisted shatt, which stores potential energy in 

the shatt. This stored potential energy accelerates the mass towards 

its steady-state position. However, due to the kinetic energy or the 

mass, it overshoots the steady state position. The repetition or this 

interchange from kinetic to potential energy and vtce versa requires a 

1Nwabers in parentheses rerer to rererences. 
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spring and a mass and constitutes the natural trequency or vibration. 

At a given natural trequency, all or the masses are tuned to vibrate in 

wtison (i.e., at the same number or vibrations per minute). 

Each natural trequency has a W1'1ue shape (mode shape) tor its 

detlection curve. The number or RO\..' · (i.e., points with zero detlec

tion) is one tor the tirst natural frequency and increases by one tcr 

each higher frequency. {Counting the nodes is one way to determine it 

all natural trequencies haft been located.) The zero mode has no nodes 

and represents the rigid body muon ot the system. The mode shape is 

made up or the relati.e a111>litudes or the angular displacements tor 

each lmlP· 

In orC:•r to •intain a torsional vibration, a periodic excitation 

torque llUSt be applied to produce the vibratory aotion and to overcome 

the continual energy loss or dallping. Excitation torque may be pro

duced by the internal COllbustion engine's gas pressure and recipro

cating 118Chanisa, by the propeller blades moving through differences in 

streaalines behind struts, by pump and compressor impeller blades or by 

reciprocating mechanisms or pumps and compressors. The magnitudes or 

these aoplication torques are not usually adequate to produce damage; 

hoVever, if the system has a natural rrequency occurring at or near the 

trequency or an excitation torque, a resonant condition will occur and 

···, ,. the application torque will be amplirted. 

The vibration excitation torque is normally divided into harmonic 

COllP<>flents to tacilitate the analysis. Cnie alternate approach would 

be to use numerical integration to evaluate the r&sponse or the system 

to the total excitation torque.) 'nlis division or the excitation into 

single harmonics tends to rocus the analysis on one natural frequency 
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at a time. The rirst and second harmonic components or the gas 

pressure curve r-or the engine curVt! of Figure 1.1 (8) are shown in 

Figure 1.2. Un order to transfona the gas pressure into torque. the 

kinematics ot the reciprocating slider crank aaechanisa •ust be 

considered.) 

= 
::-:: :.::s :.:.:; :.:-s :.::D :.3 ··-

Time (Secondt 

Figure 1 • 1 Engine Gas Pressure CurTe tor One 360• Cycle 

800 

- 600 .... • •• • •• en 
Ao • • 0 -• 400 • 0 • • .. 
:I • • 0 • • • 200 • • 0 .. 

L··· 0 a. 

• 0 • Second CJ 
order plus 

0 .01 .02 

Time (Seconds) 

Figure 1.2 Gas Pressure Harmonics 

The analysis of torsional vibrations is well defined in 

the literature. Den Hartog (3) describe3 the tun:tamentals or engine 

excitation, damping devices and the Hol7•.• solution. Harrington (II) 

quantifies the energy sources and sinks tor marine systems. Handbooks 

on torsional vibrations by the British Internal Combustion Engine 

., 
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Research Association (5) and Ker Wilson (6) are available. The 

Underwriters ror the Maritime industry have published Rules (7 and 8) 

ror guidance of torsional vibration analysis. 

The Holzer (11) method or analysis of free or forced. undamped 

torsional vibration systems has been popular because or the simple and 

repetitiYe nature of the calculations required. Holzer•s table in 

these cases consists of real nuabers. Hartog and Li (12) extended 

Holzer•s method to include the analysis of frl.-e. damped torsional 

sptem. Later, Spaetgens and Vancouver (13) further extended the 

aethod to solYe the forced, dallped torsional vibration problem. The 

arithlletic in this case involves complex number.s, which detracts from 

the •staple calculations• adYantage of the method. HoweYer, with the 

advent of coaputers, programs were written to carry out most of the 

tedious calculations. WU and Chen (14) have written CCP.Plete computer 

programs to analyze tree or forced, undamped or damped single branch 

torsional systems. As indicated in their paper, some trial and error 

is required in the so!ution or the rorced, damped to~sional vibration 

problem. This is not desirable in computer methods as it could lead to 

considerable computer time and cost. Also the task or extending 

Holzer's method to analyze multi-branch, multi-Junction, forced damped 

torsional systems does not appear to be easy • 

... ,.- TORYAP-A (15), a computer program tor the torsional vibration 

analysis of multi-branch, multi-Ju:·ction systems developed by BICERA 

(British Internal Combustion Engine Research Association) uses transfer 

matrices to arrive at a system or simultaneous equations ~or an 

equivalent torsional system with a reduced number ot degrees or 

rreedom. The other degrees or freedom are evaluated by working back 



- 133 -

with the known degrees of freedom and appropriate transfer matrices. 

Thus the method essentially consists or two passes. with multiplication 

ot transfer matrices required in each pass. The results of the 

intermediate stages are not stored. This reduces computer storage 

requirements but increases the number of calculations required. This 

program is reported to be taster and less expensive to use than the 

Holzer table method. 

A method that reduces the number ot calculations. while requiring 

little additional storage. would be an improvement over TORVAP-A. SUch 

a method. based on the theory or finite elements. is presented in this 

paper. 

One of the tr2~itional methods currently in use tor analyzing 

torsional systems assumes that the BK>de shape of the idealized 

tree-undamped system is identical to the mode shape of the real 

forced-damped system (3). That is. the inertia forces are a5Sumtd to 

dominate the damping forces and excitation forces near resonant speeds. 

Conclusions draRn from results obtained by this traditional method have 

sometimes proved to be unsatisfactory because the damping forces and 

excitation forces may be large enough to distort the mode shape. 

Lloyd's Register of Shipping outlines the step by step method of 

analysis based on this traditional method and then comments that if it 

is unsatisfactory a forced. damped solution is to be used. However 

Lloyd's Register of Shipping does not outline the latter method of 

analysis or provide any guidance for the evaluation when the 

traditional method is unsatisfactory. 
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nie effect of various design parameters (e.g., flywheel inertia, 

coupling torsional stiffness, etc.) on the torsional vibrations or a 

system may be used to tune the system-for good torsional performance. 

Sensitivity studies which show this interaction are included in this 

paper. 

2. COHPtrrATIONAL TECHRIQUE BASED ON THE FIHITE EL91ENT METHOD: 

The theory for a torsional analysis aethod, which is based on the 

FEM, is presented in this section. The basic finite element for the 

torsional vibration system consists of one disk and one spring with an 

external and internal damper (Figure 2.1). 

J 

IC 
e- 81 - D TL TR 

Ci 

Co 

Figure 2.1 The Basic Finite Element 

where 

K • coefficient or stiffness or the spring 

J • rotational mass moment or inertia or the disk about an axis 

through its center and perpendicular to the plane or the disk 

Ci • internal damping coefficient 

C0 • external damping coefficient 
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eL,eR • angular displacements at the lert and right ends or the 

element respectively 

TL,TR •torques at the left and right ends or the element respectively 

Fram elellelltary theory or finite elements, the element stiffness 

lliltrix is (E]. The stiffness equation is: 

(E] (8] • (T] 

or, the expanded rora or this equation is: 

IK - J*v*w+J*w*(C0 +C1) 

- K - J*w*Ci 

The values or eL• TL, eR and TR that satisfy the above equation, 

will satisfy the eQuations or mtion. Note ttfat, in general, e and T 

are camplex quantities, which have real and i•ginary C011ponents. 

The stiffness matrix can also be obtained by rearranging terms in 

the transfer •trix7. 

• 

Let the displacement vec•or be i - e • eiwt 

and the exciting torque vector be T • -T • eiwt 

I 8R • 11 
r* o R 

1 - (w*w*J-J*w*C0 )/(K+j•w•c1> 

w•w•J - J*w*C
0 

Let A • w*w*J - J*w*C0 

and B and K + j•w•c1 

Then eR • (1 - A/B)*8L - TL/B 

which gives 

w*w*J-j*w*C0 

0 

• 
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which gives 

• • But T R • -TR since T R is the remainder torque which aust be 

opposed by T ror the element to satisfy the equations or aotion. 

Therefore, 

2 

Equations 1 and 2 in the matrix fora are: 

• I K - w*v*J + J*w*(Co +Ci) 

- K - J*w*Ci 

or, 

[T) • [E) [8) 

- K - j•w*ci 11 eeLR I 
K + j*v*Ci 

The following example problem will illustrate the various steps in .. 
the finite element method (Figure 2.2). Assume consistent units for all 

quantities. 

Node --- 2 3 5 6 7 

K ------

J ------ 2 3 2 1. 5 3 

Figure 2.2 Illustrative Torsional System 

Nocie 2 4 5 6 7 

Applied Torques 8 8 -3 -1 8 8 -6 
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The harllonic frequency or the applied torque is t1'0 radians per 

second. 

This problem my be solwed as a one branch system. hove•er. for 

illustratiwe purposes this solution considers the syst• to be •de up 

ot two branches with one jmiction. 

Branch 1 : This branch consists or nodes It, 3, 2. 1. lode It ls 

the Jmictlon node. The stittness matrix or this branch (S], obtained 

by assembling the appropriate element stittness mtrices (E] as per the 

typical 

where 

(S] • 

(S] 

tinite element P1'0Ceclure. 

Tit 

T3 
• (S] 

T2 

Tl 

2-2*22 

-6 

-2 

0 

0 

-2 

0 

0 

-2 

6 

-8 

0 

... 
83 

•2 

•2 

-2 

2+8-1 *22 

-8 

0 

0 

-8 

0 

-ii 

0 

0 

-II 

-II 

is gi Ten below. 

0 0 

-8 0 

8+1t-3•22 -It 

-ii 11-2•22 

The branch stiffness matrix is always tri-diagonal and syaaetric. 

The oft-diagonal elements are simply the negative or the diagonal 

value, -K, or it is -(•K•j•v•Ci) when internal damping is present. 

Therefore, tram a comuter storage point ~r view, it is only necessary 

to store the diagonal elements. 
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As other tranches can be linked to this branch only at the extreme 

ends. onlJ the two degrees or t'reedam at t."1.e ends or a branch need be 

retained to add to the system stiffness matrix. A super-element 

stiffness matrix. equiYalent to the branch stlrt'ness matrix. but witll 

onl.J tw degrees or treedom can be obtained as rol1ovs. 

Tbe equations up to this point are: 

Equation 

1 -6 -2 0 0 ·- 0 

2 -2 6 -8 0 83 -3 -
3 0 -8 0 -- •2 8 

- 0 0 -- -- ., 0 

Tbe Yalues or T, and T 1 are oaitted in the right hand .ector. 

TbeJ will be added to the ttrst and last entries or the right hand 

YeCtor later as theJ should be added onlJ once. 

El1111nate e3 rroa equations 1 and 3 and retain equations 1. 3 and 

' bJ the ro11ov1ng process. vllich rorces colmn 2 or the aboYe equation 

to be zero: 

ttultiplJ equation 2 bJ 1/3 and add to equation 1. 

Multiply equation 2 bJ 8/6 and add to equation 3. 

The resulting matrix equation is: 

1 1-2on -8/3 0 e,. -1 

3 -8/3 -32/3 -It '2 • ' 
II 0 -II -II e, 0 

Eliainate e2 Crom equations and It and retain equations 

which have the end nodes. 

1 and II 
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1 -2 

I~ • 

-3/2 -512 

Branch 2: this branch consists or nodes T. 6. 5. '· Node • is 

the junction node. 

The branch !'titfness matrix is: 

(.5-1•l2> -.5 0 0 •1 0 

-.5 < .5+3.5-3•l2> -3.5 0 86 8 -
0 -3.5 c3.5+2-1.5•~> 

-2 J •5 8 

0 0 -2 (2-0•22 ., 0 

The Yalues or T7 and T, are emitted rrom"'the r!gbt hand Yector as 

tbeJ vlll be aclded later. Also the Yalue or J in the <•.•> position or 

the stittness •trix is set to zero at thi~ step as it was included in 

the •trix tor branch one and should· be added only once at the Junction 

node. 

The super-element stittness •trix is reduced as tallows bJ eliai-

nating all displacement Yariables except at the ends or the branch. 

