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Introduction

1. In order to create a starting point for the discussion amid the endless diffi-
culties and complexities characteri-ing the programming of the metalworking sector,
three simple models will be presented vhich focus on some of the key characteristics

of the suggested method of approach,

2. These models are formula*ed in linear programming format, as it has excellent
synoptic qualities., As will emerge in the course of the discussion, some of the

key problems are problems of nonconvexity which have their origin in economies of
scale and indivisibilities. In the format of linear programning, these nonconvexities
will be treated by specifying certain cost elements ag fixed, i.e. the variables

characterizing the corresponding expenditures can take on only the value of O and 1,

or in the case of multiple facilities, 0, 1, 2y «s. €tc.:  in other words, these are
integer variables. Though integer programming is a much more difficult mathematical
task then linear programning, for our current purposes integer programming creates
no additional complexity since we are concerned with problem formulation which, in
the format to be used, is not affected by integer variables. Once a problem is
properly formulated, one can draw on a creatl deal of accumilated nathem cical know-
how to find a suitable solution to it. The lack of orientition characterizing the
atmosphere in vhich planning decisions in the metalworing sector are currently
undertaken is due mostly to the inability of finding simpie problem formulatiors
which offer the promise of satisfactory approximationc. This is the task on which

we shall concentrate.

3. We do not presume that the models to be presented can conclusively cope with
all difficulties. They are, however, a basis from which a great many generalizations
and modifications may be drawn as soon as these simple models are thoroughly worked

through,

4. In Chapters 1 to 11 we shall confire ourselves to the presentation of models for
the sector in isolation, leaving the connexions to the national economy as a whole
implicit. 1In addition, these chapters will treat exportes as exogenously given.

This simplification, however, will be relaxed in Chapters 12 to 18 in which the

sector connexions to the national €conomy are explored in detail.

5. The main concern of the latter part of this paper is the extension of the

analysis to two situations of key importance which were previously abstracted from.

The first is the embedding of sectoral programming within the operation of the
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economy as a whole, with particular attention to economies of scale and indivisi-
bilities. The second, closely linked to the foimer, is the explicit consideration
of variable exports which charge the seriality of individual production processes

and the loading of productive capacities. The discussion of over-all policy implica-

tions closes the presen’iation.

1. The formet

6. We shall use a slight modification of Tucker's combinatorial format (Tucker,
1963) to present the data of a given problem in a simple table. In such a table

each row can be conceived of as a resource, each column as an activity. For example,
.1, ¥odel 1 the first seven rows correspond to "listed products" (New fichool of Social
iecearch, 1967); each row is a balance of one gpecific listed product. Other rows
miy represent "resources" in a more generalired sense: any limit, restriction or
constraint placed on the data creates an economic scarcity of one sort or another
that will hawve a scarcity value like ordinary rescources such as products or services,

*yamples of activities are production, imports, exports and so on.

Te data (parameters) appearing in the models are placed inside the solid frame
of each table. All data are constants. They represent either availabilities or
requirements, according to whether they are positive or nexative. Txamples of
availabilities (positive sign) are outputs and supplies. Lxamples of requirements
(negative sign) are inpute and demands. Brth availabilities and requirements are
standardized to a unit level of the activity in whose column they appear. Thus,
f~r example, the constant (—ml) appearing at the intersection of row Y and column 15
1 Model 1 represents a requirement of m, units of foreign exchange (the resource
whose balance appears in row 9) for the purpose of undertaling the activity of
importing a unit amount of the first listed product (the activity of column 15).
The number B is measured in physical units of resource per physical unit of activity
level, e.g. in foreign (not domestic) currency units per ton of product imported,
where the units of foreign currency play the role of physical units (i.e. units not

erpressed in the common monetary valuation).

¥, If a parameter is multiplied by the scale of thr« activity in whose column it
appears, the total availability or requirement of the given resource connected with
the activity in question is obtained. With reference to Table 1, which shows

l/ Detailed explanations of notation for Models 1-3 are given in Annex 1.
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schematically a linear economic system in the modified Tucker format used for
l'odels 1 to 3, the scales of the activities are shown as X variables appearing at
the foot of the column (activity) whose scale they represent. Thus the totnl
availabilities or requirements of any resource 1 in connexion with activity ] can
b obtained by forming the product (aiJ)(xd). I'f such products are formed for all
aij in Table 1, then  row balance can be obtained for each row by algebraically
adding the products in a given row. The algebraic sum represents the net availa-
bility, surplus (if positive), net requirement or deficit (if negative) of a
resource 1n conrexion with all activities. Uince all x are treated as variables,
the sum is also a variable, deaoted by 8- The s, varicbles are shown in the left
m~rgin of Table 1; the equality sign following them refers to their definition as
row baiances. The symbol (*) appearing above the xJ variables denotes the opera-

tion of multiplication undertaken when forming row balances.

Table 1

A linear economic system in modified Tucker format

B2 T 8 B By ceca, kY,
B3 8y Ay B33t ttay oy,
m ml am2 am} ‘' “mn * ym
* * »* »*
xl x2 x3 * o o n
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9. In addition to row balances, it is also possible to form column balances, [t .

parameter aij is multiplied by Yy the price of the resource i1 whose row it appears
(Table 1), the economic value of the availability or reqiirement of the rasaures o
obtained, standardized to a unit level of the activit, 4+ This va'ie represents .
revenue (if positive) or a cost (1t negative) at unit ATtivity Tevel, It the po.
ducts (yi)(aij) are formed for all parameters hl; in Tabtle |, then 1t 14 st e
to get column balances by algebraically adding all products 1n a4 piven o] imn.
These sums represent net revenues or profits (1f positive) and net -ogts op fosnen
(if negative). Since all y, are treated as variables, the above sums are alao
variables; they are denoted by the symbols ('fl) which appear in the top marein
Table 1. The equality sign again refers to the definition of these varialles by

2
means of column balances,

10. The above form of a linear system is called "homogeneous". In this form a4l
activity scales and resource prices arc variable. Our task congiots 1n finding

values of these variables (a "programme™) which will in some sense “e optimal.

11. Optimality can be defined in twc complementary ways by:

(a) Selecting a resource m whose surplus s will be maximrzed by varying
the activity scales Xjy subject to the conditions that deficits
(negative 3i) are avolded for all other resourc:s and that no
activity scale will be negative,

(b) Selecting an activity n whose profit ) will be minimized by
varying the resource prices Yi» subject to the conditions that
profits (negative ) are avoided for all other activities and
that no recource price Y will be negative.

12. Note that the conditions imposed in both cases boil down to the rule that no

variable may be negative., This is common sense in regard to activity scales, since

. 3 A
activities generally cannot be run in reverse-{ for one cannot make plegs from

sausages. Nor do negative prices make sense. The avoidance of deficits on any

resource is again economic coruaon 3ense, since we are aiming at a feasible anu

g/ It may be questioned why the symbols chosen to represent column balancas are
taken to be negative rather than pcsitive as in the case of row balances. Thin
is done conventionally in order to obtain the simplest scheme of algetrai-
manipulations for the linear system, Wach { represents a loss on an activity;
if (—n%) > 0, the activity 1s profitable.

}/ In some cases such conditions may be relaxed. For example, exports may he
treated as negative imports provided that the export and impor. prices of a
commodity are equal within s tolerable margin of error. In such cages the
statement of cptimality requires a slight revision.
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practical resource allocation. The avoidanct of profits, while at first sight
paradoxical, corresponds to the maxim of neoclassical economics that, under perfect
competition, profite are eliminated (with well-known favourable implications for

the etficiency of resource allocition).

