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Introduction 

This essay investigates the choice oí technique (labor:capital ratio) and 

the choice of the rate of saving as joint decisions linked by the following 

mechanism:    (i)    the supply of  laoor i, always infinitely elastic at an exogenously 

oetendned wage rate;    (2) ail wage-incune is consumed; ano (J)  the marginal dis- 

utility of labor as well as its productivity unassisted by capital are nil.1 

The principal conclusions of this investigation are, first, that for the optical 

technique and saving rate, the marginal productivity oí labor in the capitalistic 

sector lies between the wage rate and zero.    Second, and more important, neither 

the private nor the social rate of return (or marginal productivity) of capital is 

equal to the subjective rate of interest defined by the .arginai prendan on present 

over future consumption implicit in the economy's social welfare function; optimally, 

the suojective rate of interest is equal rather to the physical marginal productivity 

of capital.    The difference between the social and physical productivity of capital 

is the difference between a mutatis mutandis and a ceteris paribus change.   The 

social return measures the extra output from an extra unit of output of capital if 

employment increases sufficiently to maintain the socially optimal laboncapital 

ratio, which is, of course, the correct employment strategy under the assumptions of 

this essay.    The physical return to capital measures the extra output under the 

assumption that employment does not change with the addition of a unit of capital. 

These assumptions represent a theoretical simplification of the franework of 
growtn going back at least to Karl Marx.    For a modem discussion, see ri. Arthur Lewis. 

Economic Development With Unliaùted Supplies of Labor," Manchester School, 22. 195»» 
139, and "unlimited Laoor : Further Notes," Manenester School. 25.1555. 1. "See        * 
also Lewis's book, The Theory of Economic Growth. George Alun rUnwin, 1955 
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The implication of this second conclusic»i for investment planning will be 

discussed later, but  the extreme nature of our ^sumptions  about the availability 

and behavior of  labor carpel at least cursory attention at   the outset to  the 

relevance of these assumptions.    Stated baldly thev are  Ïer   frun realistic, 

especially the assumption of perpetually unlimited supplies of Idi-or  ut a  fixf'd 

wage.    But the gemi of  truth that n<akes the assumption oí   unlimited supplies oí 

labor worth exploring is that in many underdeveloped economies unemployment and 

underemployment is large, and the wage rate oí unskilled labor- is well   in excess 

of its opportunity cost measured in terms of either marginal disutility or of 

alternative product foregone.    And worse, in many countries  the creation of 

employment opportunities hardly keeps pace with the growth of  the labor   force.    In 

India,  for example, the relative as well as absolute amount of unemployment has 

apparently increased since Independence, despite fifteen years of planned economic 

development.      This  is not a state of affairs that will continue in perpetuity, one 

hopes, but certainly  the wage rate will exceed the opportunity cost of labor for 

sane time to came, and India is not unique in this respect. 

The assumption that workers consume their entire wage-income may seem inappro- 

priate in a model which attempts to simulate the choice of  saving rate as well as 

technique.   With unlimited supplies of labor, surely the labor:capital ratio should 

be increased until the marginal productivity of labor falls  to zero, and the 

The following estimates are taken fron V.R.K. Tilak, "Unemployment Statistics in 
India" Economic Weekly 27, 1965, p. 27. 

Year 
T95T 
1956 
1961 

1966 

At the beginning of 
First Flan 
Second Plan 
Tnird Plan 

Fourth Plan 

Number unemployed (millions) 
Not available 

5.3 
/9.0 (original) 
18.0 (revised) 
12.0 (anticipated) 

1 

The oompound growth rate of unemployment is over 8%, as cartpared with a growth 
rate of population of the order of 2%.    Unaeremployment is, of course, more difficult 
to estimate. 
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consumption of workers should be d separate issue.    Even if workers cannot be 

induced to save voluntarily, it ought to be possible to force savings out of 

wages tnrough a combination of taxation and reduction of real wages by means of 

inflation,      however, governments are in general severely restricted in their 

ability to control  the rate of consumption out of wage incorre.    In decentralized, 

pluralistic societies, organized labor — along with other interested groups — 

can be expected to resist the taxation and inflation which would be required 

to force savings from wage income.    And this resistance is likely to be effective 

for  the political advantages of increasing employment are relatively few.    Hie 

unemployed after all, are a minority of trie labor1 force even in the most labor- 

surplus economies, so tnat even if nun for- man the unemployed were equally powerful 

politically as the employed, the sheer weight of numbers would make the interest 

of the employed in low taxes and price stability carry the day against the interest 

of the unemployed in expansion of the volume oí investment and hence employment. 
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Such an assumption as this is implicit in Francis Bator's willingness to assume 
that the choice of a rate of saving can be made independently of the distribution 
of income.    See "On Capital Productivity, Input Allocation, and Growth," Quarterly 
Journal of Economics. 71, 1957, p. 98.    Bator admits the logical possibility of a 
link between income distriüution and savings (p. 103), but does not appear to take 
the problem such a link would pose very seriously, 

2 
And the irony of this conflict of interest is that the more successful a government 

is in increasing the volume of savings and employment by taxation or inflation, the 
more difficulty it encounters.    For the very people who are moved from the ranks of 
the unemployed to the anployed, who might be expected to be the most vocal supporters 
of the taxation or inflation that created their jobs, now identify their interests 
with those who were already employed and hence lose from taxation and inflation. 