-3.5 

-.5 

0 

0 

-111132 

7132 

0 

-.5 0 

-8 -3.5 

-3.5 -.5 

0 -2 

7132 

33132 

-2 

0 0 

0 8 -
-2 8 

2 0 

0 -.5 

-2 •5 • 11.5 

2 0 
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-3-5151515 

.112•2•2• 
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.11211211211 I I ',:I · 
-t .8787878 .. 8.7272727 

Assemble the super-element sti!t'ness matrices to rora the systea 

stitrness equation. The nlues or T11 • t 1 and t 7 are added to the right 

hand YeCtor as shown below. 

-6-1.8787878 1 

1 -2.5 

• 11211211211 0 

-7.8787878 1 

1 -2.5 

0 

.11211211211 

0 

-3.5151515 

• 
'1 0 

-3.5151515 87 

• 

• 

-2 +8. 7272727-1 

-1.5+8 

5.7272727 

6.5 

The syst• stitt'ness matrix. which is rormed by the assembly or 

s,...etric super-element sttrrness .atrices. is also symaetric. 

The above systea or equations can be solved to obtain the angular 

displacements or the super-element's degrees or rreedOll. (The super-

element's degrees or freedom will be referred to as the •master' de-

grees or freedom in the ruture.) The solutions are: 

e11 • -1 

All or the stirrness matrices will be complex it damping is 

present in the system. 
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Let the degree of a junction node be defined as the number or 

Junction nodes directly linked to it. ignoring intermediate nodes in 

the branehes. All other .aster nodes (non-junction nodes at the 

term.nation ot branches) are or degree zero. Only uste!' nodes are 

assigned degrees. 

As an example. consider the following system with 16 nodes and 8 

branches as shown in Figure 2.3. 

Figure 2.3 Torsional System to Illust~ate Degree or Nodes 

Node - 1 4 6 7 10 11 13 15 16 

Degree - O 2 0 O O 0 O 

All other master nodes are or degree o. 

Knowing the displacements at the master nodes, values at nodes 

adjacent to the master nodes may be calculated rrom equations obtained 

by adding together appropriate elements in the branch equilibrium 

equations. Displacements at all other nodes may be calculated directly 

from the brarch equilibriwn equations. 
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To ensure that no aore than one unknown is present in an equation 

at any time during back substitution. nodes adjacent to the master 

nodes should be solved ror in increasing degree or the master nodes. 

Fer exa11ple. in the aboYe Cigure. displacements at the non-aaster nodes 

would be solved ror in the following order: 

Branch Direction (node to node) 

1 ( 1 ---> " ) 

3 nodes ( 11 ---> 6 ) 

II with ( 10 ---> 6 ) First 
5 degree ( 7 --> .. ) pass 
6 or zero ( 16 ---> 13 ) 

7 ( 15 ---> 13 ) 

2 nodes with ( II ---> 6 ) Second 
8 degree or one ( 13 ---,;> 6 ) pass 

In the tlrst exaaple probl•. which was solved as a two branch 

syst•. nodes 1, II and 7 are or degree o. Therefore displacements at 

all or the non-master nodes may be solYed tor in one pass. 

The equilibrium equations tor the whole system (without reduction 

to super-elements) are: 

-If 

-II 

0 

0 

0 

0 

0 

0 

-8 

0 

0 

0 

0 

0 

-8 

6 

-2 

0 

0 

0 

0 0 0 0 

0 0 0 0 

-2 0 0 0 

-6+2 -2 0 0 

-2 -.s -3.5 0 

0 -3.5 -8 -.5 

0 0 -.5 -3.5 

e1 8 

82 8 

83 -3 

84 • -1 

85 8 

96 8 

87 -6 

Having calculated the displac~ents at the master nodes 1, II and 

7, the displacements at nodes 2, 3, 6 and 5 are calculate~ rrom 

equations 1, 2, 7 and 6 respectively. 



- 143 -

Froa equation t : 82 -

Froa equation 2 83 - .5 

Froa equation 7 : 86 - -2 

Froa equation 6 85 - 2 

The torque in a shaft can be calculate6 by the tollowing toraula: 

[Tnl • 1tn•Cen-l - en] 
where (n-1) and n are the nodes on the shaft and Kn is the stittness or 

the Shatt. 

The stress in the shart can be calculated by the rollowing 

formula: 

Tn • Tn*c/Jn 

where c is the radius or the shart 

and Jn is the polar -ent ot inertia ot the Shatt 

The tundamental equations ror the finite element or a shat't and 

mass with damping haYe been deYeloped. A sche• which greatly reduces 

the n\llerical ditticulties in the solution or a system which has many 

masses has been described. In order to implement these concepts in an 

etticient manner, a ccmputer program must be designed to carry out 

these operations tor a general system. 

3. SATOV - A C011puter Program tor the Finite Element Method: 

A computer program, SATOV (Stress Analysis ror Torsional Vibra

tions), waa written in Fortran tor analyzing th• vibratory stresses in 

a rorced, damped, multi-branch torsional system(18). It is based on 

the procedure presented in the previous chapter. 
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The program can handle either externally applied torques or engine 

excitations. The results can be output in any or the following ways: 

- Printout or the displacement at eact. node 

2 - Printout or the torque or stress in each shaft 

3 - Plot or the vibratory torque or stress in each shaft versus 
the engine speed (tor engine excitation) or frequency or the 
harllonic forcing torques (tor external excitation) 

The input tor the case ot external1J applied torques is as 

follows: 

Line 1 - IGOPR. IPt.ar. 1 IGOPR • O - printout suppressed 
• 1 - printout activated 

!PLOT • o - plots suppressed 
• 1 - plots activated 

• 
Line 2 - FMIK, FMAX. FIRC FHIR • •inimua frequency (rad/sec) 

fMAX • axilllUI trequency (rad/sec) 
FIRC • increment frequency (rad/sec) 

Line 3 - NBRNCH NBRNCH • number or branches in the system 

Line - - NODMAX NODMAX • number or nodes in branch 1 

Line 5 - +NOD, +OJ• +OK NOD • Node number. negative it the 
node is a junction node 

OJ • Rotational mass manent or 
inertia. negative if an exter
nal damper is present at this 
mass 

OK • Spring stiffness coefficient, 
negative 1r an internal damper 
is present parallel to the 
spring 

It both OJ an OK are both positive, skip line 6. 

Line 1 - +NOD, +OJ, +OK 

up to NODMAX 

Line N•l - +NOD, •OJ, +OK 

C
0 

• external damping coetticient 
c1 • internal damping coefficient 

Repeat starting at line 4 ror each branch or the system 



- 145 -

Line M+l - COllplex torques applied at nodes in branch 1 (in ~he same 
order in which the nodes were specified ror this branch) 

Line M+2 - Complex torques applied at nodes in branch 2 

Line M+NBRNCH - COllplex torques applied at nodes in branch NBRNCH 

For the case or engine excitation, data input ls as follows: 

Line 1 - IGOPR, IPLOT, 0 IGOPR • O printout suppressed 
• 1 printout activated 

IPLOT • 0 pl~ suppressed 
• 1 plu~s activated 

Line 2 - IORD, ORD(l), TAMP(l)~ ORD(2), TAMP(2), --~, ORD(IORD), 
TAMPCIORD) 

IORD • number or orders to be analyzed 
ORD( I) • order nuaber 
TAMP(I) • excitation torque amplitude for order 

nuaber ORD( I) 
• NOTE • For a V - engine TAMP(!) • V • Torque amplitude 

where V • 2 • COS( ORD(I)*.5*ALPHA ) 
where ALPH/A • V angle or engine 

Line 3 - FMIN, FHAX, FINC FMIN • minimum engine speed (rpm) 
fMAX • maximum engine speed (rpm) 
FINC • increment engine speed (rpm) • 

Line 4 - NBRNCH N8RNCH • number ot branches in the system 

Line 5 - NODHAX NODMAX • number or nodes in branch 1 

Line 6 - NCYL, NSTKE NCYL • number or cylinders for the engine in 
this branch 

NSTKE • 2 tor tvo stroke engine 
• 4 for tour stroke engine 

Line 1 - 1(1), 1(2), 1(3), ---, I{NCYL) these are the firing orders 
according to the node numbers 

• NOTE • In the case or a v - engine these are the firing orders in only 
one of the two banks. The v-ractor, used in calculating the 
torque amplitude, takes into account the effect of the other 
bank or cylinders. 

Line 8 - •NOD, •OJ, +OK 
Line 9 - C0 , c1 

) as explained tor the case or externally 
) applied torques 

repeat rrom line 5 ror each branch or the system. 

For the sample problem or chapter 2, the input data would be: 



1.o.1 
2 •• 2 •• 1. 
2 

" -4.2 •• 2. 
3.1 •• 8. 
2.3~ .... 
1.2 •• 0. 

" 1.1 ••• s 
6.3 •• 3.5 
s.1~s.2. 
-4,2.,0. 
-1 •• 0 •• -3.,0.,8.,0 •• 8.,0. 
-6.,0.,8.,0.,8.,o.,-1.,Q> 
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The tollowing problem giYes an example ot input data tor the case ot 
engine excitation. 

Cylinder> 
Node ---> 1 

Jl 

lC-. 

2 

J2 

1 
3 

J3 

co 

2 .. 
J4 

• 3 
5 

JS 

4 
co 

6 

J6 

Figure 3.1 Example Problem with Engine Excitation 

Kl • 1.SF.6 

K2 • 13.05E6 

K3 • 16.SF.6 

KAI • 16.5E6 

~ • 12.7E6 

J1 - 20. 

J2 - 110. 

J3 - 2.5 

Jll • 2.5 

J5 • 2.5 

J6 • 1: o. 

CO • 2.Ell 

CI • 1. Ell 
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Let the engine have the following characteristics: 

3 cylinders, 4 stroke, 1-3-2 firing order. 

Orders of excitation torque or interest are 1.5 and 4 with 

corresponding torque amplitudes of TSOC. an1 4000. 

The range of engine speed, which is of interest is, 

500 rpm < n < 800 rpm 

Only vibratory torque plots are required for each shaft. 

The data input would be: 

0.1.0 

2,1.5.7500., 4.,4000. 

500 •• 800.,4. 

1 

6 

3. 4 

3. 5. 4 

1 • 20 •• -1.5E6 

O., 1. E4 

2.110 •• 13.05E6 

3, -2.5, 16.5E6 

2.E4, O. 

4, 2.5, 16. 5E6 

5, -2.5, 12. 7E6 

2.E4, O. 

6, 110 •• o. 

The output plot or this example is shown in Figure 3.2. 
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The program SATOV was used to evaluate the forced-damped response 

for the system illustrated in Figure 3.3, which encompasses almost all 
• 

possible variations that could be encountered in a real torsional 

system. The data are given in Table 3.1. The results were compared 

with those obtained from the ANSIS* finite element software package. 

The frequency of the excitation torque is 800 rad./sec. 

19 20 21 

Figure 3.3 Torsional System for Testing the Program SATOV 

TABLE j.1 Hass-Elastic-Damping Data 

INERTIA TORSIONAL STIFFNESS 

(lb. in.sec.) (lb. in. /rad.) 

Jl • 40 Kt,2 • 30.E6 

J2 • 70 K2,3 • 40. E6 

J3 • 20 K3,4 • 80. E6 

J4 • 30 K4,5 • 20. E6 

J5 • 50 K5,6 • 60. E6 

J6 • 60 K6,7 • 40. E6 

J7 • 20 K7,8 • 70. E6 

J8 • 40 K8,9 • 60. E6 

J9 • 70 K9, 10 • 20. E6 



JtO • 30 

Jll - 10 

J12 • 40 

J13 • 20 

J1'1 • 70 

J15 - 30 

J16 - 60 

J17 • 10 

J18 • 80 

J19 • 110 

J20 • 30 

J21 • 60 

DAMPING COEFFICIENT 

(lb.in.sec./rad.) 

Cl • 10000. 

C2 • 20000. 
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IClO.tl • 60.E6 

K6 0 12 • 30.E6 

K12.13 • llO.E6 

K13.1'1 • 200.E6 

K1Jl 0 15 • 150.E6 

K15.16 - 20.E6 

K6.17 • llO.E6 

KlT .18 • so.E6 

K18.19 • 300.E6 

K19.20 - 100.E6 

K20.'21 • 80.E6 

EXCITATION TORQUE 

(lb.in.) 