Lo, As for the maximum-mirimur cbrectives, in the first definition the maximization
of a resource surplus may mean either the maximizatior of net output or the minimiza-
tror of net input. The resource in question can be a composite resource, if desired,
for 1t wmay consist of a weighted average of several resources., In addition, 1t is
neceesary to intrmduce scarcity for the maximication to - vmo meamngtful., As long
Aaf all activities are treated as variable and thus can be indefinitely expanded,
there is ?ﬂuezﬁli;:LArm iimit on the expansion of the quantity to be maximi-ed; some
vart ot the system, however, has to be fixed. An activity is therefore selacted
~hiose scale is set to umity. It is convenient in g8eéctoral planning problems to

freat the exogenously givern supplies and demands of the economic resources as fixed-
scale activities, vhichever activity 18 thus fixed becomes the activity whose

profit 1s minimized under ihe second definition of optimality, This offers a clue

to the interpretation of profit minimization in the second definition: we are
instructed to choose prices that will reduce the value of exogenous supplies and
rrrease the value of exogenous demands, 1.e, prices that will reduce the scarcity

ot limited suppliec and enhance the benefit of rrescribed demands,

1. In view of the problem befHre us, the following features of such linear PrO—

yramming models are rarticulariy valuable:

(a) Linear profFramming modele permit the representation of alternative
activities, For examp.e, the output of a given product may be
obtained by domestic production or by imports, or there may be
more or less labour-intensive activities for producing a product,
Any altermative may appear with a zero scale in the optimal pro-
gramme. The inclusion of inefficient alternatives in the model
therefore does no harm,

(b) The models permit the representation of joint products, for a given
activity may have more than ore output (positive entries). This
overcomes a limitation of lLeontieff-type input-output formulations.

At times it is impossible to find any programme with all x. and 5, variables
non-regative; then the question of optimiration does not atrise.

A s

i
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(c) Multiple restrictions may operate on the same activity or rroup of
activities, In particular, the restrictions may be ine~ualities,
such as an upper limit to the scale of an activity, If cueh a

limit is written in the form X, i, 1t can be canverted inte an
exact emmality by addins the stirrlus variatle s to 1ts left-hand
side:

Si + X, = ’
whence

s, = (—xj) +1,

which puts the restriction into the conventional format applied to

all resource balances, with ! beins an element of the exorenous

vector. Any restriction may aprear with a non-zero surplus 1n the

optimal prosramme: such a restriction ie 1neffective ard ma: thus

be included ir the formulation,
15. The models presented in thie format, unless nther:ice roted, re simple linear
pProgramming model: which can be readily solved by a nimber of veli-"nown methods,
(for example, Dant-~i., 1°¢3). “hen some variatles (in the nodels tn te digrurred
always activit: sceles) are ren~uired to ascume only inte,er values, the precenta-
tion of the model remains identical, but the rathematical and conpitatisial pre.
cedure for obtaining an optimal solutior is rendered consideratbl s mope complex,
In some Caser, pecially for small models, exart optimal colvtionc car bte derived;

in other caser only reasonable approximations may be dravn Gantziy, 1963, oh, o),

?. The simplest procramritg mede

.. lodels 1 and 7, both referrins to 4 sinele branch, are two variations of the
simplest proframming model for the metaluor-ines sector. As compared with Table 1,
the x, s, Y, and (—l) variablec are not irdicated in the nar-in, but rowe and
columne, ir addition to being nunmbered semuentially, are .jven s'mbelie desiinations
derived from the nature of the resource or activity the: reprecent. "hile not
explicitly chown, the former variables play exactl: +he t-me role 18 ther do in
Table 1; in rarticular, they intervene in the came ay in the formation of row and

column balances,

17. The products represented 1n lodels 1 and [ are listed productc, numbered 1
throush 7. The concept of listed products has beer develored ir a report by the
Hew School for “ocial lesearch (1967), As indicated in thie report the technical
coefficients of a listed product are based on the techrica! ceefficients of one or
more iypical products, the latter beins studied in full ergineering detail., The

inputs per ton of product may be transferred Without change from the tymical product
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to the listed product; this is the simplest procedure and has been adopted here
for illustrative purpoges. Alternately, the coefficients may be modified to some
extent on the basis of simple parametric correlations of size, capacity, and so on,
With each listed product we associate an activity (1LIS1, ..., 1LIs7) representing
the domestic product.on of the product 1n question, and a row (also 1LIST, “ve,
1L1S7) representing the commodity balance. The coefficients in the first seven

rows and columns, indicuated in condenced (matrix) notation in Model 1, are written
out in full in lodel 2, In ti1g 7 x 7 square block there is a diagonal of (+1)
(unity) elements together with an (-a) element in every cell. The (+1) elements
represent stated amounts of inteimediate input of other listed products used in the
production of the &iven listed product, for example, the requirements for an electric

motor in the production of a purp. Generally, most of the a entries will be zero.

18, The formulation of such an input-output sub-matrix for listed rroducts permits
taking into account various stages of production, End-products, svb-assemblies and
components can be designated as separate listed products, and t ..t requi rements
of each product can be given, including the requirements for lower—order 1ntermediate
commodities. It is also possible to include altermative ways of manufacturing a
glven licted product, although this is not shovn in these models. Finally, while
Models 1 and 2 refer to a single branch of the secter, in more comprehensive models
(as in Model 3) input-output relationships connecting several branches of the nector

will occur without posing any difficulty of formuletion.

19. The superscripts are identical for the first four columns as t!sy are for the
next two. These superscripts refer to the serial number of the typical product
from which the technical coefficients of the civen listed product have been derived.
In the present illustrative case, it has been assumed that four listed products

are derived from the first typical product, two from the second and one from the
third. The listed products derived from the same typical product differ formally
among themselves only in regard to their seriality,

20. Typical products do not occur in the models as such; they are recuired only to
derive the technical information for the listed products. Typical preducts,
however, may and generally will appear as members of the product list within a
branch; thus they will enter the model in the Fuise of listed products, without
further distinction.

21, In Model 1 all other inputs of the production activities for listed products
are condensed into a production—cost figure (~k) which has the game superscript as
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the corresponding a coefficiente; in Model 2 this production cost is broken up into
resource—-element capacity utilizations and direct material input. The only other
coefficients of the production activities for listed products are the (-1/f) co-
efficients of the fixed-cost constraints, rows 1LFX1, ..., 1LFX7.

22, e fixed-cost constraints connect the first group of seven activities with

the next group of seven activities in both lodel 1 and lodel 2. ‘ctivities eight
through fourteen in both models are designated as 1LFX1, ..., 1LFX7 and refer to the
activity of incurring fixed costs comnected with setting up a production series.
This postulates that before the manufacture of a product can be started, the costs
of providing the required tooling, jigs and fixtures must be met. In nddition 1t
is necessary tc set up the machinery with the aid of the former auxiliary devices
before each individual production run. The amount of fixed costs is given as a
single dollar figure (-k) in Model 1 but is broken up into a lump sum capital
requirement and fixed capacity requirements of two different resource elements in
bodel 2 (more about this below). The fixed-cost activities are connected with the
production activitiee in such a wa)y that the entire fixed cost is incurred whenever
a production activity is used. This converts the problem into a integer programming
problem, as will be shown in detail below,

«3. From an empirical point of view the properties of lbdels 1 and ” make allovance
for eoonomies of scale arising out of the length of a production run in the manu-
facture of individual products, without allowirs for economies of scale in regard to
the s1ze of productive facilities. All productive resources are still assumed to

be infinitely subdivisible; the only consideration in their employment is the

rerource or money cost associated with their use. ?

<4, The third block of seven activities in lodels 1 and ? relates to imports,
sach of these activities has an entry of (+1), corresponding to the product which

1t makes available, arnd an entry of (—mi) corresponding to the expenditure of

O

foreisn exchanse per unit (ton) of product 1, the world market price. Jenerally,
it is assumed that imports are irreversible. At times it might be convenient to
permit imports to behave as free variables, i.e. variables that may take on
negative vulues, sifmifving exports. This introduces only a minor modification in
the mathematical statement of the problemi/.