—J 
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Even in more highly planned and centralized economies, the latitude of the 

government to increase savings and investment by decreasing the consumption per 

employed worker is limited,    Joseph Pajestka indicates that the attempts of the 

Polish Government to do just this in the decade following the defeat of Nazi 

Germany "placed heavy burdens on certain social croups and brought in their wake 

the well-known social-political reactions and dispositions which resulted in 

checking further economic development." 

The Polish experience points up that it is consumption per worker rather than 

per capita that is at issue,    toi e intensive use of existing capital goods makes 

it possible to increase total (and thus per capita) consumption and investment, 

at least to the point that the marginal productivity of labor falls to zero.   But 

to increase the labor:capital ratio beyond the point where the marginal productivity 

of labor falls to the level of the wage necessitates either a fall in real consumption 

per worker or a fall in the rate of profit per unit of capital and hence in the 

rate of investment and growth.   lhat consumption per worker rather than consumption 

per capita should be the politically sensitive magnitude is perhaps not so surprising 

after all.   A society need not be Calvinistic for there to exist differences in 

expectations and aspirations between the employed and the unemployed.    Individuals 

may become inured to chronic underemployment or unemployment, but like individuals 

in possession of jobs may feel legitimately entitled to some minimum level of 

consumption in return for a day's work and exercise all the political power at 

their comnand to resist taxation or inflation which might deprive them of their 

accustomed standard. 

J. Pajestka, "Some Problew of Economic Development Planning," p. 323, in 0. Lange, 
(ed.), Probleng of Political Econoav of Socialism. People's Publishing House, 
New Delhi, 1962.  

•w 

J 



[ 
r' »       ' 

s; 

:ude of the 

uraption per 

:ipts of the 

of Nazi 

•• their wake 

ulted in 

er rather than 

goods makes 

investment« 

to zero.   But 

nal productivity 

it real consumption 

lence in the 

nan consumption 

5 not so surprising 

.iterances in 

?1.   Individuals 

. Ice individuals 

un level of 

al power at 

• lera of their 

The preceding discussion is not intended to suggest a belief on my part in 

the absolute realism of the assumptions that underlie the model analyzed in this 

essay.    The ingredients of theoretical models generally represent an extreme 

simplification of the actual environment of economic decisions, and the present 

case is no exception.    Nevertheless, the model examined in subsequent sections 

oí this essay captures sufficiently the distinctive features of a 

large number of countries in Asia and elsewhere to make it worthwhile to explore 

its implications for development policy. 

Technique and Saving Divorced 

To provide a basis of comparison, it may be a good idea first to set out 

the relevant results under the assumption that the government is able, by one means 

or another, to achieve any desired rate of savings regardless of the labor:capital 

ratio chosen.    Thus the choice of technique can be divorced from the savings 

discussion.    Given unlimited supplies of labor and our assumption that both the 

disutility of labor and labor-productivity unassisted by capital are zero, we may 

suppose that the labor intensity is chosen to maximize the output ¡capital ratio 

rtgaroless of the level of the wage rate.    In other words, labor intensity is 

increased until the marginal productivity of labor in the capitalistic sector is 

driven to zero.    So much for the choice of technique. 

Following Ramsey, the optimal savings program is defined as one which minimizes 

tiie integral over the interval L0,~) of the difference between "bliss" (the least 

upper Dound on instantaneous utility) and the utility actually achieved.   If we 

323, in 0. Lang«, 
rung House, 

L 
F. P. Ramsey, "A Mathematical Theory of Saving," Lconomic Journal, 38, 1928, 543. 

1 
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denote consumption at tin» t by C(t), instantaneous utility by U(C), end bliss 

by B, the objective function can be written 

Ì 
i 

Min • 7h - U(C(t))) dt    . (1) 

•%-u* 

1 ° 2 
L«t p stand for the output:capital ratio, K for capital, K for investment, and 

Y for income. Then 

fc: 

Y * pK 
o 

Y s C • K 
o 

C « pK - K. 

And expression (1) becomes 

(2) 

(3) 

(H) 

• o 
Min *y /B - U(oK(t) - K(t))J    dt (5) 

•AT 
If we apply the calculus of variations to expression (5), the first order 

3 
Euler-Lagrange equation becomes 

-PUC « 8C 

or 

8c 

(6) 

(7) 

»Wi 

We snail assume throughout this essay that the production function is homogeneous of 
first degree, which means that p is a function of the labortcapital ratio alone. 

Dots will in general indicate time rates of change. 

Subscripts will in general indicate differentiation with respect to the variable 
indicated. 

*l^" J 
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In view of th€ zero marginal pnxluctivity of labor associated with the optimal 

technique, the output:capital ratio p becomes equal to both the social and 

the physical marginal productivity of capital. But both may differ from the 

private marginal productivity of capital since a private computation of profit 

properly deducts any wage costs from the total return, despite the assumed 

redundancy of labor. The right hand side of (7) is the percentage rate at 

which the marginal utility of consumption falls over tirue, or the subjective 

rate of interest implied by society's utility function. Thus (7) expresses 

the Fisherian balance of opportunity and impatience in the determination of 

the optimal program of capital accumulation, although in the present instance 

ti« balance is one of social rather than private return with a social rather 

than a private subjective rate of interest. 