TAMP(I) • o. + o. i ror I • 1 to 4 

TAHP(5) • 5000 + 0 i 

TAHP(I) • o. + o. i ror I • 6 to 8 

TAHP(9) • 8000 + 3000 i 

TAHP(l) • o. + o. i ror I • 10 to 15 

TAHP(16) • 6000 + 0 i 

TAMP(!) • o. + o. i ror I • 17 to 21 
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DISPLACEHENTS 
------------

SATQV ANSYS ------ -------
Node Rul lia•ginary Real liaaginuy 

<radians> <radians> <radians> <radians> 
- - ---· - --

l .339868£-3 .180836E-3 .339869E-3 .180837£-3 
2 .498473£-4 .265226£-4 .498477£-<f .265229£-4 
3 -.223497£-3 -.119918£-3 -.223498£-3 -.ll89!9E-3 
4 -.324410£-3 -.172611E-3 -.324411£-3 -.172612£-3 
s -.42082?£-3 -.J8311JE-3 -.420829E-3 -.183112E-3 
6 -.310458£-3 -.101807£-3 -.3J0460E-3 -.101808£-3 
7 -.29652?E-3 - • 876311 E-4 -.296529E-3 -.976326£-4 
8 -.234344£-3 -.63S064E-4 -.234346£-3 -.63S079E-4 

' -.61810?E-4 -.826484E-S -.618115E-4 -.826573E-5 
10 .194246£-3 .2S9731E-4 .194249E-3 -.2S'759E-4 
11 .217439E-3 .290743£-4 .217443E-3 .290775E-4 
12 .S99598E-4 .106911£-3 .899604E-4 .106912E-3 
13 .332699E-3 .195027£"-3 .332701E-3 .195029E-3 
14 .359954£-3 .200169E-3 .3599S6E-3 .200!?1E-3 
15 .288788£-3 .14:240E-3 .288790£-3 .147242E-3 
16 -.639987£-3 -.J60044E-3 -.639990£-3 - .160046E-3 
17 -.16lllOE-3 -.528323£-4 -.1611 llE-3 -.52S328E-4 
18 -.2JOJOOE-4 -.688972E-S -.210099E-4 -.6a99?4E-S 
19 .5925SOE-S .J94322E-5 .S92595E-4 .19432SE-5 
20 .852161E-4 .279446E-4 .8S2166E-4 .21?449E-4 
21 .163877£-3 .S37396E-4 .16387BE-3 .S3:'401E-4 

Table 3.2 Comparison or Displacements rrom ANSYS and SATOV 
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The perroraance or the SATOV software is giYen credibility by the 

CQllPilrison or output rraa SATOV with output Crea the com1ercial sortvare 

package ARSIS. 2 The results are alaost identical. Howe•er. the cost or 

the large general purpose AllSIS package is seYeral thousand dollars per 

-th. A special purpose tinite element package orrers ad•antage~ in size 

and economy when a general purpo~ package is not otherwise needed. 

'· SEllSITIYITY STUDIES: 

SensitiYity studies or the response or the torsional Yibrations to 

a change in the size or a design Yariable can aide the analyst as the 

systea is tuned. A plot or natural frequencies and excitation 

harmonics Yersus engine speed can indicate the proxillitJ ot a resonance 

condition ror any engine speed. Howe•er. the sensiti•itJ study can 

proYide inaigbt into the interaction ot the Yariables which conatitute 

the systea. 

The system or Figure 11.1 vas analyzed and produced the ten natural 

frequencies identitied on Figure 11.2 as t 1• r 2 ••• r10. The prime .:>Yer 

is a sixteen cylinder. tvo stroke. internal combustion engine which uy 

be operated at different speeds between low idle and rated speed, when 

the generator ls not producing 60 Hz current. The harmonic associated 

with a major critical speed (3) is the eighth orC:er harllonic. which 

excites the system at a frequency equal to eight times the engine 

speed. The eighth harmonic is not close to resonance with any ot the 

system's natural frequencies when the engine speed is operating at the 

rated speed. 900 RPM. However, the third order harmonic and the tenth 

harmonic are close to resonance with natural frequencies at this speed. 

2ANSYS ls the registered tradename ot a rtnlte element software 
package written and marketed by Swanson Analysis Systems, Inc. 
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It is 110re desirable to tune frequencies out or the operating speed 

range than to daapen the vibrations to acceptable levels. However, 

with fixed propeller systems, this is not practical. 

! .. .. .. .. 
• .. • 0 .. - • - ¥ .. 

a ~ Q er. .. • :a :r .. ... 
8 8 • -IC • • A 

Q 0 .. .. 

Figure •.1 

f 1200C > 

c 
0 

10000 -¥ .. .. 
~ -> 

8000 -0 

• • 6000 -u 
c: • :a 

" 4000 • .. ... ... .. 
2000 .. 

:a 
¥ .. z 

0 200 100 9CO 

Figure 11.2 
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In order to conduct the sensitivity study to evaluate the changes 

needed eo retune or dampen the system, a system model must be 

constructed. Even though the analysis process is well defined, the 

analyst 11USt exercise his own judgeaent in order to obtain the 

desired results. The mdeling or the system consists or dividing the 

inertias into lumps which are separated by spring constants. the 

dallping may be distributed across the lumps or inertia it a daaped 

natw-al trequency ls to be evaluated. Cit an undallped analysis is to 

be used, the daaping appears in an energy balance equation which 

establishes an overall aaplitude scaling tactor (3). The undaaped and 

unrorced analysis assumes that dallplng torques and excitation torques 

· are small and vill not signitlcantlJ change the relative aaplitudes or 

the mete shape.) The natural trequencies and llOcle shapes may be 

obtained bJ the daaped Holzer aethod or by the tinite eleaent metbod. 

The analyst must use an adequate nmber ot inertia lumps which 

usually results in a branched mass-elastic diagram (10). The same 

.ass-elastic diagraa may be used ror the tinite element diagram as tor 

the daaped-branched Holzer methOd. The addition or entrained vater to 

the propeller inertia value, the consideration or llistirlng by an 

internal combustion engine, and the integration or nonlinear stittness 

or an elastic coupling are some or the !actors which the analyst must 

consider. Ir the number or lumped inertias is small, the time required 

to perform the analysis and evaluate the results is low: however, lt 

the number ls too small to represent the system, the results may 

contain errors. 



• 

- 155 -

In order to illustrate d1rr1culties due to the lumping of inertias. 

consider Figure --3 which has a gear. coupling. propeller and two shafts. 

Most models would represent this system by three luaps of inertia. one 

made up or the gear plus half or shaft 1. A second lump consisting or the 

coupling plus halt or sha.Ct 1 and halt or shaft 2. A third lump consist

ing or the propeller plus half or shaft 2. Now consider that the inertia 

or the coupling may be or the saae magnitude as the inertia or halt or the 

long shaft 2. nits 90del is satisfactory tor the propeller 90de. How

ever. in the coupling mde. the propeller and gear vill move very little 

due to their large inertias while the coupling has high relative ampli

tudes. Hence. the two shafts tend to act like two springs each of which 

have one end rtxed and the other end tree. nieretore. ror the coupling 

mode. the equivalent inertia or the second lump should be equal to the 

inertia or the coupling plus :>ne third or the inertias or the two shafts. 

This does change the natural frequency. rr the three lump system had 

been replaced with rive or llOre ·1uaps. the distribution or the inertias 

would have been more representative or the system ror all modes of vibra

tion • 
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ot Method tor Evaluating I2• 

The misfiring engine presents many ditterent possibilities tor the 

analysis (e.g •• is partial tiring occurring. whic~ cylinder is misfiring. 

hoW many cylinders are misfiring?). One suggestion is to assume that 

coapression or the air-gas mixture occurs without an ignition. This will 

establish some pressure harmonic components. Also. the variable torque 

due to the mass or the reciprocating slider-crank mechanism should be 

incl~!ed. The location ot the misfiring cylinder will influence the value 

ot the phase vector sum of the piston displacements, t8.(3) It is sug-

gested that the phase vector sums be evaluated tor the engine with each 

cylinder misfiring and that only the worst case be used in the analysis. 

The sensitivity study ot the system shown in Figure 4.4 will be used 

as an example. The tirst natural frequency mode shape or Figure 4.5 shows 

the propeller swinging in opposition to the remainder or the system with 

the node located in the propeller shaft, which has low stittness. The 

large stress is at the node since it experiences the tull inertia torque. 

• 
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This first mode can be excited by the first or second engine harmonic or 

by the 3 blade propelle~ ~hen the engine speed is 584 RPM. The mode shape 

ror the second natural t~equency (Figure 4.6) shows the gear, G, and 

clutch, CD. swinging in opposition to the engine while the large propel-

ler, which is on the end of the long propeller shaft. does not move appre-

cial>ly Crom its steady state positio~. The third mode (Figure 4.7} shows 

the engine and gear swinging in opposition to the flywheel. This is a 

eharacteristic or this engine. The third mode (Figure 4.8) shows the 

engine damper swinging against the engine while the large Clyvheel is 

relatively stationary. The engine damper provides significant damping at 

vibrations or this frequency, which produces relative large deflections of 

the crankshaft. 

EJ-ITil2.98 RATIO 
_ ~ PROPEU.E:t CLUTCH 11--------1 (4 BLADES) ....... _. __ . 

..... ..... 
"u • •tr .. s 
'11. ,., ... 

.. .......... .., __ .......... 
"u • a.n 

CTLlll(llS 'L,._ CLUTCM GUA l'llO,-..LL.lll 
WMU\. Olll,lll TllAllll 

Figure 4.4 Marine Vessel Mass-Elastic Diagram 
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The sensitivity of the amplitude scaling factor (This is the factor 

which is multiplied times the mode sh~pe amplitudes to change these rela-

tive amplitudes to absolute values.) as a function or engine damping is 

shown in Figure 11.9. The influence of flywheel inertia on the values of 

natural frequencies may be useful in retuning a system (Figure II.to). The 

sensitivity of the mode shapes to flywheel inertia is indicated in Figure 

11.11. The sensitivity of the natural frequencies to the stiffness of the 

elastic coupling. which is often changed to retune a system, si given in 

Figure 4.12. Since the elastic coupling has the node for the second 

frequency, the change in coupling stiffness has a maxillwa impact on mode 

2. The sensitivity of natural frequencies to propeller shaft stiffness is 

used to retune the system (Figure Ja.13). The sensitivity or mode shapes to 

changes in propeller inertia are shown in Figure 4.111. The sensitivity of 

natural frequencies to propeller inertia is shown in Figure 11.15. 

150 

Figure 4.9 Sensitivity of Amplitude Scaling Factor 
to Engine Dcutping 
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LECt1JRE 4 : All lllTllODUCTIOll 10 THE fllllTE ELEllEllT llETllOD 

ABSTRACT: 

The Finite Element Method allows the mechanical designer to 

• 
analyze complex shapes for stresses. deflections. vibrations. and 

therllal distributions. This paper giYes an introduction to the Finite 

Elellellt Method. 

1. IKTRODUCTION: 

The aechanical designer tends to optimize tunction and minimize 

the material in a design. This often results in components with 

C011Plex geometry which car. not be analyzed by the equations rrOll 

strength or materials because or their simplified assumptions (e.g •• 

the shape is a long prismatic member). (On the other hand. the Ci•il 

Engineer tends to design structures using long prismatic members. Which 

ean be analyzed.) Two approaches were available to size these 

components with irregular shapes prior to the 1960's: the Theory or 

Elasticity Method and the Experimental Method. 

The Theory or Elasticity Method with its elegant mathematics is 

not well suited to the needs or the practicing engineer. However, it 

is an excellent research method and has been used in many thesis 

dissertations to obtain the solutions or special case geometry and 

loading combinations. Processor R. J. Roark recognized the value or 

these solutions to practicing engineers and published a book, Formulas 

ror Stress and Strain, containing many or these solutions (1) 1• This 

book has been regularly updated and serves the intended purpose well, 

however, the research has not covered all or the cases required by the 

practicing engineer. 

11. Numbers in parentheses identify references. 
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The Experimental Method presents many options ror sizing compo-

nents and some of these options are listed below. 

1. Manufacture the component. load it and observe any fa1iures 

which occur. The load many be a static loati or it may be a 

,•epeating load. which will produce fatigue. 

2. Co.:!t the component with a brittle coating (4). which has a low 

strain threshold. Load the part and observe the crack 

patterns in the coating to identity areas or high tensile 

strains. 

3. Kake a replica or the part from a birefringent material. 

Strain this replica in a polariscope to identify the 

ditterences in the principal stresses over the part. 

II. Apply strain gages to the surface or the part and measure 

strains on the surface. 