T N

L/ Vihenever a variable x. is to be treated as a free variable, the loss variable
t, in the upper mar¢if (Table 1) must be zero, i.e. it is not pemitted to be
sitive, In other words, not only the usual no-profit condition holds for thisg

variable, but also a no-loss condition: the activity is recuired to break even
exactly,
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25. The

School for Social Research,

next block of five activities refers to the extrapolated products (Rew
1967) of the branch under study. Tn effect, products
not listed individually within a branch

are handled by means of a sinsle coet
function which attributes inc

reasing domestic production costs to output as the out-
put approaches the total demand for the branch,

meant to be used

The device of extrapolation is
only for a minor part of the total demand withip any branch; due
to an inherent asymmetry in the distribution of demand for indiwvidual products, it

is assumed thst the major portion (perhaps 35-90 per cent) of total demand

within the branch can be handled by the indi

vidual description of some 200-0dd
listed products,

The cost trend of these listed products is to be extrarolated for
the remainins products which can be several thousand in number.

The rationale of
this extrapolation will be developed below;

for the moment it suffices to indicate

oets is handled by a step function such
With reference to Figure 1

that in Model 1 the increase 1in production ¢

as shown in Fifure 1. » the tota) output of the extra—

polated product ig represented as the sum of four step variables, x

220ttty X

ial numbers in ¥odels | and 2):
1 associated with it and is limited to a maximum

"'IA' In an optimizing model the lower-cost s
to the limit before ewitching

(these correspond to the columns with the same ser

each step has a given conetant cost
length [1' teps will always be uzed
thus the steps will be used in
as specified by the shape of the
explicit sequencing instructions,

to a higher-cost step;

the correct sequence, step function, even without

The output of the extrapolated product may be
measured either in tons or in foreign exchange units ¢

orresponding to the world
market price, as will be discuceed below,

Activity 26 in Models 1 and 2 is an
import activity for the extrapolated product.

that Model 2 contains
(see Chapter 8),

A comparison of Kodels } and 2 shows
no detailed resource breakup for ‘he extrapolated product

26. In Model 1 there is only one further column:

the column (Ro. 27) of exogenous
supplies and demands,

It includes the demands for the listed products, the demand

for the extrapolated products, the exogenous supply (al]ocation) of foreign exchange

and the limits associated with the step function of the exirapolated products. The

éxogenous column (No, 29) in Yodel ? has the same structure,

27. Two additiona] activities are included in Model 2,

It is assumed that 1ndirect materials input, capital
input and two kinds of labour input are accounted for separately.
detail can be increased at wil}l without altering the structure of
output of each of these activities is a (+1)
held available,

The smount of
the model. The
entry associated with a unit of capacity
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Figure 1

Step function for extrapolated products
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input and two kinds of labour input are accounted for separately. The amount of
detail can be increased at will without altering the structure of the model. The
output of each of these activities is a (+1) entry associated with a unit of capacity
held avajlable.

28, The objective function in Fodel 1 consists of row 10 and involves the minimi-a-
tion of total money cost.6 Thise together with the usual conditions of non-negrative
variables, means that the cost of meeting all sectoral denands 1s to be minimi-ed,
while the supplv of foreisn exchanre is not to be exceeded, and that al] constrainte
pertaining to the step function and the fixed costs are to be observed., Ip lodel
the objective function is defined as a weighted average of rows 12-17, where
eéxogenously given prices of the resources in nuestion (not showr in the Modal) are
to be used as weights. The price of money is set, by definition, to unity. The
conditions of this optimization are the same ag those in I'odel 1, except that two
additional row-constraints (10 and 11) have to be satisfied and that the resource-

element capacity requirements must be fully met,

3. The handlins of fixed costs in the models

29. It has been pointed o1t that fixed costg are introduced into the models in the
form of independent activities (such as 1LFX1, ..., 1LFX7)1/ which are connected with
the correspondins production activities for listed products (1LI51, eeey LLIST to be
referred to as variable-cost activities) in such a way that the ertire fixed cost is
incurred whenever the variable-cos* activity in question is beiny used, This will
now be formally clari‘iec by reference to the above example, with the understanding
that the principles presentied here are applicable to the connexion between any
fixed~cost and variable—cost activity. later on fixed costs i1l also be introduced
in connexion with the size of productive facilities and with the Froups of skilled

technical specialists which have to te established to support production,

30. The scale of a fixed-cost activity is a mathematical variable that can be inter-
preted as the number of times fixed cost is incurred; the tixed cost itself is given
either in monetary terms (in Model 1, the T coefficients) or in terms of more
detailed individual fixed resource inputs (in Model 2, the &' ang, i coefficients),

For example, the meaning of the relation Xg = 0.2 (where Xg is the scale of activity

§/ Formally, the surplus of the row, 81" 18 being maximized.
1/ See Models 1 and 2.
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8 in Model 1) is that the fraction 0.2 (20 per cent) of total fixed costs associated
with the production of listed product (1) is being incurred.

31, Economically it makes no sense to represent a fixed cost as being incurred to
the extent of 20 per cent since it is indivisible by its very nature: one cannot

build half a factory or carry out only one fifth of a prrnduction programme. In other

words, the scale of a fixed-cost activity should be represented by an integer
variable which can only assume the values O, 1, 2, ... etc. Where the fixed costs
are incurred more than once, values larger than 1 have the economic meaning of mul-

tiple production facilities, preduction runs and so on.

32, The devize used to compel fixed-cost incurrence in the models (to be referred
to as the tie-in between the fixed-cost and variable-cost activities) consists of
constraining the scale of the fixed-cost activity to be equal to or larger than some
constant proportion (to be interpreted below) of the scale of the variable-cost
activity. (This tie-in is provided, e.g. for listed product (1) by row 15 in Model 1,
or row Y2 in Model 2.) As long as the variable-cost activity is not used, e.g. the
pooduction scale x, of listed product (1) is zero, the scale of the fixed-cost
activity Xg can also remain zero. In this case no fixed cost has to be incurred.
But as soon as the scale of the variable-cost activity x, rises above zero (ro
matter by how little) the tie-in with the fixed-cost activity Xg forces the scale

of the latter also to rise by at least a small amount above zero. Up to this point
there is nothing to prevent the scale of the fixed-cost activity Xg from assuming
a fractional value; in fact if ihere were no further restrictions, the optimal
solution would actually contain such fractional values. But now the integrality
requirement for the fixed-—cost-activity scale Xg steps in and forces this scale

to move upward to the nearest integer in the direction in which the tie-in con-
straints permit an inequality.-g'/ Thus the full fixed cost is incurred at least
once: when the scale of the fixed-cost activity X3 (determined as a constant pro-
portion of the variabls-scale activity xl) is between zero and one, prior ‘o the
application of the integrality recquirement., If x, is larger than one, fixed cost

1
will be incurred more than once.

§_/ Inequalities are converted into equalities for representation in the models by
adding a positive surplus s to the smaller side. The greater the difference
between the two sides of the inequality, the larger the surplus g. Thus as the
fixed-cost activity scale x, moves up to the next integer value, the correspond-
ing surplus (515 in odel 1 or s,, in Model 2) increases.
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33. The connexion between the production and fixed-cost activities ie further
elucidated in Figure 2 which illustrates the tie-in between columns 1 and 8 in

Model 1. with reference to this figure, the scale of the production activity
(column 1 in Model 1) is x, and that of the fixed-cost activity (column &) Xge The
variable Xy measures the rumber of times the fixed cost is incurred, The fixed cost
(-El) is measured along the vertical axis denoting cost, the minus sign being omitted
seince all costs are inherently negative. The horizontal axis measures Xy the scale
of the production activity. The variable cost (-kl) is the slope of the total-cost
line AB, To interpret the nature of the fixed-cost tie-in parameter l'/fllk' 1t o1y
assumed that a maximum production scale, fll' ex1ists associated with the expenditure
of a single fixed cost. If there is an upper limit on yearly production, this can
be identified with fll' In other instances, when the variable costs are tied to
investment in a fixed productive facility, the capacity of this facility can be
identified with the correspondiug tie-in parameter, as will be shown in Model 3,

The row balance in row 15 of Model 1 can be written out in full as follows:

S35 = (-1/2,)(x)) + (1) (x,).
When this row balance holds without surplus, 815 = 0, and

0 = (-xl/fll) + xg; thus
xg = x,/f)).