Since the integral of (5) is a function only of K and K, we can integrate 
o 

(6) to obtain a solution in terms of K: 

•st order 

h) 

7) 

UC 
(8) 

Expression (8), the fcamsey-Keynes rule, says that the optimal rate of saving at 

any moment of time t is given by the ratio of difference between bliss and 

utility at t to the marginal utility of consumption at t. 

To give concreteness to (8) we shall adopt a specific fora of the utility 

function, namely the constant elasticity function, 

lamogeneous of 
ciò alone. 

u(c) « -*rv (9) 

:s variable 

t 
I 

F. P. Kaney, op. cit.. p. 5H7. 
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where a and v are positive constants.  This function naturally suggests 

as the bliss-level, that is,B * 0. The marginal utility of consumption is 

given by 

zero 

U « vaC 
-(v*l) 

(10) 

%lto»''"; and (8) becomes 

?,   o-(-dC~v)  c 
(11) 

ir . » 
Consiìmption plus savings are equal to total output, that is, 

o 
Y s C • K 

(3) 

<A*t 

4 *'' 

fc..-. 

3'»r¿J       V*•'   ThB
J°Pt»« «*• of Saving," Economic Journal. 66, 1956, 603; 

and «Optinu« Savings and utility Maximzation Over ft-."   Econc^trica. 28   1960, 
J81.    S. Chakravarty, »Optimal Savings With Finite Planning Horizon," International 
iH^it al£'hl¿ ÎÏÏ2' 3?8:   ^ UtÍl1^ ^ction^altinçlicit; to r^S U, but it also has the quality - compelling to some and distressing to others - 

dlïïï^îv ïï^hfiU* lWCti0ï *?* ^^ that ** «*J«*iv» «tt of interest 
tfSntiiSa^ ?       teK0f ^r0Wth °f consumPtion **> i» independent of the level 

Existence of an Optimal Savings ftcir«^ fecnLgSS»"». SM^ÎB?*   ^ 

*1T 
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So, (11) is equivalent to 

(12) 

In other words, the optical saving rete K/Y is constant over ti«, and equal 

to the negative of the inverse elasticity of marginal utility with respect 

to consumption. Note that the optiaal saving rate is independent of p. 

For future reference we perhaps ought to specify society's subjective 

rate of interest (which henceforth we shall denote by r) implicit in the 

constant elasticity utility function. Division of the negative of the ti» 

rate of change of marginal utility, 

-8C « * (v*l)vaC-
(v+2) °c  , 

by the marginal utility of consumption (10) gives the subjective rate of 

interest» 

8r ? 
(13) 

It can be shown that (v*l) is the negative of the elasticity of marginal 

utility, and ^ is the rate of growth of consumption. The subjective rate or 

interest is equal to their product. For any program of capital accumulation 

which maintains a constant savings rate s over tiae, the rate of growth of 

consumption is simply the product so. Expression (13) becomes 

r * (l+v)sp. (It) 

i 
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Since v is fixed by tastes (those, let us say, of the planning connission, 

acting on behalf of "society") implementation of the Fisherian balance r = p 

consists of choosing s equal to (1+v)-1, 

Saving and Technique Functionally Related 

New we can proceed to the heart of the present inquiry - but not, unfortunately, 

without additional notation.    U* w represent the exogenously fixed wage, and let 

t denote the labor:capital ratio.    Each value of i is supposed to represent a 

different technique of production.    The output:capital ratio p is a function of i 

alone by virtue of the assumption of a first-degree homogeneous production function/ 

and we  vnall assume p(t) is * strictly concave functi.cn, that is, one reflecting 

strictly dashing marginal returns of output to labor.    Let a stand for the 

proportion of prorits (surpluses) that are saved, which will be assumed to be a 

decision under the control of the planning cession.   Assuming that all wages are 

consumed, we nave s as tue following function of t and a: 

U«- 

0|« , 

fc: 

^K 

s(i  n) - a[p(t) - w*j 

(15) 

in order to avoid mathematical complications, w shall liait our attention here 

to coital accumulation programs in which l and «, and h•* p and s, are fixed once 

and for all at time zero. 

O» extreme solution to th. present problem is to procwd as before:    tc choose 

i to maxima* immediate output, that is, to maximize p - but subject now to the 

constraint imposed by labor's insistence on consunçtion, 

P - wl > U 
(lb) 

bee footnote 2, page 6. 

,*   u 
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Maximization of the productivity of capital represents a direct application to 

the labor-surplus economy of the social marginal productivity (SMP) criterion 

of Alfred Kahn   and Hollis Chenery.2   But it should be observed that the context 

in which the SMP criterion was advanced wat not one in which the rate of saving 

was linked to the choice of technique.   Maximization of p subject to the constraint 

embodied in expression (16) will - if the constraint is binding - lead to a zero 

rate of saving and hence a zero rate of growth of consumption.   And precisely for 

thisreason, the criterion of maximizing p is inapplicable under the present assumptions 

aoout the supply and behavior of labor.    A decrease in the laborrcapital ratio and 

the output:capital ratio in order to step up the savings ratio and the rate of 

growth of output and consumption seems clearly called for. 