One reason tor the wide acceptance or the Experimental Method is 

~use.it reduces the number or assumptions. On the other hand, 

before the Experimental Method can be applied. the component (or its 

replica) must be manutactured and the designer does not have a rational 

method for sizing the part tor the initial drawir'8· 

The analysis or trames, which are assembled trom uni!orui prismatic 

members. was accelerated by the availability or the computer in the 

1950's. By modeling the elastic deflection or a redundant rrame using 

matrix methods. the rorces and deflections could be analyzed. 

Practicing engineers began to use the Finite Element Method, FEM, 

ror the analysis or stresses and deflections or complex geometric 

shapes in the 1960's. This method provided an analytical method as an 

alternative to the Experimental Method. The idea or the FEM is to 
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divide the solution domain into a finite number of subdomains, which 

are called elements. These elements are connected only at their node . 
points and on the element boundaries (2). By using small elements of 

material, whose force and deflection characteristics are known, a model 

or a complex shape can be constructed mathematically and the resulting 

equations can be solved. 

Two types of finite elements are discussed in this paper: (a) 

•natural• elements and (b) elements based on assumed modes of 

displacement. 

2. NATURAL ELEMENTS: Bar Element: 

The finite element method may be based on the stiffness method to 

detine the ~elationship between displacements, d, stiffness, k, and 

forces, r. The stiffness equation for a finite element is 

(k]{d} • {r} 

The bar type or finite element illustrated in Figure 2.1 is a 

uniform prismatic member which is aligned with the x-axis and subjected 

to axial loads. The ends of the bar element have nodes, which are 

labeled i or J. Other elements may be attached to these nodes. Forces 

may be applied at the nodes. The matrix quantities k, d and r for this 

element are: 

-1 

(k] 
AE ·-L -1 

{d} • {u1} 
UJ 

{r} • {pi} 
Pj 
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Expansion of the stiffness equation into two linear equations by matrix 

multiplication yields the expected results: 

ui - uj • pi L/AE 

-ui + uj • Pj L/AE 

A • Cross sectional area 
E • Modulus of Elasticity 
L • Length 
u. • Displac81181lt of ith node 
u ~ • DisplacellBDt at jth node 
p~ • Axial force applied to i node 

1 p. • Axial force applied to j node 
J 

i j 
p. 
~+ ... ____ .... + ·.-. 

~j 
L -...f u. 

J 

-x-axis 

NO'f!: All forces are shown in the positive directions to illustrate tile 
sign convention. 

Figure 2.1 One Dime~sional Bar Element 

A two dimensional bar element is illustrated in Figure 2.2. It 

can have x and y displacements at ea~h node and x and y components or 

forces may be applied at each node. The input data will be the initial 

positions of each node ({xi, y1) and (xj, yj)], the force components at 

each node [{pi' q1) and (pj, qj)], the cross sectional area (A), and 

the modulus or elasticity (E). The element length (L) is calculated. 

L • ((xJ - x1>2 + (yj - Y1>2J,~ 

The sines and cosines or the element's positi~n angle are 

S • Sin 8 • {yj - Y1)/L 

c • Cos 8 • (XJ - X1)/L 
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L------~x.u 

Figure 2.2 Two Dimensional 9ar Element 

The stiffness equation for this tvo dimensional element has the 

following form since it has two degrees or freedom at each node. 

[k] {d} • {r} 

kl,1 kl ,2 kl,3 k, • " I 
(kBAR) • k2, 1 k2,2 k2,3 k2~~ 

k3.1 k3,2 k3.3 k3.lf 
k4, 1 kq .2 k4,3 kq " ' 

ui pi 
{d} • vi {r} • qi 

uj Pj 
vj qj 

The values or any column in k may ·~e obtained by setting all displace-

ments equal to zero except ror the one displacement, which is multi-

plied by this column. Figure 2.3 illustrates a bar element with all 

displacements fixed except ui. Using these values for displacements, 

tt1e forces obtained will be equal to the stiffness, since spring rate 

is defined as the force required to produce a unit deflection. Substi-

tute the following value or d into the stiffness equation • 

• 
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(d} -ui 
The result is: 

k1,1 pi 

k1 ,2 qi 

k1,3 Pj 

kl II • 
qj 

Values or the these torce components may be obtained b~ using the 

equation tor axial deflection (6) or a uniform bar subjected to an 

axial load (P). 

6 • PL/AE 

6 • Cos 8 u1 • C x 

P • 6AE/L • C AE/L • p1/C 

Hence, 

p1 • c2 AE/L. 

FrotD static equilibrium requirements, 

Pj • -p1 • -c2 AE/L 

And for the vertical component v1, 

6 • Cos 8 u1 • C 

Hence, 
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____.Pi• u 

Figure 2.3 Bar Element with u1 • 1, and uj •vi • vj • o. 

Values for the second column may be obtained by assuming the 

following values for displacements: v1 • 1 and ui • uj • vj • 0. 

0 
{d} • 1 

0 
0 

The axial deflection of the bar is 

A - s Yi - s x 1 

and 

? • AJ.E/L • S AE/L • q1ts. 

Hence, 

and, 

Pt •CS AE/L • -pj. 

Substitute into the stiffness equation to obtain values for column 2 of 

the k matrix. 

kl,1 kt,2 kt,3 kl 4 0 CS AE/L 
' 

k2, 1 k2,2 k2,3 k2,4 • s2 AE/i. 

k3, 1 k3,2 k3,3 k3,4 0 -CS AE/L 

k4, 1 k4,2 k4,3 k:,,4 0 -s2 AE/L 

Hence, 
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kl,2 cs AE/L 

k2,2 • s2 AE/L 

k3,2 -CS AE/L 

k11,2 -s2 AE/L 

This process may be continued until the following stiffness 

equation for the bar element is obtained ror two dimensional space. 

c2 cs -c2 -cs ui I pi 
AE cs s2 -cs -s2 vi • qi 
L 

-c2 -cs c2 cs UJ PJ 

-cs -s2 cs s2 vi qj 

rr a structure contains more tha., one element, the stiffness 

equation of all or the elements can be combined.into a eingle matrix 

equation, which can easily be evaluated ror the unknown displacements 

and reactions. Each element stiffness equation may be expanded to 

structure size to allow the matrix addition. The structure of Fig-Jre 

2.4 has two elementa. The stiffness equation tor each element after 

expansion to structure size is shown below. The nu~ber or degrees 

or rreedO\D for tne structure is 6. so the K matrix must be 6 x 6. 

!:ATA 
El cent 1 Element 2 

Nodes 
!:Uf'f':ins 
t.en1tn 
t.rea 
DU placements 

forces 

1,2 
k1 
L1 ,., 
u1 •u 1 ·~ 
•1••1·0 
U3•U2 
•3••2 
?1•P1 
q1•Cl1 
; j•P2•f'COSI 
qj•q2•·f'S1nl 
!•270• 
c•O 
···1 

Figure 2.4 Structure FE Model 

2~ 
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For element 1 : 

For element 2: 
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1 
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-1 
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0 

-1 

0 

1 

0 

0 

0 
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Element 1 must have rows 5 and 6 and colWllllf' 5 and 6 added to k1 !n 

order to accommodate the degrees or freedom u3 and v3• Element 2 must 

have rows 1 and 2 and columns 1 and 2 added to k2 to accommodate 

degrees of freedom u1 and v1• If zeros 3re placed in k1 and k2 in 

these added rows and columns as shown below, then their addition will 

not modify the force-deflection contribution by these two elements. 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

a 
0 

0 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 

\) 

0 

0 

0 

0 

0 

0 

0 

0 

c 

• 

The stiffness equation for the structure is the sum of the element 

stiffness equations. For this structure the stiffness equation with 

the external forces and the displacement boundary conditions is 
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0 

0 

0 

0 

0 

0 

0 

0 

F Cos 8 

F S!n 8 

0 

0 

This structure sttrrness equation may be solYed b1 Gaussian metbods ror 

the unknown displacements Cu2 and v2), since F, 8, A, E and L are 

known. Arter u2 and v2 are evaluated. their values may be substituted 

into the structure stitrness equation to obtain the ground reactions, 

3. NATURAL ELEMENTS: Beam Elements 

The beam element is based on elastic beam theory. The beam 

element has one node at each end and each node has two degrees or 

rre~dom: transverse detlection. w. and slope. a. The displacement 

vector is 

Each node mar have a moment. m, or a transverse rorce, q. Hence, the 

loading vectcr is 



ql 
(r} • Iii 

qJ 

.J 

The surrness equation is 

(k] (d} • (r}. 

- l8i -

nie values or the entries in (k] may be obtained by assigning a 

displacement or unity to one degree or rreedom and a Yalue or zero to 

the other three displacements. Fer example. a diSplacement 

1 

{d} - 0 

0 

0 

gives the following rrom the st1rrness equation. 

kl. 1 qi 

k2, 1 mi 

k3, 1 qJ 
kll, 1 .J 

Figure 3.1 shows a beam element which matches the example displacement. 

Castigliano's Theorem may be applied with the above equation to 

evaluate the stittness values. 

vi • au • 2._ t H
2 

dx • t ~!!!!.~~- m1)2 dx 
aqi aqi 0 2EI 0 aqi 2EI 

vi • 1 • f~ Cq 1x2 
- mix)/(EI)dx 

L3 m L2 
• (qi - - .:c::_)/(EI) 

3 2 

Substitute, q1 • k1, 1 and M1 • k2, 1 rrom above into this latter 

equation. 
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EI• k 111 L313 - k2 , 1 ~2/2 
Repeating this calculation ror other unit displacements will yield the 

other equation~ and the stifrness matrix keEAH may be obtained :or the 

be• element. 

12 6L -12 6L 

6L llL2 -6L 2L2 
EI 

(kBEAM] • LJ -12 -6L 12 -6L 

6L 2L2 -6L llL2 

x .. 

Figure 3.1 Beam Element with 

Displacements: vi• 1, 'i • vJ • eJ • 0 

II. NATURAL ELEMENTS: Frame Element 

The Beam element and the Bar element give the same values of 

displacement and stress as obtained by strength or materials methods. 

These two elements may be expanded to six degrees or freedom and Kear 

added to KsEAM to create the Frame element with three degrees of free

dom per node: axial deflection, transverse deflection, and slope. The 

resulting stiffness equation is (2): 
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[K] (d} • (r} 

F G H -F -G H ui pi 
G p Q -G -P Q wi qi 
H Q T -H -Q B 81 • •1 

-F -G -H F G -H uj Pj 
-G -P -Q G p -Q wj qj 
H Q B -H -Q T eJ Mj 

where, 

L • [(xj - xi> 2 + (y j - Y1 )2].5 

C • (xj - Xi)/L S • ( y j - y i) /L 

s, • AE/L c1 • 6EI!L2 G • s1 SC - DSC 

T • 4 EI/L D • 12 EI/L3 H • -c,s 

B • 2 EI/L F • s c 2 
1 + D s 2 p • s, s2 • oc2 

Q • c, c 

A finite element program, FRAME, which uses the Frame element is 

given in appendix A. This program evaluates the deflections and 

· reactions or a structure. This program is used to evaluate the bending 

moment reactions and the deflection or a wall or the transmission 

housing in Figure 4.1. The thrust wall supports the thrust bearing for 

the propeller rorce. The thrust wall is shown in Figure 4.2. 

Thrust 
Bearing 

Figure 4.1 Transmission 

• 
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I 

I, node 13 

node l 
~ node 25 

B)--~-<~ 
l- K t q • 50.QQQ lb, 

Distribu~ecl around bearing 

Figure 4.2 Thrust Wall of Transmission Housing 

The maaents of inertia vary from one end or the wall to the other. The 

values or loc&tion. area. section width csw1, sw2, sw3> and inertia 

are.given ror t~e midpoints or each section or the wall in Table 4.1. 

TABLE 4.1 Data ror Transmission Wall 

Node l..ocation Area Inert1a Force Moment 
Cinches) Cinches2> Cinches4> (lb) C lb-in) 

1 o.oo 115 42.0 0 0 
2 4.00 47 112.0 0 0 

3 7.50 54 1110.0 0 0 
4 8.23 64 245.0 0 0 

5 9.00 74 315.0 0 0 

6 9.69 95 3115.0 0 0 

7 10.39 98 157.5 2083 0 
8 10.69 82 1111.0 11167 0 
9 11 .119 69 107.5 4167 0 

10 12.79 45 87 .5 11167 0 
11 14.29 25 80.0 11167 0 
12 16.20 25 76.5 4167 0 

13 18.00 4167 0 
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The forces. moments and deflections evaluated by this program are 

given in Table 4.2. The lack of visual aids to illustrate the output 

is a significant handicap for this type of program. However. the cost 

or the program is sometimes a limiting factor. 