34, 1In Figure 2, X is drawn at about three-quarters of the way toward the maximum;
therefore, xl/f‘11 = 3/4. Accordingly, the scale of the fixed—cost activity will be
(at least) this much, i.e. 3/4; the amount of fixed cost incurred will be 3/4 of

El, or point C, which is drawn to be at about 3/4 of the elevation of OA, the latter
being equal to the full fixed cost El. The fixed-cost constraint thus prescribes
that the fraction of fixed costs incurred must te at }east equal to the fraction

of maximum production actually undertaken. At this point the integrality require-
ment for Xg steps in to ensure that as soon as this fraction exceeds 0, it will

rise all the way up to unity: fixed cost incurred will rise to OA.

35. In the example illustrated in Figure 2, X, was chosen smaller than fll;
accordingly Xy was less than unity, prior to the application of the integrality

requirement. In Figure 3, x, is assumed to be (1.5).(1"11), i.e. larger than the

9_/ If there is no economically meaningful upper limit of this kind, fll is simply
set to an upper bound on the practically occurring values of the variable-cost-
activity scale. This ensures that fixed cost will be incurred no more than once.
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Figure 3
Multiple fixed costs
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largest possible sinrsle prvduction run. Fipure ? shows the relationship of fixed
and variable costs on the assumption that multiple produciion runs can be underta en.
In each of these runs fixed costs are incurred orce, and from there or variable costs
are constant (a constant slepe ) up te the maximal rroduction series,  Incurrine

fixed costs ti1ce 111 thus sec.re a maximal total swtput of (. .ufil‘ and so on. In
general, the tie-in paraumeter f ~r , 1o used to denote the . ,or Timit o the
scale o: the variable-cos? activity that corresponds to a sinsle fixed-cost in-
~urrence, If the scale or tie varialle—cost activity exceeds t'ie parameter, the

number of fixed-cost incurrences vil: te er.al Lto the rext lar e¢r inteper,

4. A multi-branch podel

Jb. Yodel } presents a generali atinn of the siry .ect model. It drops the un-
realistic asrumption that the rector can be proyranmed branch b branch ard
explicitly i~troduces the sharin, of productive facilitics (resource elements)
between branches. In order to restrict !odel to 1 manaycable size, distinctions
between listed products by typical product oririn are row dropped, and only two
listed producte are shown for each of two trancher. ™i1s modect amount of detail

suffices to illustrate the princips ' novel points that emerre.

37. lYodel 3 is organized by branches: alil production, fixed-cost, import, and
extrapolated-product activities o a tranch are trought torether in a Froup. It
will be noted that startinys with the listed~-product balances in the first four TOWS,
intermed’ate-input requirements can be shoim as 1nter-connectin, the branches (rows
1-2 intersecting columns 1.-13, ard rows -d interiectin, columns 1-¢). All other
features of the entries in all rowe of the first C¢ columns and of the exosenous
column remain essentially unchanged betweern }odel ” and lodel 1, except for a slight
generalization of the notation in order to allow the labelling of parameters by
branch and, in the case of intermediate-input coefficients (-a), by branch both of
origin and of destination. Apart from thus simultaneously showing more than one
branch, the novelty of lkodel § is concentrated in columns 23-7€., Columns Z3-24 are
resource—element—capacity maintenance activities labelled 2ol and A2 that corre-
spond to the identically labelled columns in Model 7y except that they are now tied
in with the respective fixed-cost activities FFX1 and RIXI, These fixed costs have
to be incurred whenever the capacity of a resource element is to be maintained at a

level exceeding zero. The mathematical tie—in between the fixed-cost activity RES1

and the variable—coet activity RFX1 characterizing the first resource element, is
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precisely the same as the previously discussed tie-in between a production activity
such as 1LIS1 and a’ fixed-cost activity suoh as 1LFX1. The tie-in is provided by

the constraint of rows 28-29,

38. The fixed and varianble costs associated with maintaining given resource-element
capacities are intended as an approximation to the economies of scale that are known
to occur when the total yearly capacity of a given resource element increases. With
a given fixed cost and constant variatle costs a larger capacity wili implv lower
resource inputs per un.t capacity. The variable costs are broken up into specific
resource inputs exactly s those in bodel [, while the fixec coists are fFiven as
lump-sum labour, material and capital requirements. There is an upper limit on
capacity which corresponds to the empirical observation that given processing facili-
ties are not built in indefinitely larfe sires; if the size exceeds a certain limit,
a duplication of facilities occurs. This can be represented mathematically by set-
ting the fixed-cost tie-in parameter equal to the reciprocal of the capacity limit,
In accordance with the earlier discussion on fixed cost constraints, thie will push
the scale of fixed-cost incurrence (e.g. the variable Xoc corresponding to activity
RFX1 in Model 3) up to at least x73/51' the ratio of the scale of the variable-cost
activity RES1 to the upper limit imposed on the capacity of resource element (1),

If this ratio is between 0O and 1, the intesrality requirement imposed on the fixed-

cost activity scale x . willi push x . all the way up to uanity; if the ratio is

29 <t

greater than 1, the integrality requirement will push X, Up to the next larger
(,

integer. In this way the requirement for multiple facilities, together with mul-

tiple incurrences of fixed costs, is properly represenied.

5. Economies of scale due to the seriality of production

39. This source of economies of scale is the only one included in Models 1 and 2
and ie represented by fixed costs (or fixed resource inputs) tied to the scales of
the respective production activities that embody variable costs. We shall now look
more closely at the two kinds of fixed costs: (a) fixed costs associated with in-
vestment in tooling, jigs and fixtures: and {(b) fixed costs associated with set-up

operations for each production run.

40. The first kind of fixed costs creater no particular problems at the present
stage of analysis. lLater, 1t will be necessary to recosnize these costs as leading
to output requirements within the metalworking sector proper, and thus to a feedback

between the required production scales of metalworking activities at a future date

and the corresponding output of tools, jige and fixtures intended for investment
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purposas, during a given earlier time period t (see Chapter 10). 1t present it is

important that fixed costs connected with a production activity also include set-up
charges which have to be incurred for each separate productior run., Thus the total
amount of set-up charges depends on the connexion between vearly demand and the

length of an individual production run,

41. 1In VNodel 1 all fixed costs including set-.p chariyes, are expressed in monetary
terms. In Vodels . and 'y investments in tooling, 11¢s arnd fixtures are Fiven as
lump-sum capital recuirements, while set-up charges are approximated by giving the
capacity requirements of resource elements corresponding to the actual yearly set-up
time. Thue 1f a given resource element with a michine part of %0 units has a tota)
of 300,000 effective yearly machine hours, set-up charges can be expressed as the
number of machine hours required per run multiplied ty the number of TUng per vear,
This product is Suttracted Trom the total numrer of effe tive mashine h.rs
available for production, ince Yodels ' and 1 distribute a variety of yearly
charges of resource elements (labour, investrent, indirect raterial inputs) over
total effective machine hours, this way of handliny set-up charres is etuivalent

to the assump ion that not only 1nvestment costs but also labour and indirect
material costs per hour are the same regardiess of whether set-up operations or pro-
duction are being undertaker, This is probably a toleratle simplifyving approximatior.
The main reasor for separating direct from indirect material inputs is to avoid the
more gross errcr that would be associated with assuming that the metal recul rements
were also proportinnal to total resource-element capacity utilized, without dis-

¢rimination between the fixed and variable parts of the latter,

42. An inportant eimplificatior introduced into the models is the fact that only
one fixed investment in tooling, jigs and fixtures is provided for each productive
processe: there is only one variable-cost activity and one fixed-cost activity for
the manufacture of each listed product by a given process.lQ!‘This avoids the pro-
blem of endogenously representing alternative degrees of complexity in the provision
of tooling, jigs and fixtures. This problem is 1llustrated i1n Figure 4, With
reference to Figure 4, x, (as in Models 1 ard ?) represents the scale of the

variable-cost activity in the production of the first listed product, There are now

10/ This does not exclude the poesibility of having two alternative techniques
for producing a given product: e.g. forged or precision-cast crankshaftis.,
The point raised in the text refers to each of these alternatives individually,
and relates to the optimal extent of tooling.