This suggests another extreme solution:    to choose i and a to maxiinize the rate 

of growth of output and consumption.    This is indeed the criterion suggested by 

Walter Galenson and Harvey Leibenstein,3 on the grounds that the maximal growth 

policy will eventually provide more consumption than any alternative program of 

capital accumulation.    Maximization of the growth rate sp    clearly involves setting 

a equal to the boundary value of unity, and choosing t to satisfy the first order 

condition 

attention here 

are fixed once 

re:   tc choose 

now to the 

r 

(16) 

a(sp) . a[a(p-wQ] .    , 
"" li f - o (pt - w) 

or 

Pt « w . (17) 

A. E. Kahn, "Investment Criteria in Development Programs," Quarterly Journal of 
Economics. 65, 1951, 38.   

H. Chenery, "The Application of Investment Criteria," Quarterly Journal of Economics. 
67, 1953, 76. a '  r 
W. Galenson and H. Leibenstein, "Investment Criteria, Productivity and Economic 
Development," Quarterly Journal of Economics. 69, 1955, 343. 

t 
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Maxiinization of the growth rate (which for a s 1 is equal to the investible 

surplus per unit of capital) implies choosing I to equate the marginal productivity 

of labor with the wage.1   This corresponds, by the way, to choice of I to maximize 

the return on capital as a state capitalist or private entrepreneur would measure 

it   output less wage costs.   This solution suffers frem the defect of sacrifJ cing 

the present to the future regardless of how poor the present may became relative 

to the future in consequence, and regardless of how distant the future may be to 

which the present is sacrificed. 
9 a ** Maurice Dobb,    Otto Eckstein,    and Amartya Sen   have pointed out the extreme 

nature of these solutions, and each has sketched the outline of an alternative 

approach. öur' own approach, choice of 1, a, s, and p in terms of utility maximization, 

is more in the spirit of Eckstein than of Dobb or Sen.    As before, we suppose that 

instantaneous utility and consumption are related by the function 

U(C) = -aC 
-v 

a, v> 0 (9) 

&% 

•MI* 

Total utility "iL is given by 

% =y^U(C(t))dt =^-a[C(t)]"Vdt (18) 

K., 

The "marginal productivity of labor," unless qualified, means marginal productivity 
within the capitalistic sector; the marginal productivity of labor unassisted by 
capital is by assumption zero, 
2 

M. Dobb, An Essay on Economic Growth and Planning, Monthly Review Press, 1960, 
Chapters 3 and »•. 
3 
0. Eckstein, "Investment Criteria for Eoonomic Development and the Theory of Inter- 

temporal Welfare Economics.".Quarterly Journal of Economics, 71, 1957, 5S. 
•• « 

A. K. Sen, "Some Notes on the Choice of Capital-Intensity in Development Planning, 
;erlv Journal of Economics. 71, 1957, 560, and Choice of Techniques. Basil Quarterly i 

Blackwell, 15557 

jgf % 



12 

tibie 

JL productivity 

to maximize 

old measure 

f sacrificing 

nie relative 

; may be to 

the extreme 

ernative 

.ty maximization, 

suppose that 

(9) 

(18) 

IAL productivity 
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With bliss taken as zero, Ramsey's objective of minimizing the integral of the 

difference between a and U is equivalent to maximization of // , 

Since we are confining our attention to once-and-for-all choice of  t, o, s, 

and p, we can substitute for the equations 

Y(t) = pK(t) 

Y(t) « C(t) • K(t) 

(2) 

(3) 

the equations 

C(t) « (1-s) oK(t) 

R(t) » spK(t) 

Integration of expression (20) gives 

K(t) * K(0) eWt 

where K(0) is the given initial capital stock.    This also gives 

C(t) • (l-s)p K(0) espt 

(19) 

(20) 

(21) 

(22) 

in place of (19). 

If we substitute the right hand side of (22) for the left in expression (19) we have 

% * f -a ((l-s)i)K(O) e8PVv dt (23) 

v~ 
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After integrating and substituting an equivalent expression for s from (IS), 

equation (23) becomes 

_v     . -v 
¿ft. -a[p-a(p-wl)3   K(0) 

(24) 

^i«»*,l'l 

Maximization of l¿ is equivalent to minimization of log (-ÏO or to . 

maximization of -log (- k ), and this last is the easiest expression to work 

with«   Now, -log (- ' ) is given by the equation 

Ir, 

V s -log (- ti.)  » log a • v log [p-o(p-wl)] • v log K(0) • 

log v • log a • log (p-wt)      . (25) 

Necessary conditions for maximization of (25) are given by 

£   M  0 as    /• « Xl j; i«/ \a< 1) (26) 

and 

»A* 
»V 
ÏTX° (27) 

k 

The boundary value o s 0, which would correspond to*l   jn   «nd the SMP-choice 
io * 

of t U such that p s wl), which would correspond to 
ay 
•yy > 0, can be eliminated sinply by virtue of the fact that either of these 
choices would lead to the dominated utility value 1<_ * -».   The possibility of ii < 
for the Galsnson-Leibenstein choice of l (l such that pt « v), can be ruled 

out by appealing to* continuity:   Since ÌX. is positive for all values of less than 

the Galenson-Leibenstein value, it cannot be negative at the Galenson-Ltibenstein 
value. 