~ ~=Oii O!' llO:>£S 
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5. ELEMENTS BASED ON ASSUMED DISPLACEMENT FIELDS: 
• 

A mere general finite element is based on the Rayleigh-Ritz 

solution of a variational problem (6). The displacement (or the 

temperature for a thermal element) within the element is assumed to be 

adequately described by a simple polynomial. The coefficients of the 

polynomial define the shape or the displacements across the element. 

The equations of equilibrium for this •general element" may be obtained 

by the "principal of minimum potential energy" (2): "Among all 

admissible configurations or a conservative system, those that satisfy 

the ?quations or equilibrium make the potentia~ energy stationary with 

respect to small variations in displacement. If the stationary 

condition is a minimum, the equilibrium state is stable." The 

locations or the minimums for the Potential Function, •p• may be 

determined by setting the partial derivatives or •p with respect to 

each variable equal to zero. If the displacement variables are a,, az 

and a3, the following three equations will be equations or equilibrium. 

3'1fp/3a2 - 0 

3irpl3a2 - 0 

3'1fpl3a3 • 0 

In order to illustrate this concept, consider a bar with two 

elements as shown in Figure 5.1. Assume the displacements, u, or 

points along the bar vary in a linear manner as defined by the 

following displacement function. 

where, 

v • a1 + a2s for o ~ y s L 

v • a3 + a4s ror L ~ y s 2L 
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0 s s s l. 

Since the polynomial coefficients Ca1 through a4) have little.physical 

meaning, it is desirable to replace these coefficients with oth~r 

variables which do have physical significance such as the displacements 

or the nodes: v1, v2 and v3• 

{DJ • Vz 

Substitution of boundary conditions at the nodes into the displacement 

function for element 1-2 gives: 

at s -·o 

at s • L 

These two equations may be placed in matrix form: 

r 
t 

3 

L 

2 l--s 
L 

Figure 5.1 Structure with Two Elements 

or, the inverse yields 



Hence. 
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v • a1 +a~• [1 + s]{a1 } 
a2 

Combine these equations to repalce the coerrtcients a1 and a2 with the 

nodal displacements v1 and v2• 

1 
• • [1 + s][ 

- 1/L 

The shape runction N, vhicb gives the relationship betven displacements 

at any point in an element and the displaceaents at the nodes is 

Hence. 

1 
(N) • ( 1 + s]( 

- 1/L 

-ror element 2-3, 

y • (N](v2} 
V3 

0 & 

l/L] • ((1 - s/L) (s!L)) 

Ir this element ls not subjected to initial strains. the strain 

energy per unit volume or material due to applied loads is 

where, 

E • Modulus or elasticity 

ty • Strain in y-direction 

For plane problems, the relati~nship betwen strain, t 1 , and 

displacement in the y-direction, v, is: 

c1 • avtay • av1as • a1as ((N]{dl) • [- 11L 11L]{dl 

Therefore, the total strain energy in elements 1 and 2 is given by u1• 



• 
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T 

u, • 1~ . 51 : : I 1- : ~ I E, [ - l/L 1 IL) I ::I A,d• 

t!L)1::1 A~ 
T 

·J:.sl::I 1-:~1 Ei[-•IL 

T 

u, •. s 1:~1 E, ,, I , 
c., • - 1 -: 11 ::I 

•• 5 1::1 t ~I , 
~ - 1 - : 11 ::1 

The potential ror the rorce R to do work during displaceae~1t D is u2• 

where R and D npresent all rorces on the structure and their nodal 

displacements. 

Hence, the total potential runction is 

where, the stitrness matrices are expanded to structure size by adding 

rows and columns or zeros: 

1 0 

- 1 0 

0 0 Q 

Applying the principal or minimum potential energy will y~eld the 

equations or equilibrium ror this structure based on nodal 

diSplacements. 

01 
- 1 
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a • .,no - (K1](D] + (K2](D] - [R] • 0 

or, 

.,~ \ ' 
-1 0 v, 0 0 0 

I'' 
r, 

- -1 1 0 y2 + ~ 0 1 -1 •2 r2 • 0 

L, 1"2 
0 0 n V3 0 -1 •3 r3 

The boundary conditions to be applied to this matrix equation are 

Tbe 11atrix equation ot equilibrium may be solved to yield nodal 

displacements and nodal reactions. The strain may be eYaluated at any 

point, y, in the element by the relationship 

£1 • 3v/3s 

-since, 

dy • ds 

where, 

'I is the assumed displacement function, which is dependent on the 

nodal displacements: 

., • (N) 

'I • (N) 

The stress may be eYaluated from Hook's law using these strains. 

(o) • (E) {E) 

The Raleigh Ritz method may also be used to develop t~ 

isc;parametric element. 
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6. ISOPARAMETRIC ELEMENTS: 

The isoparametric element may be used to llOdel general shapes 

becawse it's sides may be curYed and the el-nt may be nonrectangular. 

Body fixed coordinates t and " are used for this element. with 

magnitudes ranging from +1 to -1 as shovn in Figure 6.1. Assuaed 

displace11e11t function. u. for the two-dimensional isoparaaetric solid 

element. STIF-2, in the ANSYS (2) finite element software is giYen 

below in terms or the element's coordinates t and q. The last two 

terms may be omitted. The Rayleigh Ritz method is used to set up the 

• solution. 

U • .25 (Cl - t)(l + q)Ui + (1 + t)(1 - q)UJ + 

(1 + t)(l • q)Uk + (1 - t)(1 + q)(Ut) + 

u1c1 - t 2> • u2c1 - 112> 

y .. v 

(1.-1) 

.__~~~~~~~--x.u 

Figure 6.1 Two-Dimensional Isoparametric 
Element 
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1. EXAMPLE: Comparison of Beam Element and Isoparametic Element. 

nie isoparametric element may be used to model components with 

high strain gradients or coaplex geometries which do not match the 

assuaptions tor the be• element Ce .g. the root or a gear toott.i • On 

the ll}ther hand, it a beaa element can be used, the errlciency and 

accuracy or the solution should be improved. 

The analysis or the cantilever beam (Figure 7.1) tor stress and 

detlection using one beaa element is c011pared to the analysis when 

using various combinatil'lllS or the ANSYS (3) isoparaaetric element 

STIF,2. The correct an.aver per strength ot materials theory may be 

obtained by using only one beam elemen~. Figure 7.2 shOWs the element .. 
model and the deflected model. which gives the maxiaull detlect1on or 

.00667 inches. The stress at the wall is 

Sx • fl:/I • 3,000 psi. 

(3) Note: AllSYS is a registered tradename or a Finite Element Software 

"package by Swanson Analysis: !nc. Same or the exaaples in this paper 

were completed using the PC/ED and PC/Linear versions ot ANSYS. 

r. -50 lh 

h • 1 

b•l~ 
Figure 7.1 Cantilever Beam 
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Derlected Shape 

Figure 7.2 Cantilever Beaa llk>del 
Using One Beaa Element. 

The analysis or the cantilever beam using one isoparametric ele-

ment gives a maxilnlll derlection or .00507 inches, as indicated in the 

deflection plot or Figure 7.3. However, the plot ot the stress in the 

x.-clirecticn CSzt. which is along the axis or the beaa, indicates that 

stress i.s not changing as the distance rrom the load is increased (i.e. 

Sx is not a function or bending moment). Hence, the stress calcula

tions are not valid tor this model. (The one isoparametric element 

model gives a value or stress at the wall or Sx • 1500 psi). (The 

input code tor ANSYS ls in Appendix B. ) 

AHSYS·PC.
.11111 ft IM 
-, .. ,21 
ilSPL. 
HR=: 
~.., •=1 DISt=s.s 
XF:s 
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Derlected Shape 
with Stress 5x 

Figure 7.3 cantilever Beam Model Using 
One Isoparaaetric EleEnt 

. The analysis or the cantilever ?team using rour isoparaaetric 

ele11e11ts with an aspect ratio or 10 per Figure 7.- gives a 111.XillUll 

derlection or .00615 inches. The distribution or the stress 5x is 

signiricantly improved and at the wall Sx • 2226 psi. 

I • - ~-

·- •• T __ • _:. •_ •_• :_: ~ 

111111.rc.. --~~~~~~~~~~AllSts-rc. ....... ""'"""' 
Dlf.rrs l"tiS: 
IE.. Cl.OML 

~ ·-: .f ..... , 

I ::::· 
.... n .... ... ,, .... , •i:a 

lllE:." 

11on111111•1c UDIDIJ MITII, n'n-s 
F. E. Model 

I . l~aft 
-'~··· ISONMllEHtC ILDllNf lllTII • Dr¥PJ!ll 

Detlected Shape 
wt th Stress Sz 

Figure 7.4 Cantilev~r ~aa Model 
Using Four Isoparaaetric Ele11ents 

The analysis or the cantilev-.r beam was repeated with the tour 

el ... nts arranged ~n a manner ti\ produce an aspect ratio (the ratio or 

lensth over width) of 2.5 per Pipre 7 .5. The muilua deflection b 

.00662 and at the wall the stress Sx is 2,625 psl. The vertical stress 

s
1 

is shown in the tigure and the values are n«llilible. 

• 
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-~-· -.. ~~ ... __ _-------:: 

F. E. Model Deflected Shape with Stress 5x 

Deflected Shape with Stress SY 

Figure 7.5 cantilever Beam Model Using Four 
Parallel Isoparametric Elements 

The conclusions trom this comparison are: 

1. For bending or p;oimematic bars, the beam element is the moat 

sccurate and etticient. 

2. The density or the isoparametric elements over the area or a 

strain gradient will significantly attect the accuracy. 

3. The values ot deflection are generally more reliable than the 

values tor stress. 

-· The arrangement or the elements and the aspect ratio will 

significantly attect the accuracy. 

5. Aa the number or elements is increased in an area, the 

stresses and deflections should converge toward the true 

answer. 
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8. EXAMPLE: Gear Teeth 

The FEM has been used extensively to evaluate the stress and 

detlection or gear teeth. The value or the stress concentration ractor 

used in the International Standards Organization (ISO) method ror 

rating tooth strength (8) is evaluated by the FEM. The distribution or 

the load across the race or the tooth due to derlections or the elastic 

system llUSt be evaluated in order to deterlline the a11>unt or helix 

llOdirication required. The end or the pionion adjacent to the powered 

shaft has the highest torque so this end or the pinion should have the 

largest detlection. The FEM •Y be used to evaluate this 

load-deflection condition (9). • 

The surrness or a single tooth may be evaluated by the FEM. The 

node numbers and the subsequent elementa are shown in Figure 8.1. 

AISYS PC/Llinear sortware plus the Solids Modeling package produced 

this llOdel. The entire load is applied to node 1 which produces the 

gross tooth derlection with local distortion due to the point load per 

Figure 8.2. The transverse derlection Cux) or the tooth is shown in 

Figure 8.3. The vertical component or stress, sy, is shown in f'igure 

8.- and illustrates the influence or the radial_.load, Wr• on the 

bending stress or the tooth. The compressive stresses add on the side 

opposite to the point or load application. 
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Undeflected 
Shape 

I 
Point Load 

-------

Element Ntmbers 

Finite Element Model 
of Gear Tooth 
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Figure 8.2 Tooth Deflection 
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Figure 8.3 Transverse Displacement or Tooth 
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Figure 8.4 Vertical (sy) Component 
ot Tooth Stress 

9. EXAMPLE: Transverse Vibration 

The transverse vibration and longitudinal vibrations in geared 

systems may be or critical importance even though they receive less 

attention than the more subtle torsional vibration. The natural 



• 
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frequencies for the transverse vibration or the shaft and gears or 

Figure 9.1 are given in Table 9.1 and the first mode shape Js plotted 

in Figure 9.2. 