1D/WG.10/ 2
Page 26

Figure 4

The investment cost for tooling, jigs and
fixtures, versus variable costs of production
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four alternative degrees of tooling, represented by four separate fixed Investments
- ‘—-| -—1 -t

L]
roer v v (in Model ? there is only a single ™ parameter assoclated with each
productive process). Annual fixed costs are obtained by appiving avpropriate

capital charges 1 to these fixed lavestments. As the degree f t.o)lin, LN reases,
- /
N

3
L i/ L¢ , N
the variavle custs k= wil] decrease Torrespondingly=——" 45 5hown ty the slope of

the cost lines., Over varylng ranges of x, different degrecs of tooling berome

4

most efficient ilowest~ﬂost). This 18 reflesteg ty the vroken |ine ORAHCD which

represents the produstion-~ost frontier attainable tv all tachnygies tountly,
With respect to this prodiction-~ost frontier the models pive nly 4 single £1god-

cost-to-variatle-rogt combination,  Tiven suffie,ent empirical data, there 1 no
difficulty in Introducing alternatives 1nto the models; 1n practi~e, however, 1t
will generally be preferable t) determine the optimal degree ot tooling tor a

given Xy by a side calculation. With exogenously given total Jdemands the appro-

1 !

priate Xy for this side calculation 1s the total yearly demand;L; as will be dis-

cussed 1n relation to set-up costs.,

43. We now turn to fixed 20sts associated with set-up operations. If the fixed
capacity requirements needed for setting up an individual run of a given listed
product can be derived empirically, then the remaining piece of information needed

for specifying yearly set-up costs is the number of production runs per year,

44. A simple engineering formula exists for calculating the optimal number of
production runs per year so0 as to minimize the sum of set-up and 1nventory-carrying

costs. Variable production costs (as earlier defined) and fixed investment costs

11/ In Model 2 variable costs are given in terms of resource inputs. These can

be converted to equivalent k values by applying appropriate prices to each
regsource input,

12/ Figure * shows only processes that are efficient (lowest-cost) over gome range
of xy. It 1s possible for a process to be inferior to some other process at
any x,. Such a process would never be selected.

13}/ Exogenous demands have to be increased by the amount of intermediate-input
requirements to arrive at total demands (see Chapter 7).
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for tooling, jigs and fixtures are excluded from the optimization formula, as

these are not affected by the length of the individual production run:

r = d_;_E . ‘l . Ld' H
k 2 P
r number of production runs per year at optimum;
d demand, physical units per year;
k variable production cost, dollar per physical unitj
k ®et-up cost per run in dollars;
i inventory carrying charge, inclading interest, obsolescence,
deterioration, handling, ‘axes, storage, insurance and pilferage;
p production rate, physical anits per day;
d' demand, physicai uanits per day.

45. The above expression i1lves the optimal number of runs per year.lﬁ/ The ex-

pression d.k/g 1s the ratio of yearly variable costs to the set-up charge of a

14/ Total cost per year can bte expressed as follows:
™ = FC + d.k + k.d/xO + x_okei.(p-d')/2p,

where i1n addition to the previous notation, TC .3 $otal cost, dollars/yaar;
FC is fixed cost, dollars/year (not affected by the length of the prcduction
series); and X, 1is the length of a production run. To optimize TC as xo is

varying,
= ¢
0 =a™/de =0 +0+ (=dek/x|) + <1 (p-d*)/2p,
d. 2
whence X = \[—— - £

o k i T p=d' .

By r = d/xO the formula 1n the text follows 1mmediately., In the expression for
total costs, T7, the four terms ~orrespond in turn to (a) fixed costs, such as
yearly charges on investment in tooling, jigs and fixtures; (b) variable pro-
duction costs; () set-up charges; and (d) inventory-carrying costs. The latter
are obtained from average stock carried, which 1s one-half of the peak stock at
the end of a production run, calculated as the product of the daily accumula=-
tion, p-d’, and the length of a run, xo/p days. Average stock 1s multiplied

by variable prodittion cost to convert 1t into value terms, and an inventory-
carrying charge [per -ent per year) 1s applied to the latter,

The expression for Xoy £lven before, can be rearranged after squaring to
yield the equality at the optimum:

dE/XO = xO.K.l.(p—d')/?};

thus yearly set-up charges are equal to yearly inventory-carrying costs at
the optimum., For the derivation of optimal length of series, see for
example Starr (1964).
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single run, and the expression (p-d')/p is the ratio of product accumulation to
production. Total yearly sew-up charges, expressed as (r).(;), thus increase only
as the square root of yearly demand and the set-up charges per unit output
correspondingly fall with the square root of this demand. At the optimum, yearly
set-up charges are exactly equal to yearly inventory-carrying costs; thus by
doubling the set-up charges, the inventory-carrying costs can be exactly accounted

for.

46. In Models 1 to 3} yearly set-up charges have been treated as fixed: it has
been assunea that if a given listed product is not prodrced, no set-up charges
would be required; while if there is production, the entire yearly set—up charges
would be incurred, regardless of the actual amount produced. This is an approxi-

mation to the more complex engineering description.

47. As yearly demands of the listed products, excepting those of intermediate
inputs, are in the first instance agsumed to be exogenously given, the choice in
regard to each listed product is generally narrowed to two alternatives: the pro- |
duct is either not produced at all, or it is produced at the maximu possible scale
corresponding to total yearly demand.1 Thus we can determine the optimal number
of production runs per year by a side calculation based on total demand; this
calculation will give Yyear.iy set-up costs. Thesge costs, 1f doubled, can be taken
to represent voth set-up and lnventory-carrying charges on a fixed, yearly basis.
The maximal production in the fixed-cost constraints (e.g. fll in Figure ?) must
now be set 1o a value that is larger than yearly demand to ensure that yearly set-

, 1
up charges are incurred only once.