4 
¿ 
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xa» (15), 

(2i») 

r to 

to wort«. 

(25) 

(26) 

(27) 

9a     p-alp-wij     a 

Thus (26) become? 

p {   \ (l«v) a (p-wO 
1s/ 

«8 

Now combining (IH) and (15) gives 

r » (l*v)o(p-wl)    , 

so that (28) becbnts 

r  as 

iV . 
The derivative if is given by 

iV    vLpt-eCpjt-w)]     p£-w 
ST        p-a(p-wl) p-wl 

(26) 

(29) 

(30) 

(31) 

: the SH> choice 

tr of these 
«sibility of ^ « 

jp be ruled  ' 

.ues of less than 

.ngon-Leibenstein 

V 
1 

Thus, equation (27) becomes 

oiw-pj+p,  o(w-p,) • o. 
p - p.l « (l*v)o(p-wt) S i *r = L 1 aw aw (32) 
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Since the left-hand side of (32) is smaller than o unless ot = 0t and the 

right-hand side is greater than or equal to r, the equality in (28) can hold 

only in the event p,  = 0, in which case (32) as well as (3Ü)  reduce to the 

Euler-Lagrange equation, (7), that characterizes the optimal growth path 

under the assumption that savings and technique are divorced.    This should not 

oe surprising, for if zero marginal productivity of labor is consistent with 

th« optimal solution in the present problem, the constraint on savings imposed 

by the consumption of wage income is in fact not binding, and the present 

problem reduces to the previous one, in which technique and savings can be 

independently optimized . 

If the solution of (32) requires o4 > 0, the constraint arising from the 

consumption of wag^ income limits the choice of savings rate and the choice of 

technique, anu strict inequality must hold in (30).    This is to say that o must 

equal unityj in other words, optiaal growth requires reinvestment of all surpluses 

remaining after payment of the instiutionally fixed wage bill, wlK.    In this caie, 

the optimal technique is given oy the value of I for which equation (33) holds: 

P.* (33) 

I 

This equation is (31) with a replaced by unity. 

Equation (33) reflects a balance between "opportunity" and "impatience" 

when consumption of wage income is an effective constraint on choice of technique 

and savings rate.    Marginal impatience is reflected in the value of the subjective 

rate of interest r.    Opportunity is here represented by the physical marginal 

productivity of capital, 
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(I) employment = const. 
P -P.*» 

the extra output from an extra unit of capital with employment unchanged. 

The physical productivity should be distinguished from the marginal social 

productivity of capital, 

fi».. const. 

which measures the extra output from an extra unit of capital when employment 

is increased to maintain a constant labor:capital ratio, which is the optimal 

employment strategy from the point of view of social utility maximization. 

The physical productivity of capital is equal to the return on capital measured 

by subtracting from the social productivity a labor cost computed by replacing 

the wage w with a lower shadow wage equal to the marginal productivity of labor, 

Pt»      For the optimal technique and savings rate the following inequality holds: 

p > p-p.i * r   > p-*»t = sp (34) 

Note that as v approaches zero, the It-maximizing choice of t approaches 

the Galenson-Leibenstein growth-maximizing choice, and the physical productivity 

of capital and subjective rate of interest approach the private rate of return 

to capital:    v •• 0 implies r •* (p-wl)i hence from (33) p, * w, which implies 

maximization of the rate of growth.   A similar argument establishes that as 

v •• •, the optimal choice of t approaches the SUP choice of t to equate p with wt 

(unless a smaller value of I drives pt to zero). 

I  
The shadow wage can be expressed in terms of w by substituting in (33) an 

equivalent expression fori from (15).   This substitution gives 

•« * &8i « » 
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If we momentarily change the ground rules, and assume that a is a parameter 

fixed exogenously ratherthan a choice variable, equality between the subjective 

rate of interest and the physical productivity of capital no longer characterizes 

the socially optimal choice of technique.    In this case, which corresponds to 

a mixed economy in which the government contiols employment but not savings 

(the value of a being determined, tor example, by the behavior of private 

capitalists, just as the consumption of wage income is determined by the behavior 

of workers), equation (32) alone characterizes the optimum, and the optimal physical 

productivity of capital exceeds the subjective rale of interest.    The ratio of 

the physical productivity of capital to the subjective rate of interest, 

ttr. 

fe,.. 

rßl 

aw + (l-q)Pt 
aw * 

varies inversely with the propensity to save of capitalists. 

A nunerical example might be useful in assessing the difference between 

optimization in terms of utility maxiiiiization and optimization in tenns of the 

alternative criteria of choice to which reference has been made.    Suppose production 

is governed by the Cobb-Douglas function (with L representing employment and the 

other variables defined as before) 

Y = Ly2 Km - i1/2K 

so that 

0    = * 
1/2 
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Further, let v = 2, and let w = 2.    Then, Table One gives the values of the 

several variables associated with utility naxiiiázation and, for contrast, with 

maxiaazation of immediate output and with maximization of the rate of growth. 

Table One 

Parameter values resulting from application of 

alternative criteria with p = i  , v =2, w = 2. 