C-tar of -....; 
Bear in a I 

I 

V4 • Si9 lb 

Lenatbs: a 10 s 1s 

Noclu: 1 2 3 4 
n_,u: 1 4 2 s 

• 

8 

s 6 
3 

Figure 9.1 Counter Shatt Vibration 
in Transmission 

TABLE 9.1 

NATURAL FREQUENCIES FOR 

TRANSMISSION SHAFT 

Center of 
Baarin& 

P«>DE FREQUENCY CVPH) 

2 

3 

4 

116.2 

511.5 

829.1 

2717. 
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6---------------------

TITLE 

ANSYS-PC.
JUH V IS 
'':t]:'tO 
DISPL. 
STEP=• 
tltu~:._ 
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Figure 9.2 First Mode Transverse Vibration of Transmission Shaft 

10. COHCLUSIONS 

The Finite Element Method provides a tool, which allows the 

mechanical desi~er to analyze complex geometric shapes with complex 

loading tor stress, deflection and temperature distributions. The FEM 

uses a numerical procedure to solve the system or equations, so an 

answer is produced even though it may not be reP.resentative or the 

physical system. The successful use or the FEM requires the designer 

to have a deep understanding or stress and strain in addition to 

understanding the performance and limitations or the various types or 

elements. The FEM has not eliminated the need ror the Experimental 

Method, but it has reduced the lost time spent in testing various 

raulty configurations tor a component. The Experimental Meth~d still 

provides tor overall quality cvontrol. The FEM nelps create an optimum 

design. 

• 
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ABSTRACT : 

Failures in trans•issions may oc~ur in shafts, bearings or gears. 

Analysis for stress and deflection is used to size parts to prevent failures 

and to determine the root cause of failures which have occurred • 
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1. MRODUCTION: 

Tbe transaission designer aust postulate the potential scenarios 

bf which the systell may rail and apply analysis to size the cQ1DPOnents 

properly. 1be analysis is IJased on physical properties ot materials, 

the nature ~t the loading and enYiro1111ent and stress-strain relation-

ships. This paper reYievs these concepts. ~ gear design standards 

are based on these tundaaental ideas. 

2. FAILURES TYPES AND CHARACTERISTICS: 

Cmponent tailures ot transmissions may produce tailure ot the 

srst•· Di!terent types ot gear failures are illustrated in the 
• 

Alle~i~ Cear Manufacturers Association publication AGHA-110.03 and 

Shipley's •Gear Failures•. (1 and 6) 1
• 

a. Wear or tooth contact surraces 

b. Pitting or teeth at pitch line 

c. Breaking or teeth under static load 

d. Br'!aking or t ~th under repeated load 

e. Sco,1ng or teeth 

r. InYolute interference or teeth 

g. !earing tailures 

h. Shatt rausue 

i. Fretting or shaft in hub 

J. Excessive deflection 

k. Abrasive wear 

1. Low c~~le crack propagation 

---------------1NWDbers in parentheses designate reterences. 

• 

• 



• 
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Material tests show characteristics or different types or 

failures: 

2.1 A uniaxial tensile test or a ductile bar produced the failure or 

Figure 2.1. The necking down ot the test specimen in the area ot 

tailure is typical ductile behavior. The ductile material railed 

in shear as indicated by the Jas• failure line. Mohr's circle ror 

the uniaxial test specimen is given in Figure 2.2 and shows the 

maximua shear to be at an angle or 2 e • 90° tram the principal 

axis. which is e • 115• on the part. 

Figure 2.1 AluminiU11 Tensile Test Speciment Failure 

~ T • 0 f'l 
• aax x 

,., • 0 

T • 0 
...!%...,. 

, 

. ... 45• 

/ 
+ l -1-ox • P/A 

T • I} ----.J XJ 

Mohl''• Cil'cle ~1-..sc of tlatel'ial 

Figure 2.2· Element of Material From Surface of 
Tensile Test Bar with Stress Calculations 
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2.2 A torsion test or a brittle rod produced the failure or Figure 

2.3. No necking due to yielding is apparent. The brittle 

material Called in tension as indicated by the -5• failure lines. 

Mohr's circle tor this torsion test is shovn in Figure 2., and 

indicates that the maxillUll normal stress occurs at 2 e • 90• from 

the principal axis. 

Figure 2.3 Brittle Rod Torsion Test Failure 

101. 0 /Direction ,. of o1 

Tc/J ,.. • Tc/J 
, 

~ 

, 
/ f L .. • 0 0 .. 

o1 • Tc/J 
,.xy • Tc/J 

Mohr's Circle !1..-nt of Material 

Figure 2.4 Element or Material From Surface ot Brittle 
Chalk Torsion Test with Stress Calculations 

.. 

• 
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2.3 A !•tigue failure (1) i~ shown in Figure 2.5. The beach marks. 

which appear like the rioges or sand on the ocean beach, indicate 

the progression or the crack as it moved rro11 the crack initiation 

site and across the a;aterial aa the variable stress c1cles were 

applied. 

Figure 2.5 Fatigue Failure 

2.- Steady state overload is shown by the case hardened gear tooth 

failure or Figure 2.6. The granular nature or the entire failure 

area does not indicate any of the stress variations. which smooth 

the crack area, as shown in the fatigue failure • 

Figure 2.6 Steady State Overload Failure or Gear Tooth 

2.5 Direct shear under steady state loading of a shear pin is shown in 

Figure 2.7. The texture or the ent~re cross section is the same. 
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Figure 2.7 Shear Pin Failure 

2.6 Fretting (2) is a failure mode which may occur in a shaft which is 

press fitted into a hub. The fretting is caused by relative 

motion between the rotating shaft as it bends and rubs against 

the more rigid hub. A brown powder from the oxidized wear products 

may appear between these rubbing surfaces. Tne fretting action 

of one surf ace rubbing on the other may develop small cracks which 

may propagate through the part as a fatigue failure. 

2.7 Pitting failure (1) or a gear tooth may occur due to the compres

sive contact force. Hertz's equations give the surrace compres

sive ~tress and the distribution or shear stress below the 

surface tor contacting arcs such as gear te~th and roller bear

ings. The pitting crack may be initiated belcw the surface by a 

shear stress. The crack subsequently grows upward to the sur

face to tree the particle or metal and create the pit. Pressures 

or the lubricant, which is trapped in the crack may assist this 

action. (Non-destructive pitting may occur due to poor ~ontact 

between teeth to redistribute the loading evenly across the tooth 
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face. This nondestructive pitting does not produce failure of the 

tooth as in severe pitting and may be acceptable for some applica-

tions.} 

: 2.8 Abrasive wear (6) of gear teeth may be produced by hard foreisn 

particles in the lubricant. Grooves appear on the tooth surface as 

the hard particles slide over the teeth. 

2.9 Involute interference may be produced by the tip of one tooth 

digging into the flank of the mating tooth. This is due to 

incorrect geometry such as too few teeth in the pinion. (3) 

2.10 Impact loading (2) is due to the application of loads at a rate 

which is less than the longest natural pt!l"iod of the structure. 

The impact load may produce stresses which are several times 

higher than this same load would produce if applied during a time 

equal to or greater than three times the longest natural 

frequency. 

2.11 Initial cracks in a component may propagate through the part to 

produce a failure by fracture. The initial cracks may be due to 

grinding or welding. This type of fracture progresses because of 

the high stress at the crack •ip. 

3. FAILURE PREDICTION: 

The relationships between failures of materials, the loading on 

the material, and the properties of the material are used by the 

designer to size new components. this section reviews some of these 

relationships. 
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An abnormal load may produce a general yielding type of failure in 

a ductile material. The large deformations due to yielding may serve 

as a warning to the operator. The ductile material may al~ow t!rlough 

stress redistribution at the tip or a crack to inhibit its growth. 

However, if the load is applied rapidly, time may not allow yielding. 

The impact resistance of materials also decreases when hardness 

increases as indicated by the fracture toughness and charpy valves. 

3.1 :·or ductile materials, such as unhardened steel, failure under 

static loads has a good correlation with the distortion energy and 

the octahedral shearing stress theories (5). The octahedral 

shearing stress is 

Toct • <0xx + 0yy + 0 zz)/3. 

For a uniaxial tensile test specimen with cross-sectional area, A, 

and load, P, the octahedral shearing stress at failure is 

Toct' •(PIA + O + 0)/3 • Sy/3 

where, 

axx' • P/A • Sy •yield stress 

a ' • O yy 

Gzz' • o. 

Hence, the factor of safety, f'S, is 

FS • Toct' 1toct • Sy/(axx + 0 yy + 0zz> 

3.2 For high cycle fatigue (4), both brittle and ductile materials 

fail by fracture instead of by general yielding at stresses well 

below the yield stress. The fatigue failure is initiated by a 

small crack and as the stress cycles conti:-·.!e, the crack elongates 

and forms the beach marks on the fracture surface. 

, 
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The endurance li~it, Se, for steel is the maxillUll value of 

alternating stress which may be applied without producing a fa-
• 

tlgue failure. The endurance limit, Se'. tor an actual coaponent 

uy be evaluated !ram the endurance li•it. Se, obtained from a 

reversed bending test of a st.andard test bar. To obtain Se', 

multiply Se by factors which compensate tor the differences be-

tween the actual coeponent and the standard test bar. 

where, 

ka is the surface finish factor 

kb is the size factor 

kc is the reliability.factor 

kd is the temperature factor 

ke is the modifying factor for stress concentration 

kr i~ the modifying factor for other effects {e.g., non reversed bending) 

The material properties tor fatigue may be represented by the 

Modified Goodman line, which lies at the bottom of the fatigue 

data scatter on a plot of alternating versus mean stress. For 

combined stress states, the distortion energy theory may be 

applied to obtain representative values tor alternating, aa'• and 

mean, am'• stress components, which establish a state or stress by 

the load line whose slope is o ' a over om' per Figure 3.1. 

0 ' • [ 0xa 2 - 0 xa 0ya + Oya 
2 + 3 T 2).5 

a xya 

0 ' • [ 0xm 2 - 0xm0ym + Oym 
2 + 3 T 2).5 

m xym 

The factor of safety is evaluated using the allowable value 

of alternating stress, Sa. 

FS • S /a ' a a 
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Figure 1.1 ttoditled GoodllaD Diagraa 

3.3 For contacting surfaces, vhicb transait forces, the cmpressive 

stress at the area of contact and the shear stresses below the 

contact surface are based on Hertz• s equations C 5). The contact 

area is toraed bJ the elastic deformation or the two bodies. The 

analJSis maJ be applied to two eliptical bodies, with each body 

having two different radii of curvature at the contact point like 

crovned gear teeth or per figure 3.2. The theory .ay be sillplified 

if the two contacting bodies are cylindrical (4). In this latter 

case, the area of contact has a half width b. 

where, 

P is the normal rorce between the two bodies 

~ 1 and ~2 are Poisson's ratios for cylinder 1 and cylinder 2 

E
1 

and E2 
are the compressive moduli or elasticity ror 

cylinder 1 and cylinder 2 

d
1
c and d2c are the diameters or cylinder 1 and cylinder 2 

l is the length or the contact area 

"is 3.111159 

The maximum pressure value, which is the compressive stress, over 

the width 2b is 
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p - - 2~ ! (•bl) • 

Tbe aaxiaua shear stress occm-s below the contact surface a • 

distance, z. 

z - • 7861 x b 

Figure 3.2 Contacting Elliptical Shaped Bodies 

n. rolling action of uncrovned geac teeth is like tvo cylinders 

with diameters clef ined by tbe tooth surfaces at tbe point of contact -

(7). Tbe radius of tbe contacting cylinder, p, i.s defined bv tbe in-

volute function as Ulustrated in Figure 4. At the pitch circle, the 

value of o is 

P • d1c/2 • (d/2) Sin t 

where, 

d is the pitch diameter of pinion 

t is the involute angle 

At any other diameter, d1 , the radius is 

.. 
The diameter of the larger contacting cyllnd~r. which represents the 

gear tooth surface, is 

d2c • dG Sin • • ate d Sin t 

where, 
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clca is the pitch di•eter or gear 

lie; is the ratio or gear teeth di•idied by pinion teeth 

..._ circle 

I p - cp 
p • ... iu of nllilla qliMu 

at piula pciat 
I I• loll ... le• 

• - Ianlwt• ... 1. 

Figure 3.3 Diameter ot Rolling Cylinders 
Representing In•olute Tooth Contact 

For helical gears. the radii or the contacting cylinders is in the 

section noraal to the pitch helix. This section has a pitch ellipse 

instead or a pitch circle like the spur gear pair (7' Using the 

equation or an ellipse. the diameters or contacting cylinders are 

d1c • d Sin tn/Cos2• 

d2c • lie; d1c 

where. 

t is the helix angle 

teeth is obtained by substitution or the latter two equations into the 

equation tor p. The iverage length,!, ~r teeth sharing the load is a 

runction or race width, F, and contact ratio. 