48. The crucial simplifications employed in regard to the seriality of production
in Models 1 to 3 are now readily apparent. The first simplification is the con-

stancy of yearly demand; if this were made an endogenous variable of the system,

19/ However, see Chapter 7 for the problems introduced by intermed .ate inputs.

lé/ An alternative procedure is to provide tw- fixed-cost activities, one for
investment-type fixed costs, and the other for set-up-type fixed costs. The
tie~in parameter for the former can again be set to any value larger than
Yearly demand, while the tie-in parameter for the latter is the length of the
optimal series, derived by a side calculation. Then set-up costs will be
incurred in integer multiples, depending on the ratio of yearly demand to the
length of the optimal series. The procedure in the text is both simpler and
more exact, since the number of runs per year need not be an integer, while
the incurrence of yearly fixed set-up charges is inherently an integer (0-1)
variable,




1D/WG.10/?
Page 30

alternate degrees of tooling as well as the square-root function connecting yearly
set-up charges and yearly demand would have to be taken into account explicitly,
The second simplification is the approximate anticipation ot the productive
structure for the determination of the yearly number of production runs hy means of
a side calculation. As the corresponding formula contains Py the daily production
rate, a feedback exists between the structure of productive facilities (which
determines the production rate) and the optimal seriality. While this feedback

18 not recognized within the structure of the models, in the course of programming
1t 1s possible, none the less, to make some allowance for the feedback by means of
iterative revisions. Finally, the formula for the number of yearly production
runs, r, reduces all cosis to common monetary terms; in a programming model,
however, many prices are themselves variables that cannot be used for side calcu-
lations prior to solving the problem as a whole. Moreover in an integer program-
ming problem, the role of prices becomes subject to further qualifications, to be
discussed below. Despite these observations, the side calculation is meant to be
undertaken with prices that are assumed as given. Here again, lterative revisionsg
may be employed. It should be noted that this pricing problem 1s not peculiar to
the representation of seriality in the models; it will also be found in many other
aspects of the operation of the models. All these problems will be discussed
further in Chapter 10.
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6. "he representetion of resource olements: the simplest casge

49. Resource elements have been defined and discussed in great detail in an ear.ier
report by the New School for Social Research (1967). In Models 1 to 3 resource
elements enter in the simplest possible manrer, namely with completely specified
fixed and variable rassource requirements. " .,.g bey s the 1ssues of cont.exions with
cemi-quantiative programming data and of the local adaptation or resource elements
(the 3election of an optimal mach:n- park, the adoption of . proper degree of
mechanization and automation Ln regponse to varying capital/labour prices, and the
adaptation of the technology of production to the specific product assortment that
is being produced). Neveriheless, it is asserted that the present conceptualization
provides an adequate basis for more powerful generalizations which will be dis—
cussed subgsequently. The form of Models 1 to 4 hag been selected to provide an
orderly sequence of presentatior, as there are go many complexities operating simul-
taneously that they cannot be crammed into a single model that would -til} preserve

some degree of overview of the problem.

50. In Model 1 resource elements remain implicit: the cost of production for each
product is presented in fixed and variable parts, and all costs referrable to
resource elements are already included in the variable parts of these dollar totals,
thereby abstracting from all ind.visibilities in resource-element investments. In
Model 2 the costs associlated with maintaining capacities of specific resource cle-—
ments are broken up into nhysical 1nput flows for labour and materials and into
total capital requirements. When applying specific flow prices to the former and

a capital charge to the latter, these are then converted into yearly money costs.

All of these costs are expressed on the basis of a unit of resource-element capacity
which {s being maintained and are assumed to be fully proportional to total resource-
element capacity: in other words, the postulate of complete divisibi,ity (no
lumpiness, no economies of scale) is still maintained for all resource elements,

In addition, the machine park of a resource element (machine tools, hoists, furnaccs
etc.) and the required construction (buildings) are not itemized in the models: all
individual capital goods and other capital assets are expressed in money values only.

This will require generalization at a later stage to take into account the fact that
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capital goods required for production at a future date lead to a demand for metal-
working products at an earlier date. (A lathe is an output of the machine-tools
branch of the metalworking industry.) Implicit in the pricing process is the
assumption of exogenourly given prices for performing the evaluation of investment
requirements prior to the solution of the model; yet some of the required prices
are included in the model itself and enerpge only after the programming problem is
solved. Thus the solution has to be anticipated in part while formulating the
model. This problem is analogous tu the pricing problem discussed in Chapter 5.
It can be handled by maling approximate estimates of the anticipated prices in
formulating the model and revising these in an iterative fashion after the solution
is obtained. If, alternately, it were desired to make the pricing process endo.
genous, all capital goods and construction would have to be itemirzed individually

and balanced specifically within a multi-period model (see Chapter 10),

51. In Model ! the assumption of perfect divisibility of resource-element capacity
is superseded by the more realistic assumption that economies of scale exist in
regard to such capacity. These economiee of scale, within the confines of a static,
single-period model, do not refer to the activity of constructinsg or expandins these
resource elements, but only to the total yearly costc that are asc>ciated with main~
taining given total resource-element capacities. There is reason to believe that
total investments in the process facilities of the metalworking industries (and

thus the yearly capital costs) a.e related to the size of these facilities (i.e. to
the total capacity of a single facility) by means of a relationship of constant,

less—than-unitary elasticity, of the form:
o~ \@
1(1/1(2 - (Sl/o?) y, O« el 1

where
K.,K, total investment in process facilities (resource-element
capacity) at two different sizes (capacities);

5.,5, the corresponding rerource-element capacities;
° elasticity, a constant exponent in the formula,

52. This relationship is shown in Figure 5 in natural and in logarithmic scale
units; in the latter, the relationship reduces to a straight line. FEvidence on the
existence of such a relationship is largel, indirect, and comes from the chemical-
process industries where it is firmly estublished (US Bureau of Fines, 1949; Aries
and Newton, 1955; Isard and Schooler, 1955; Chilton, 1960; UN - ECLA, 1963
Vietorisz, 1966). We also have quantitative evidence of a general trend toward
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Figure 9§
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Figure 6
Two linear approximations to a smooth function representin- constant
elavticity of invesiment relative to size: (a) fixed cost and a sine
gle linear se;ment; (b) three linear se/ments
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Thus four separate 1nequalities avolving two integer variables are required to
represent this approximation: afterpr complementation by a surplus variahble, each of
the inequalities enters the model ; the four inequalitieg jointly replace the single

tie-in constraint between X,y and x,. in Model 3 (row 27),
(f

53. The interpretation of the sequencing ronstraints 1o straizntforward,  Assume,
e.g. that the total capacity requirement is greater than OF and leads to a dupli-
cation of facilities, and that the second facility has to operate at a capacity

between OC and OD (see Figure 6). In the absence of sequencing constraints, ng
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(which has the lowest marginal cost zi) would be used to provide the entire required.
capacity at this marginal cost (with no fixed costs of any kind), a procedure con-
trary to common sense. “he sequencing constraints, however, intervene by forcing
both x(3 and x 3 to be used in non-zero amounts as soon as x}x is used; at this point
the integer varianles step 1n and force x(B/pi and 135 gl up to unity, i.e. the first

two segments are used to the full., If 131,9% rose above unity, this would force both

of the earller segments to be incurred twice; to avoid this, x§3/§$ is held exactly
to unity, x)3 ?1 is set to a value between 1 and : and thus x23,g1 is forced up to 2,
In sum, the first segment is incurred twice; the second segment, in the reguired
amount between 1 and ” times; and the third sefment, once., This is in accord with

natural sequencing.

7. The choice between domestic production and imports

with fixed costs present

54. Ve shall begin the discussion of this problem with the simnlest case presented
by Model 1, MNoreover, we shall initially relax the foreign-exchange constraint of
row 9 and replace it by the inclusion of the foreign-exchange cost in the objective

function at an exogenously given foreign-exchange rate. Thus th: obiective becomes

the minimization of total money cost, including the cost explicitly represented in
row 10 plus the domestic-currency equivalent of foreign-exchange inputs appearing in

oW 9.11/

55. Given these assumptions, the alternatives of domestic production and imports
can be individually considered for each product within the branzh represented by
Model 1. In particular, the full production cost, including fixed cost plus
variable cost at the level of total demand, has to be compared with the import
price m for each individual product.