Criterion 

-    proportion of profits saved 

t    =    labor:capital ratio 

p    =    output .'capital ratio = social 
productivity of capital 

s    =    rate of saving 

sp = p - wt = rate of growth = 
private rate of return on 
capital** 

Pt =    marginal productivity of 
labor = shadow wage 

P-P-i = physical productivity of 
capital 

r   =    subjective rate of interest 

Max p 

_* 

0.25 

0.5 

0.0 

0.0 

1.0 

0.25 

0.0 

Max<?/ 

1.0 

0.173 

0.416 

0.166 

0.Ü695 

1.2 

0.208 

0.208 

The value of   a is irrelevant since p-wl = 0 

** 
Since either a = 1 or p-wi = 0, it follows that sp = p-wl. 

Max sp 

1.0 

0.0625 

0.25 

0.5 

0.125 

2.0 

0.125 

0.375 

V 
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It should be observed in Table One that the physical productivity of capital 

and the subjective raté of interest are equal only for the optimal growth path 

"max '*< ."    For growth rates less than optimal, of which the "max p" path is an 

extreme example, the physical productivity of capital exceeds the rate of 

interest; for growth rates greater than optimal, of which the "max sp" path is 

the limiting case, the opposite is true« 

Figure one illustrates some of the magnitudes of Table One graphically« 

The next three figures indicate the time profiles of output, consumption, and 

employment resulting from the three criteria.    Initial capital stock K(0) is 

assumed in all cases to be equal to 100. 
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Figur» Two 

Tint profile of output resulting fren utility 
maximization and fron alternative criteria 
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The Value of Capital 

In the eccnauy of our model, output and consumption are governed by the 

simple relationships 

Y(t) = pK(t) x pK(0) e8Pt 

C(t) « (l-s)pK(t) = (l-s)pK(Q)eSPt 

But suppose we relax this assortie* slightly to allow the planning comissicn 

to be presented with the possibility of an alternative use of one unit of 

capital at time tQ.   The ti« pattern of consumption provided by the new opportunity, 

let us suppose, is given by the function   Mt), t0 < t < -.  (This function is 

assumed to reflect reinvestment of surpluses over wage costs.)   The choice facing 

the planners is whether or not to divert one unit of investment to the new option 

when the opportunity arises. 

How might planners make this decision?    The first step is to compute the 

marginal utility afforded by the new opportunity.   Denoting this marginal utility 

by 1ià, we can write 

\ ' /UcA(t) dt s /ÙcCU)*«««"1"1*: 
o o 

8  «C(ü)«"rto/A(t)«-r<t-tO)dt 

whenì UC(0) "i"*11 Úm '»«'Sinai utility of consumption at tin» t*0 and (by virtue 

of the constancy oí the elasticity of utility) 

V 
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The second step is to compare   iV   with the marginal utility of investment at 

tine t in the optimal technique as determined by v, w, p(l) and s(l,a),   This 

narginal utility we denote    H vi.   *•    We have 
MtQJ 

o  t, 

For the ^-maximizing choices of s and t, substitution from (15) and (33) gives 

the equality 

VK(tJ  UC(0)e   w^T 
(36) 

Now the new opportunity should be exploited only if  ti    >  ;/  .    ., or in other 

words( only if 

W-VâCt>.-"<«o)dt * W* =Sr C(0)' w-p, 
(37) 

This criterion can be made a little more familiar by normalizing by means of 

division of (37) by Uc(t j = U   .. «"rt°, that is, by dividing both sides of (37) 

by the marginal utility of consumption at time tp»   Then 

^ 

O V» 

(38) 

^£7 " (39) 

«) 
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Aid the criterion of superiority of the new use of capital over the "optimal" 

technique, expression (37) becomes 

7a(t)«"r<t"to)<it > -Si- 
to **i (HO) 

The integral/A(t)er<t"to)dt is customarily called the present value at time 
*o 

t0 of the consumption stream ù(t) evaluated at the discount rate r. Similarly 

K(t0) 

Uc(t0) 

w 
w-pt (HI) 

is the marginal present value of investment in the "optimal" technique.    Thus 

(«U)> says that the present value of the new opportunity must exceed the marginal 

present value of investment in the "optimal" technique.    This may be a bit 

surprising, for the physical trade-off rate between consumption and investment 

determined by the equation 

Y(t) * C(t)*K(t) (3) 

is unity, and we might therefore have expected that the new investment option 

would be attractive provided its present value, yA(t)e~r(t"to>dt, exceeded unity. 
*o 

But in the present model, limitations on the choice of s mean that the marginal 

rate of substitution, as reflected in the marginal present value of investment, 

is in excess of the technological transformation rate, and it is with the first 

rather than the second that the present value of alternative_/A(t)e"r(t~to)dt 

must be compared. 
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The marginal present value of investment w/(w-p.) is thus the shadow price 

of investment.    Since in the present model average and marginal values coincide, 

w/(w-pt) is also the shadow price of capital.   This shadow price falls to unity 

only in the limiting case of p    s 0 and e * r, when the production function p(l), 

the elasticity of utility -v, and the wage rate w combine to make it possible to 

divorce the savings question from the technique question.   At the other extreme, 

when v goes to zero and Ì/- maximization dictates choosing t to provide a rate 

of growth of output and consumption that approaches the maximal feasible rate of 

growth, Pt goes to w and the shadow price of capital approaches infinity. 