1 • F x(Contact Ratio)/Cos• 

The rorce normal tc. the tooth is 
) 

P • Wt/(Cos ~uCos •n 

• 
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vhere, 

Vt is the tangential load in the transverse plane 

•n is the normal pressure angle. 

•c • p • {~ [d?c + d1c)/[d1cd2c) J. 5 
wl [(1-p12)/E1 + (1-p2

2ltE2 

o • { 2Wt eos2• CHc • 1 l 1 js 
c wF[Contact Ratio]d SintnCostn "G (1-p2}(11E1 • 1~) 

Detine an elastic co~tant (8), Cp• as 

cp - {1/[w(1-p2)(11E1 + 11E2>1J·5 

Define a curv~":.ure f'actcr (8). Cc• as 

Cc• (Sintn Cos•n1Cos2t>CH1t<H1 • 1))~ 

Hence. the equation ror ccmpressi'Ye stress at the pitch line i!S 

v 1 .5 
{....!. I •c • c 

p Fd Cc[Contact Ratio) 

3-' Cmponents which contain cracks may be analyzed by rracture 

mechanics principles to determine 1r the crack will propagate or 

remain dormant. For example, a weld area may contain crackS. An 

inspection o~ the weld may identify all cracks in excess or a 

threshold length, which is below the detection capability or the 

instrment. Hence, the analyist may postulate that cracks as 

long as the threshold length still exist in the cmpo~t!nt. For a 

Mode I crack, the •stress intensity factor•, K1 , is (5) 

K1 • o(w a)•5 r(l) 

where, 

o • stress normal to crack 

a • crack length or halt length 

f(l) • a function or crack and component sizPs 
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A critical value or the stress intensity factor is defined as 

the •fracture Toughness•. Kie· The values or K1c are highly 

dependent on t~rature. Si•ilar steels may baYe significantly 

different values or K1c at 3o•r. When K1 exceeds Kie• the crack 

vill continue to grow e•en though the load is constant. 

3.5 Breaking ot gear teeth is nor11BllJ associated vith the bend-

ing loading or the toe.th. Levis proposed that a gear tooth could 

be modeled as a parabola. which is inscribed in the tooth. shaped 

-be• with the apex located at the intersection or the tooth load 

and the centerline ot the tooth. This beaa would have a constant 

bending stress since the thickness, t. ot the beam would vary as • 

the square or the distance,1. trom the apex. The location ot the 

point or tangency or the parabola with the tooth surface identi-

ties the position, a, ot maximum bending stress, St. The load is 

shown in Figure 3·'· The bending stress ror a rectangular cross 

section is: 

The distance x and the 90° inscribed triangle may ~e used to 

identify the location or the maximum bending stress, "a". By 

similar triangles, 

Tan a • Tan a 

(t/2)/x • 1/(t/2) 

so, 

t 2 • 41x 

Hence, the thickness can be eliminated from the stress equation. 



- 223 -

Divide the n\merator and denoainator by the circular pitch. p. and 

define y. which dei)ends on the point or load application. as 

follows: 

1 • 2x/3p 

Hence. 

st - wt 3p/(2x F p) - Wt/(F p y) 

Detine a tooth rora factor. Y. 

1 • Y/w 

and substitute the diaaetral pitch. Pd• into the equation. 

p • w/Pd 

st - wt Pd/(F I). 

Figure 3.- Tooth With Lewis Parabola Inscribed 

The stress field at the root or the tooth will be amplified due to 

the changing cross section and fillet radii. The fatigue strength or 

the tooth may be aGversely affected by the surface finish. tooth size. 

etc. Hence. for fatigue analysis. the value of St should be modified 

by a stress concentration factor. lf • 

The load sharing capability due to the contact ratio allows more 

than one tooth to share the load. Hence, the value or St should be 

modified due to the contact ratio. 
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These factors result in tbe follOYing relationship for bending 

stress. 

St • Vt Pd Krl(Contact Ratio(F Y)) 

-· conclusions: 

The design and aanuf"actm-e or gears represents an advanced 

ccabin2tion oi art and science. The fund•ental equations ror 

ccapressiYe stress and bending stress or gear teeth as presented in 

this paper proYide the basis tor the AGMA 218.01 Standard CB); hOYever. 

aodirJing factors (9) are added 1n the Standard to ada ... these 

equations to ~he real world envirorment. 

, 
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LEC'IURE 6 

A REVIEW OF AGllA 218.0l, ACllA STANDARD FOR RATIIG "THE PITTING RESISTANCE 

AND BEllDINC STllENCTH OF SPUR AND HELICAL INVOWTE CEAR TEETH 

ABSTRACT: 

•• The AGMA 218.01 Standard for rating the pitting and bending 

strength or spur and helical gears is reviewed in this paper. 

1. INTRODUCTION: 

The Amt:rican Gear Manufacturer's Standard, AGMA 218.01, for Rating 

the Pitting Resistance and Bending Strength or Spur and Helical 

Involute Gear Teeth was introduced by the AGMA Canmittee for Gear 

Rating in 1982. "'the purpose or this Standard is to establish a cOC11Don 

base for rating various types or gears ror.4ifferent applications and 

to encourage the maximllD practical degree of uniformity and consistency 

betw~en rating practices within the gear industry. It provides the 

basis fran which more detailed "AGHA Application Standards" are 

developed and provides a basis for calculating approximate ratings in 

the absence of such standards." (1) 1 

The Standard includes those factors which influence the life and 

operation of the gear set. This standard is based on fundamental 

principles: Hertz's equation for compression and Lewis's equation for 

bending. When these equations are developed for members shaped like 

gear teeth, they take the following form per reference (2). 

Eq. 1 Compressive Stress: Sc • c 1!t. 1 } • 5 
P Fd Cc(Contact Ratio] 

Eq. 2 Bending Stress: st • 
(Contact Ratio (F Y)] 

The difficulties in adapting the Lewis equation to gear tooth 

stress are reviewed by Wellauer (3) and includ~: 

1Numbers in parentheses identify reference3. 
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1. The distribution of load across the face width and over the 

tooth profile, which vary with accuracy, tolerances, wear • 

and deflection. 

2. Stress concentration at root. 

3. Si~e effect on fatigue life • 

-· The variation in load position on the tooth as the gear 

rotates. 

5. The compressl ve stress due to the radial cmpo~ent of load. 

The modification of the Lewis equation to the gear environaent is 

discussed by Dudley (3). He camnents on four modifying factors: 

• K
0

, the overload factor, which accounts for the roughness of the 

driving and driven apparatus. 

Ks• the size factor, which reflects the experimental results 

showing lower endurance limits in components with larger cross 

sectional areas. 

~·the load distribution factor, which depends on misalig.11Dent of 

axes of rotation, alignnent errors due to tooth inaccuracies, 

and elastic deflections of shafts and bearings unaer load. 

Kv, the oynamic factor, which is determined by the pitch line 

velocity, mass-elastic characteristics of teeth and gears, and 

accuracy of te~th. 

The comments of Vellauer and Dudley were made for a standard which 

preceeded AGMA 218.01, but most of these car.ments do apply to AGMA 

218.01. The bending strength equation in AGHA 218.01 is: 

Eq. 3 
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where, 

St is the bending stress n\mlber 

Ka is the application factor for bending strength 

Ks is the size factor for bending strength 

~ is the load distribution factor for bending strength 

Kv is the dynamic factor for bending strength 

J is the geanetry factor for bending strength 

Pd is the diametral pitch, nanial, in the plane or rotation 

Pd .. Pnd Cos •s 

P nd is the normal di ametral pitch 

•s is the helix angle at standard pitch diameter. 

The geanetry factor, J, (1) is defined by the equation: 

J • YC./CKr ~) 

where, 

Y is the tooth form factor 

Kr is the stress concentration factor 

mN is the load sharing ratio, which depends on the transverse 

contact ratio mp, and the face contact ratio mF. 

For Normal Helical Gears with mF > 1.0: 

~ • F/Lmin 

where, 

Lmin is the minimum value of the total length of lines of 

contact in the contact zone. 

For most helical gears with mF ~ 2.0 a conservative approximation 

for mN is: 

mN • PN/( .95 Z) 

I 
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where, 

PN • Normal base pitch • (• Costc)/Pnd 

+c • The normal profile angle of the equivalent standard rack 

cutter. 

Pnd • Normal diametral pitch 

Z • Length of line of action in transverse plane. 

The profile contact ratio, •p• (-) is 

•p - z NPIC•d cos+t> 

where, 

d • Operating pitch diameter of pinion 

Np • NllDber of teeth on pinion 

+t • Operating transverse pressure angle 

C• is the helical factor and is unity for spur gears and helical 

gears with mF > 1.0. 

The geometry factor may be substituted into equation 2, if the helical 

factor is added, to obtain: 

Eq. 4 
p 1 

st • w .:JL _ 
t F J 

This equation may be modified to reflect total load. The load Wt 

is the mean value of the tangential load and is evaluated from the 

maximllD horsepower rating. However, the total load includes a dynamic 

component due to internally generated tooth loads, which are induced by 

non-conjugate meshing action of the teeth. This dynamic component is 

represented by the dynamic factor Kv. Also, the total load contains a 

variable component due to externally applied loads which are in excess 

of Wt (1). The application factor, Ka, makes allowance for any exter-

nally applied loads. 
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The equation may be modified to show the non-uniform distribution 

of load along the lines of contact due to cutting accuracy, aligrment, , 

elastic deflection, clearances. thermal expansion, crowning, and 

centrifugal deflections by the load distribution factor Ka· 
The equation may be modified for the size of the tooth by the size 

factor, Ks. 

Apply these tour factors to Equation - to obtain Equation 3 tor 

the bending stress mnber, St. 

The allowable magnitude for this bending stress nllllber is 

determined by material properties and the desired life as defined by 

the following equation: 

where, 

Sat • allowable bending stess nllllber which is based on the 

satistical probability or one percent.failures occurring 

after 107 cycles. 

KL • life factor for bending strength, which depends on the number 

of cycles required. 

KT • temperature factor for bending strength 

KR • reliability factor for bending strength, which accounts for 

the normal statistical distribution of failures round in 

materials tested in a laboratory when evalauting Sat• 

failure per 100, after 107 cycles, KR• 1.) 

(For 

• 

I 
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As experience is gained and as analytical methods are advanced, 

the values used for the factors like Ka• Ka• K5 • and Kv will improve. 

This will reduce the need for large values for factors of safety, 

because the unknowns will be reduced. This is a major area for future 

research • 

The application factor Ka makes allowances for all externally 

applied loads in excess of the nOG1inal tangential load Wt. The prime 

110ver and the driven load are the major contributors to the variations 

in the externally appliet.i loads. Syst.em vibration. acceleration 

torques. overspeeds. variation in systaa operation. and changes in 

process load conditions are sources of exterftal loads. 

The values of the life factors KL and CL for various materials 

could benefit from more test results. The wear of the gear teeth due 

to compressive stress presents a fatigue condition similar to that of 

roller bearings. 

The factor of safety is not explicitly mentioned in AGMA 218.01. 

The implicit statement that 

(St) ~ Sat KL/(Kr KR) 

allows the designer to select a factor of safety. 

Service factors, KsF• have been used which included the applica

tion factor, Ka, and which sometimes included the reliability factor 

and life factor. If only K
8 

is included, the value of KsF may be taken 

as Ka. However, if KR and KL are also included in KsF• then the fol

lowing relationship should '>e used: 

KsF • Ka KR/KL • 
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These ~ents ha•e been primarily li•i ted to tl•e bending 

strength, howeYer, a siailar rational vould lead rroa Equation 1 to the 

ACJtl 218.01 equation ror the coapressi•e stress nmber, Sc. 

The AGMA 218.01 Standard is a general standard which_proYides the 

basis rroa which aore detailed •ACJtA Application Standards• aay be 

developed. These •AGMA Application Standards• aay proYide appropriate 

'Yalues ror SerYice Factors, ICsF and CsF· 

The AGMA 218.01 Standard is providing a good design guide, which 

iaproves product uniroraity and helps the gear industry in the U.S.A. 

achieve a standard aetbod ror evaluating diCrerent gear designs. 

The art and science or gearing is a l~gacy which aodern man 

enjoys. I express appreciation to all or those who have contributed to 

this knowledge. Figure 1 is a sketch or an early contribution from 

China (5). 