56. With reference to Fijure 7 the choice between domestic production and importe
hinges on the level of total demand if domestic production costs and import prices
are taken as given., If total demand is at the level CA, imports will be preferred,
at OC, domestic production will be preferred and at OB the two alternatives are
equivalent, If the listed product in question sells only to exogenous demand

(i.e. it is not used as an input in any other production in the model), and if it

has no inputs of other listed products, the conclusion for this product in isolation

17/ The exogenous foreign-exchange supply b does not affect the solution as it is
a constant.
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Domestic production cost and import cost of listed products:
{a) average; (b) total
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is immediate. Often, however, the above restrictions are not true, especially if

several branches are considered simultaneously, and they thereby increase the impor-
tance of intermediate transactions within the model. In such cases it is still pos-
sible to arrive at certain conclusions prior to recurrirg to formal inteser program-

ming solutions,

57. VWhen the above simplifyins restrictions hold for all products, the choice
between domestic production and imports for the whole branch can be represented by
Figure ©. 1In this Fisure the listed products of the branch are lined up in the
order of their dorestic production costs per unit import value, showing production
cost at the scale of exogenously given demand for each product. The costs represen-
ted are average costs at the latter scale: the hyperbolically failing trend of
average costs (cee Fijure 7) for each product is not shown in Fisfure ¢ where it is
replaced by 4 straight line drawn at the level of averare costs at the stated scale.
Te horizontal axis measures the cumui.tive foreign-exchanse valie of exosenous
demand; the length of each step in the graph represents the roreifm-exchange value
of exogenous demand for the given listed product. Thus the distance OA represents
the total foreign-exchange value of demands for all listed products within the
branch measured at import prices, while the distance AB represents the total foreign-~
exchange value of demands for extrapolated products (the remainine products within
the branch), also measured at import prices. Thus OB would be the total foreign-
exchange expenditure if the demand within the branch were supplied entirely from
imports, with no domestic production at all. MNote that the extrapolated products
generally represent the most specialized and Jowest-seriality products in each
branch, which in the developing countries are likely to be almost entirely imported:
moreover, in statistical sources such products will almost never appear in incivid-
ually itemized form, but rather as a residual (e.z. "other machine tools"). Thus
the total foreirm-exchange value at import prices (total import value) is a con—

venient wvay of represerting these products in the aggreygate,

58. Average costs in Figure § are measured in national currency, and they are stan-
dardized by reduction to a unit of import value. For example, if an electric motor
cests /00 pesos to manufacture domestically, weirhs 2% “ilogrammes and can be impor-
ted for ‘looig/then the domestic manufacturing cost is 200/25 = { pesos per

kilogramme of weight, or (calculating in the same way) 2007100 = 2 pesos per £ of

18/ The "peso" is used here as a national-currency unit, and the pound (£ ) as the
unit of ‘oreisn exchange.
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import valus. The latter measure is graphed in Figure 8, When the foreign-exchange
rate (e.g. 5 pesos perg) is traced in at the level 0G, the production-cost profile
nf *the branch immediately discloses those products which are cheaper to produce
domestically and those which are cheaper to import., If the foreign-exchange rate
changes te a higher level, e.g. to OH, more products become atiractive for domestic
production: in fact, all listed products plus about one-half of the extrapolated
products (measured at import value) shculd now be produced domestically. The crucial
question of how to derive the part of the production-cost profile that represents
the extrapolated products, without recurring to the (almost impossible) technique

of listing and analyring these individually, will be discussed in Chapter 8.

99. Pigure 8 illustrates a related but scmewhat more difficult problem. Supposing
that the foreign-exchange rate is not given, but is made into an endogenous variable
of the =ystem, and that instead the branch is provided with a foreign-exchange
allocation: how is the choice between domestic production and imports now to be
undertaken? With reference to Figure 8, we assume that the foreign-exchange alloca~
tion is CB. The problem now becomes similar to the well-known mathematical
"knapsack™ probla-u)/ and can be solved approximately by starting with full domestic
production and successively selecting products for import in the order of decreasing
domestic prodiwtion costs until the foreign-exchange allocation is exhausted. In
Figure 8 this occurs at C. In this example the foreign-exchange allocation CB
happens to coincide with a step "riser" in the profile of domestic production costs,
and thus the solution is exact; the corresponding foreign-exchange rate can be
anywhere within the limits of the "riser" near the level 0G. I, however, no such
coincidence occurs, as with the allocation C'B that cuts a step over its horizontal
stretch, the domestic production of the corresponding product must be undertaken
at a scale that is less than the full exogenous demamd, and the level of average
costs will rise.

60. The approximation is a good one so long as the production rate of the last
domestically produced product is close to the product's total demand. In fact, the
rise of average cost times the actual output of this product provides an upper bound
on the size of the error which might be committed. Figure 9 gives a numerical
illustration of ths kind of error that can occur. With a foreign-excharge allocation

19/ See for example Dantzig (1963), 517 ff. The difference between the knapsack
problem and the present problem is that in the knapeack problem production at
a reduced scale (and elevated average costs) would not be possible; the choice
for each product would be of the all-or-none kind.
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(CB) of six units the approximite solution is to produce products (5), (4) ana (3),
the first two at full scale, the last at a reduced scale of two units, If the
average cost of (1) did nct rise, the total production cost for the three products
(the area under the averags-cost profile) would be nine units: with the indicated
rise DLFG (Fipure‘» the total cost is twelve unite,  Thus, in this case, nine unite

offer a lower bound on the current optimal solution, and the twelve units offer an

upper bound. That the latter solution 1s not optimal can readily be seen by select-
ing products (5), (4) and (:) for domestic production, each at itg full scale,
Jointly these provide just enoush domestic production to meet the forei;tn-exchan; e
limit, and their total production cost is only eleven units. This is the optimal
solution. In ligure 9 the shaded area DIFT represents the cost increase over the
lower bound due to the rise of average costs at a reduced production scale of
product (3): this cost increase of three units is a bound on the possible error.

In the same figure, the area HJKL represents the cost increase over the lower bound
that occurs when the production of product [0) at tull seale 1s substituted fop the
production of product (3) at its original averare cost that defines the lower bound,
A comparison of HJKIL with DEFG shows that the fommer is only two units; thus the
corresponding solution is better than the solution obtained by the approximating-

procedure.

6l. Figure 9 also shows that , no matter which of the .wo solutions is chosern, the
role of the foreign-exchange rate as a guide to resourve allocation is compromised,
If the approximation is used, the exchange rate rises to 4.9 units; at this level

it directs the inclusion of product (2) in domestic production, If the latter is
included, the foreign~exchange rate drops to four units, and the production of pI™ -
duct (3) is discontinued. However, at this exchange rate the production of (3) at
its full scale (avarage cost = 3) appears attractive, and in a decentralized
decision mechanism it will be uncertaken, even though this leaves a large foreign-
exchange slack and raises total production costs to eighteen units. Specific
quantitative controls have to be introduced in either case: with the approximate
solution, to keep the production scale of (3) restricted to twn units and to keep
(4) from being produced; with the optimal solution, to keep product (3) from being
produced at all. None the less, the exchange rate still offers a valid Fuide for
products (1), (2) and (5); if the problem were enlarged by extending the cost pro-
file upward and downward by a number of additional steps, the exchange rate could be
relied upon to control the majority of decisions with the exception of products (3)
or (4) which would etill require quantitative controls.
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Figure 9

Approximate and optimal solution to foreism-exchange allocation pro=
blem: (a) profile of averape costs for branch; (b) comparison of_al-
ternate solutions
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62. What happens if intermediate inputs of listed products 1nto each other are
re-introduced? We shall first enquire into the production—versus-import choice
under a given foreign-exchange rate. The problem centres on (a) how to price
intermediate product inputs into a given listed product; and (b) how to determine
the market expansion for a given product due to sales on intermediate account. To
begin with, inputs of other lIisted products into - given listed product can bhe
accounted for at import prices: this putz an apper Limit on production custsg,
since in these Programming models no product will he produced domestically at cogt
levels exceeding import prices. 3econd, the —~osgt comparison can be made at the
level of exopgenous demand which ~annot be lower than the Tevel of tota] (anludxnr
intermediate) demand. Under these conditionsg any product showinges 4 cost advantyre

for domestic production will certainly be domestinally prodiuced.,

63, Table » tl1lustrates thege principles.  The modal 1n Table o oas orpaniced an
accordance with Mode] I, except for the omiszion of the extrapolated products,

The maximum production seale for each domestin production wetivity 16 assumed to b
lower than 100, thus fk) 13 set to 100 for al] products.  In making the aApproyimia-

ting computations, nowever, f 15 at all times set oqual to the actuad production

K i
scale; this production scale, n;ua]s the known or estimated amount of demand.  Thus
average cost is E/d, where d ig initially the exopenons demrnd. In Table 7 the

first tabulation of calculations sets d to exogenous demand for each product and
values all intermediate inputs at import prices. inder these conditions, only pro-
duction activity 2 attains a domestic production-cost estimate that 15 below import
cort: 4.07 as compared with 5. Thus we can say that product (2) will be domestically

produced.