Measurement of the effectiveness of potential investments thus requires a 

more elaborate evaluation than would be necessary were it not for labor's effective 

insistence on consumption.   Because the choice of the rate of saving cannot be 

divorced from the choice of technique, investment planning requires not only 

specification of a discount rate but also specification of a shadow price of capital. 

The present value of consumption stream resulting from each investment opportunity 

(including whatever consumption is afforded by reinvestment) must be computed at 

the social rate of discount and this present value compared with the capital cost 

computed with a shadow price equal to the economy's marginal present value of 

capital.   Only in the event that p = r for the optimal technique and the conflict 

between savings and growth, on the one hand, and immediate output, consumption, 

and employment, on the other, disappears does this evaluation procedure reduce 

to the more familiar procedure of comparing discounted present value with the 

nominal capital cost. 

^#- 
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D»o<ntraU2ation of Choice of Technique 

It is evident that laissez-faire cannot be relied upon to produce the 

opting technique under the assumptions of the model.    Decentralized entrepreneurs 

left to their own devi«, would maximize the private rate of return to capital, 

P-wi, as would profit-maximizing state capitalists. 

Decentralized «market socialists« of a Lange-Lerner type could be guided 

to the ^-maximizing choice of technique by an order from the planning cession 

to choose the technique of production to maximize the physical rate of return, 

P-P^.computed with a shadow wag. equal to the margal productivity of labor 

associated with the optimal technqiue.    Tnis instruction would have to be supplemented 

oy an order to reinvest all surpluses remaining after actual wage costs are paid. 

Replacing w by p£ in choice of technique calculations amounts to an "as if« 

subsidy of w-pt   per unit of labor.    Choice of the optical technique could be 

achieved through payment of an actual subsidy of w-pt to private entrepreneurs or 

state capitalists; but the taxes levied to pay the subsidy must not fall on the 

workers, for this would violate the rules of the game, which requires consumption 

of all wage income. 

The difficulty with decentralization of decision-making on the basis of a 

shadow wage is a familiar one:   the optimal technique nust be known to the planning 

comnission in order to determine the appropriate sliadow wage.   Hence, there might 

seem to be little advantage in decentralization.   However, the optimal technique 

and sliadow wage could be determined simultaneously by a decentralized tâtonnement 

1  
The indirect control exercised through the subsidy of wages would have to be 

supplemented by direct control to ensure reinvestment of all profits remaining 
alter payment of wages and taxes.   But private capitalists would presumably tire 
very quickly of always having their cake and never eating it. 
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procedura.   If * is iteratively adjustad according to the formila 

ln+t-ln -e(pn-pjin-r^) n « 1, 2, 3, ... (42) 

tif 

ü 

ft 

where pn,p" and i« are values associated with i s tn and e is « positive oonstant 

then convergano« of the sequence   > ln/ to an arbitrarily small neighborhood of 

the optical labor:capital ratio can be guaranteed by suitable choice of 8 regardless 

of the initial choice of i.1   Equation (42) says in effect that the laborrcapital 

ratio should be decreased (in order to increase the rates of saving and growth) 

so long as the physical productivity of capital exceeds the social rate of discount, 

and vice-versa.   The social rate of interest would be reccoputed from (14) by the 

planning comnission between iterations and transmitted to the decentralized managers, 

who after confuting the values of p and Pjl would calculate the new value of t from 

equation (42) and transmit the associated values of p and s to the planning 

comnission.   This would in tum suggest a new value of r, which would form the basis 

for the next iteration« 

»^ 

Ihis proposition presupposes that the optimal technique iaçlies o « i.   (The nere 

general case can be covered by suitably amending the algorithm enfcodied in (42). 
The proof of the convergence of the sequence defined by (42) to an arbitrary small 
neighborhood of the ^-maximizing value of i requires nothing more than modification 
of the proof of convergence of a continuous gradient process to allow for discrete 
changas in the values of variables.   See K. J. Arrow, L. Hurwicz and H. Uzawa, Studies 
in Linear and Non-Linear Programning. Stanford University Press, 1958, Chapter 157  

i 
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Conclusions 

Ihe basic assumptions of the »odei «picwj in this essay are (1) the 

availability of unlimited supplies of W in the perpetuity at an exogenous^ 

determined wage rate and (2) the consu^tic» of all wage-income.   A third assumption 

is that labor neither involves disutility nor is productive without the assistance 

of capital.   Without assumption (2), the choice of technique is a relatively 

simple affair:    the goal is clearly to choose the Scapitai ratio , to maximize 

the output:capital ratio p.   in this case the choice of a rate of saving s (which 

together with p determines the rate of growth of output, consumption, and employ- 

ment) is a separate question.   But insistence on the part of labor on consumption 

of its entire income mates it impossible to divorce the cnoice of technique from 

an upper bound on s ; savings now can con* only from profits.   The greater the value 

of t and p (beyond the point where the marginal productivity of labor ot falls to 

the level of the wage rate w), the lower is the upper limit on s.   Others1 have 

explored the conflict between immediate output and the rate of growth that the de- 

pendence of s on i poses, and it has been pointed out that in general tne optimal 

technique can be expected to reflect a compromise between the maximal feasible 

immediate output and the maximal feasible rate of growth.   The present analysis, 

couched in terms of maximization of an explicit utility function (chosen for 

convenience to reflect a constant elasticity with respect to consumption) confirms 

the wisdom of compromise, but our chief interest has been not in the compromise 

itself but rather in its implications with respect to wages and interest. 