• 
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Figure 1. Sketch of South Pointing Chariot with Pin Gearing 
of Chinese Origin, circa 2600 B.C., displayed by 
Smithsonian Institution, Washington. D.C. and 
Referred to by Dudley in his Coa11ents on the 
History of Gearing (5). 
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LIC1'UU 7 

ABSTRACT: 

The use or C011PUters ror the design and manufacture of gears has 

been a rruitrul endeaYor. lbis paper giYes brier exaaples or some 

computer aided design software ror gears. 

a 

lllTROD'JCTIOll: 

The application or the computer to the tasks or engineering, 

drawing and .anuracturing gears has been rewarding. 

Collputer aided dratting proYides the capability to see different 

Yievs quickly, to enlarge or reduce sections easily, to reproduce 
• 

siailar deaigns using the old database and to check ror interferences. 

1be countershart or a dredge pmp gear, which was cir.awn t>J AutoCAD, is 

shown ln Figure 1.1. The ecol'lOllic impact or coaputer aided drafting is 

• 

Figure 1.1 Gears ror Dredge Pump 
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probably not significant in terms of the reduced number of draftsmen 

required. because of the added cost of equipment. maintenance • 

• sortware. and machine operato!'"s. However. the economy of the total 

engineering and aanuracturing activities may be greatly iaproved due to 

better quality control and the reduction or time. 

The availability or COllPUters ror the engineering design runction I 

has resulted in aany design sortw31"e packages. The rinite element 

sortware allows the engineer to analyze the stresses and deflections or 

parts having complex geOlletry. Programs which design gear sets are 

CQlmOn. This software often uses data rrom the cutting hobs as input 

values. Other programs may be used in aanuraqturing to select change 

gears or cutting tools. 

An an example or C011Dercial sortware ror gear design. GEARTECH 

Sortware. Inc. orrers three basic packages: 

A<JU218 

SCORING+ 

GEARCALC. 

Appendix A gives some features of these packages. You may use a 

demonstration package for this software while you are here at the 

Zhengzhou Research Institute. If you desire copies or this 

demonstration disk or if you wish to purchase the actual software. 

contact 

GEARTECH Software. Inc. 

1017 Pomona Ave. 

U. S. A. 
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A second example is software by Universal Technical Systems, Inc. 

The options of their gear design program 1500 are given in appendix 8 • 
• 

UTS also developed the mathematical modeling software, TIC Solver/plus, 

which solves equations. You l!laY use a de11e>nstration package for TIC 

Solver while you are here at the Zhengzhou Research Institute. We are 

I prohibited from copying this software. Ir you desire copies of TIC 

Solver/plus or the Gear Program 1500, contact 

Universal Technical Systems, Inc. 

1220 Rock Street 

Rockford, IL 61101 

U. S. A • 

• 

• 
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GEARTECH Software, Inc. offers an 
integrated system of gear design/ 
analysis programs. 
GSI spemlizes In high~. uw-lrllndly IOllware tor 
gw englneerl. Al P"9aml ... dellgl1ICI '° work lnde
pendenly or togelher u an Integrated ayatem. You move 
from one module to the nut wtth a alngle keystroke -
MhM losing any common data. 

The syWln provides an on-line databuethatglves you fast 
KCess to your previously Malyzed geafHts. This prcMdel 
you w~ automaticdocumentatiOnolyourgeardeslgnaand 
allows you to return to work-In-progress without having to 
re-key input data - just a tew keystrokes ret'leves your 
feconl lrom disk. I a new job Is similar to an old one. you can 
retrieve the old record. alter a lew ¥aluea to cteate the new 
record. and be ready io run In seconds.. 

The lnteraclWe. menu-driven cammand structure features 
lul screen editing that permits you to enter or modify data 
quickly af\d eftieiently. All Input data ii automatically 
checked to ensure that h has the proper numeric format and 
is witW! the rangeol realO'\able values. Format and out-ol
range emws are highlighted and enor messages are dis
played to help you correct lhe errant data. Built-In geometry 
audit routines prevent costly ernn by catching design 
errors (inlel'fef9nce. excesaive undercut and many more). 

All programs are capable ol Malyltng apur and hellca~ 
extemal and in'8mll gMrSets with either sandafd or non-
9'1f\dafd geometry. Algorithms are optimized for fast pro
gram execution to help you perlorm accurate. sophisticated 
analyses in a lnlction ol the time required using manual 
methodS. 

Flexible. logically organized nlPOl'S make documentation ol 
your work a pleasure. You may aeleCt reports In summary or 
extended lonn. in any order you wish. The Input Data Sum
mary gi¥es you an exact record ot program Input Including 
aU your atialysis deeislons. Never again WOnder how you 
obtained a particular resun or have dillicuhy repeating pro
gram runs. 

All GSI programs are supplied with a Use(s Manual that 
explains etef't aspect ol lnstalation and operation ol each 
program. Program capabilities are lullydesctibed and tutor
ial eaamples are provided to guide you through a program's 
operation. Each User's Manual lnCludes an extensive theo· 
relical section which explains the basis ol all analyses . 
pertarmed. 

GSI programsaretheftlendl• most powerful gear design 
end arlllYliS lollwwe you ca~. buy. 

.. ' 

ABMA21B 
Introduced In 1984, AGMA218 Is rapidly becoming .,. 
Industry standard prOg,.,,, tor rating epur and heOc8I Qllt· 
Ing. II rates gears exactly as Intended by the American Gear 
Manufacturers Aaloclalon Standard: 

"AGMA STANDARD For Rating the Pitting Retllt· 
ance and Benellng Streng11'1. ol Spur and Hellcat 
Involute Gear Teelh, AGMA 218.01, Dec 1182". 

This Is the AGMA'a moat up-to-date standard tor rating 
parallel-axis gearaets. Al this standard II updated by the 
AGMA. GSI revlaes AGMA218 to keep h current with l'9 
latest technologlcal advances. With AGMA218. you can rate 
a gearHt In a lew minutes rathet than spend hours wllh 
frustrating, error-prone hand calcul1tlon1. 

AGMA218 performs two baalc types of analyses: 

Liie Rating- given the transmitted power and pinion speed, 
the pitting Ille and bending latlgut llvel are calculated 
tor a single load and speed, or tor an entire spectrum ol 
loads with the resultant Ille determined from Miner's 
f\.lle. 

Power Rating - given the pinion speed and a required 
design Ille, the allowable tran1mltted power baled on 
gear toolh pitting and bending fatigue are calculated for 
both the pinion and gear. The allowable power rating ol 
the gearset ls the minimum ol lhe four power!19P1Cltles. 

AGMA218 Is Integrated wllh and automatlcally transfers 
common dala to SCO' 'NG+. 

AGMA218 features include: 
• Analyzes all materials and heat-treatments covered 

In the AGMA Standard 218.01 
• Considers ellects ol aftdendum modlllcatlon, tooth thin· 

ning lor backlash. stock allowance lor finishing and 
complete tool geometry 

• Calculates lull gear geometry Including I and J factors. 
loads, derallng factors, strengths, ,., ..... and Ille or 
power ratings 

• Uses Miner's Rule to analyze up to 50dlscrete loads with 
an on-line data bue for storing up to 100 load arraya 

• Calcvlates the dynamic factor and load distribution lac· 
tor II not Input by the u:ser 

• Considers numbe: ol contacts per revolutlon and uni· 
directional or reverse bending loads 

• Output Includes screen, her:t·copy ,, disc reports 

SCDRINB+ 
SCORING+ performs a comptate analJll• ol lhe tilbology of 
epur and hlllcal ~ n conlidlfl all !hi known plrlml• 
ten which C0R'*"" the pltllng. ICOrlng (ICufflng) and WMr of 
Q8lf '81th. SCORING• otvn you the analytleal power you 
need to make lmponantdeetalon1 concetnlng gear geome. 
try, tooth modification, surface roughness, and lubflcantand 
mattrtal proptrUla. You can lnttgrste SCORING+ with our 
program AGMA211 (pitting and bending fellgue llvn) and 
have a complete HI ol tools for analyzing 111 l'9 common 
gear failure modes. 
SCORING+ calcul1tn the EHD Rim lhlcknna ullng lhl 
Dowson and Higginson equation and the ft11h temperalUre 
using Bok'• crttlcal temperature theory. The specific film 
lhlclcnnt helps you daltrmlnt whether lhl gurHt la oper· 
atlng In lhl full or partial EHD regime or 11 boundary lubfl· 
caled,and glvn you the data you need to 111es1 lhe probe· 
billty C'lf 1o11ur0 r.ialed dlattna. The flash temperature Ii your 
bell criterion ror predicting the probability ol scoring 
(sculling), 

SCORING+ performs a complete kinematic 1ni.lysl1 ol lhl 
gear tooth Vllocltlesao you can quickly'" how changes In 
pitch or addendum modification affect specific llldlng ralloa, 
and approach versus receu action. The Hertzlan concaq) 
1tresa l1 ul1 ... ·tied at uch point ol contact so you cain.., 
exactly wt.~. •he nt•lmum 1ttn1 occurs. SCORING+ pro· 
¥Ides graptio.:a1 plots of EHD film thickness. flash tempera· 
ture, apeclllc sliding and Hertz Ian 1trn1. This 11 en extremely 
uaelul capability, allowing you to Instantly review the results 
ol a SCORING+ analylll. 

SCORING+ features Include: 
• C.lculatn EHD mm thickness and probability or wear 
• Calculates ftash temperature and probeblllly of scoring 
• Calculates rolling, sliding and entraining velocitlea. and 

apeclllc sliding (slide/roll) ratios 
• Calculates Hertzlan contact stress 
• Provides options ror constant or variable coefliclent ol 

friction 
• Provides single-key entry or default values tor tool 

geometly and MIL·L· 7808 lubrlcant 
• Provides complete gear geometry calculation, audit and 

report 
• Provides screen or hatd·copy ptota or EHD film lhlck· 

nesa. tlash temperature, specific sliding and Hertzlan 
1trn1 

• Output lnclud" acreen,.hard·copy or disk reports 

. .. 
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Unlv.,.ul T.chnlcal Systems, Inc. 
1220 Rock Str"t. :-b:ldord. ll 61101 
Phone: (815) 963-2220. 80CM35-7887 

Program Description 

#500 1bls Spur and Hcllcal Gear Analysis Software Program uses an 
Expert S)'Stems approach to design gear tooth profile and the 
cutting edge geometly of the tooling. (You need to purchase Option 
1.2. or 3 before any of the other opUons can be added.) 

Option 

1 

2 

3 
4 

5 
6 

7 
8 
34 
40 

50 

Optimum tooth profile aa1d tooling design when gears arc 
hobbed 
Optimum tooth profile and tooling design when gears arc 
shaped 
ComblnaUon of options 1 and 2 
Analysis of tooth profile when gears arc shaved. 
"This option also Includes the design of shaving cutter 
Spedfic sliding rauos (Includes calcuJaUon and plotUng) 
Profile modlficatton us111g Tip relief. topping. or semi 
topping bobs 
J-Factor balancing (balances strength of gear and plnion) 
Root fillet Grinding (includes design of grinding wheel) 
Almen - Straub stress factor calculaUon 
UIS Data file Access 

Thls option ls used to connect output of UIS Gear Analysis 
programs to other programs such as CAD/CAM. tooling 
database. etc. 

Integrated Tooling Database 
Thls option ls used to design a cutting tool. automatically 
search for the closest tool available in your database and 
re-run program 500 with the new data. 

Price$ 

1950 

1950 
3150 

700 
500 

1500 
1700 
1500 
700 
500 

1500 

#540 Load Rating of Gear Sets UsingAGMAStandard 218.01 1200 
(see program numbers 60-5401. 5402. 5405 for other load rating 
programs) 

#550 Load Rating of Gear Sets Uslng AGJ..!A Standards 
210.02. 211.02. 220.02, 420.04, 421.06 700 

#580 Mlnimum Weight Gearbox Design 1500 

Computer System Requirement 
IBM-PC family (PC. xr. AT. PS/2) or a 100% compaUble with the following configurauon: 

• PC DOS 2.1 or Higher 
• minumum memory 640K RAM 
• one floppy and one hard drive 
• color monitor With graphics card preferred 
• HP series plotter With RS232C interface (optional for program #500) 

Versions for HP 200 and 300 series arc also available. please call for details. 

All prices subject to change without notice 

l 