Ine principal conclusion was stated at the outset of this essay, but certainly 

t*ars repeating:   Neither the social rate of return (or social marginal productivity) 

I  
M. üobb, op^ cit.;   0. Eckstein, op^ cit.; and A. K. Sen, a¡¡± cit.; 
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of capital p nor the private rate of return   p - wt is equal to the subjective 

rate of interest r that reflects the marginal premium on present over future con- 

sumption that is implicit in the economy's utility function — even for the optimal 

technique and saving rate.    The Fisherian balance of opportunity and impatience 

characterizing utility maximization is implemented instead by the following equality 

between the physical marginal productivity of capital and the subjective rate of 

interest : 

* 

M If 

p - p I * r (33) 

The physical marginal productivity of capital on the left hand side of (33) is 

equivalent to the yield on capital measured by subtracting labor costs evaluated 

on the basis of a shadow wage (equal to the marginal productivity of labor associated 

with the optimal technique) from the output: capi tal ratio.    Furthermore, the marginal 

productivity of labor optimally lies between zero and the actual wage, so that 

o - p - pti = r > p -wt (3U) 

The private rate of return p -   wt is equal to the rate of growth of output, 

consumption, and employment, sp , provided all surpluses remaining after payment 

of wages are reinvested,1 so that (3«+) can be interpreted as setting upper and lower 

bounds for the rate of interest as, respectively, the output : capital ratio and the 

rate of growth of the economy.   The rate of interest will actually attain the upper 

bound only in the event the technology is such that it permits the best of both worlds 

simultaneously — the maximum output:capital ratio (which implies p    = 0) and 

independent optimization with respect to the rate of saving. 

Reinvestment of all surpluses turns out to be a condition of optimality except 
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*• rate of interest appropriate for discounting the consumption stream 

gyrated by any new investment opportunities that may be afford«! from time 

to time is r, for discounting at r is equivalent to weighting consumption at 

each moment of time by its marginal utility.   But the decision whether or not 

to undertake any such investment cannot be made by comparing the present value 

of its consumption stream at r with its capital cost.    The inability of the 

economy to optimize independently with respect to the rate of saving means that 

the marginal rate of substitution of consumption for investment, in other words, 

the marginal present value of investment at the social rate of discount, exceeds 

the physical rate of transformation of unity at "equilibrium".    The present value 

afforded by any investment opportunity must therefore be compared with its capital 

cost evaluated at a shadow price equal to the marginal present value of investment 

in the economy.    This marginal present value falls to unity only in the event that 

P = r and the conflict between immediate output and employment, on the one hand, 

and savings and growth, on the other disappears.1 

The point is a general one.   When institutional constraints of any kind prevent 
optimization with respect to the rate of saving, the social, private and physical 
productivities of capital will in general differ, and the price, or "opportunity 
cost" of capital will differ from the purely physical marginal rate of transformation 
between consumption and investment goods.   The question of interest rates and capital 
valuation for purposes of public investment is explored from a basis that reflects 
the conditions of mature mixed-enterprise economies rather than the destructive 
labor-surplus feature of underdeveloped economies in two articles:   S. A. Marglin, 
"The Social Rate of Discount and the Optimal Rate of Investment," Quarterly Journal 
of Eawnaic«. 77, 1963, 95, and "The Opportunity Costs of Public Investment,'1' 
Quarterly Journal of Economics. 77, 1963, 27H. 

except 
\.e output 

t j 



li 
íÉéíéí Vv 

*» 

lf.4 

"S il 

> 

tfe 

#• 

'*: 

3* 

Because of the difference between the private rate of return and the social 

rate of discount, laissez-faire could not be expected to lead to an optimal 

choice of technology,   A subsidy on labor costs to private entrepreneurs or 

state capitalists, or an "as if" subsidy to market socialists, would,however, 

make private and shadow returns       coincide , In principle, the size of the 

subsidy w-pt, with pt the marginal productivity of labor associated with the 

optimal technique, can be determined along with the optimal technique by a 

decentralized tâtonnement as well as by centralized planning« 

The model on which the conclusions of this essay are based is an extremely 

simple one*    It ignores the existence of a multiplicity of sectors, technologies, 

and outputs in the economy.    It ignores foreign trade.   It assumes unlimited 

supplies of labor not simply for the present but in perpetuity.    It assumes absolute 

rigidity with respect to real wage rates and consumption by workers.   Moreover, 

the choice of technique and savings rate are posited as once and for all decisions. 

Finally, the utility function chosen — besides being extremely simple with respect 

to total consumption — does not take distribution of consumption into account at 

all, and distribution is surely an important aspect of the conflict of immediate 

output and employment against savings and growth.    Nevertheless, the propositions 

"a have sought to establish are qualitative rather than quantitative in nature, and 

for this purpose a simple model suffices as well as a complex one.   The precise 

form of the conclusions will certainly be affected by added doses of realism, but 

not their nature. 