64. Products failing to meet the above test can still meet the import-cost line (a)
if their average variable costs are sufficiently reduced by accounting for inter-
mediate inputs at lower domestic production costs rather than at import costs or

(b) if their seriality is sufficiently increased by selling to other production lines.
These adjustments can be carried on in combination in several rounds until no further
improvement is possible by this technique. In Table ? there are two rounds of ad-
Justment. In the second tabulation intermediate lnputs are re-priced to allow for

a decrease of the cost of product (2) from 5 to 4.07 unity which brings the produc-
tion cost of product (1) velow the import price of this product: 3,4/ versus 3.50
units. The production cost of product (4) also falls, but not sufficiently to meet
the import-price line. In the next round, the intermediate input requirements of
both products (1) and (2) are added to exogenous demands, and intermediate inputs of

these products are valued at their domestic production costs. Resulting from this
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Table 2
A numerical illustration with intermediate inputs

Domestic production uxopgenous
Variable oost Fixed cor? Import demand
L1 ] -17.2
4 Y 1 .1 1 ~13.0
3 . i .l 1 - 5.8
| .2 s i 1 -31.9
) =4 =4 -5 -2.5
[& -1 = J -1.5 =20 ~10 =17 -1C
. ) ﬁl—? _b 1 1
Lo \
) e 1
L) - 1—}? 1
. 1 ’ ' : ) 6 7 A 9 10 1n 12 13
Lxopanous demand, mport prices
1 3 4
Mo L R0 250
kod 1,16 W1 s 31
3 1.o0 o0 2.00 1.50 1 2 3
| - - .70 - demand, estim. 17.2 13,0 5.8
1.00 - - n0 production, groes - - -
y - 10 - .40
i 20 2 o _
1.006 joul e he W71
Uxopenous demand; adjust prices to production of lieted producte (2)
morpo 350 80T A0 0]
K, d 1.16 ¥ 54 !
3 oo Lo J.00 . 50
1 - - e - demand, eetim. 17.2 1).0 5.8
Y - - @ production, gross - - -
! - o - .30
e L =
Wty .07 0 262

}. _Add to exogenous intermediito inpute of (1) and (2); adjuet prices ic production of (1) and (2)

I N T

kd .10

K 1.00

i -

' A

1 -

¢ -9
.47,

4. Uimultaneous final solution:

I
W0l
2.0

=

o2

1,01

S enu]
1.79 .6
L0 1.50

N -
- A1
- » 30

demand, estim.

production, gross

production scales for all products

R

k 1,00

k 1.00

1 -

' .14

1 -

! 220
1,24,

2

11
.

L0

full

122049
107 PN
A 1.50

65 -

- Y

- 37
3.72, 2.49 v

demand, total
produotion, groea

17.2 16.4 8.4
17.2 16.4 -
20 21 14
20 21 14

Balance for listed produots

foreign exchange

" " money coste

Fixed-coBt tie-in conatraint

31.8

31.8

37.8

40

PV

B o N e




ID/WG.10/2
Page 45

Notes to Table 2

The model follows the format of Model 1, except for the omission of extira-
polated products., There are four domestic-production activities, each comple-
mented by a corresponding fixed-cogt activity, and four import activities. Exoge-
nous demands of the listed products are given in column 13. Balances are provided
for each listed product, foreign exchange and money cost; tie~in coustraints
connect each production (variabls-coet) activity with the corresponding fixed-cost
activity, The usual f, . coefficients in these tie-in constraints are get to 100
for every product, ThéJobjective is to minimize the sum of money-costs and
foreign-exchange costs, where for the sake of simplicity, the foreign-exchange rate
is pre-set to unity. Thus rows 5 and 6 can simply be merged into a single
objective-function row.

In tabulation 1 the demand for each product is set to the exogencus denand,
and its price is set to the import price. Average fixed costs (E/d) for each
product are calculated by dividing fixed cost by exogenous demand. "k represents
variable money costs, and rows 1 to 4 represent costs of intermediate listed~
product inputs, each accounted for at its import price. The sum of production
costs thus obtained is then compared to the import price: e.g. for product (2)
the production cost ig 4,07 and the impor: price 5.0; thus it isg immediately selec-
ted for domestic production, while the other products are not,

In tabulation 2y the price of product (2) is dropped to 4,07, while demands
are regarded as unchanged (for the moment)., FProduct (1) now ulso shows an advan—
tage on production,

In tabulation 3 allowance is made for the expansion of production due to
intermediate demands and for price reductions, 1In general, the calculation of
total production scales and of prices of domestically produced commodities requires
a simultaneous solution for the latter, but the input-output structure here is
simple enough to permit a slep-by-step derivation. Products (3) and (4) are still
cheaper to import,

In tabulation 4 the results of the optimal solution are given. To obtain
this solution, it is necessary to assume that the simultaneous production of (3)
and (4) in addition to (1) and (2) will make both (3) and (4) preferable to
imports. The calculation confirms this,
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the estimates of production costs for products (3) and (4) decrease, but since
neither of these two products manages to meet the import-cost line, the adjustment

process comes to an end.

65. Nevertheless, this 1s not necessarily the final solution, for several products
in combination may sti1ll attain an advantage for domestic production. This will
occur when the intermediate markets which they provide for one ancther will allow
expanding production sufficiently to reduce the nosts of the intermediate inputs
below the import prices, and at the same time, due toc the cost savings achieved by
using lower-cost 1ntermediate inputs, to reducze the prices of the input-itilizing
products below the import prices (whlch is a condition for the creation of the pos-
tulated intermediate markets). !nless the interrelations between nrodiatts are
sparse, the number of possitle combinatizns will ve ton large to explore without
formal integer programming techniques. In any event, the tusrden of solution on the
programming problem can be greatly reduced through a preliminary weeding out by
means of the former techniques of otvious domestic production possitilities; the
corresponding 1mport activities can then be dropped and the fixed costs of domestic
production made exogenous in the tie-in constraints: this cuts dcwn the number of
integer variatles. In the problem of Table Z, for example, once it 18 decided that
products (1) and (2) will be domestically produzed, the only remaining combination
to be explored is the simultaneous production of products {3) and (4), since the
third round of calculations excludes both of these from being added on alone. The
fourth tabulation in Table 2 shows the recults of such a simultaneous solution for
the domestic production of all four listed products. The resulting domestic pro-

duction cost for each product 1s now below the import price.gg/

66. One feature of these computations merits further notice, as it calls attention
to the nature of pricing in the presence of fixed costs. We have done the obvious
thing by adding average fixed costs to variable production costs for each production
activity. This, however, is not necessarily in formal accord with the specification
of the model in linear programming format. In the latter fcrmat (see Model 1) frac-
tion l/fkJ of fixed costs is addad on to variable costs;gl/ this equals average fixed

cost only if the solution value of the scale x of the corresponding variable-cost

20/ A similar numerical model of fixed-cost interaction in the iron and steel in-
dustry, based on Latin-American data, has been discussed in detail by Chenery
(1953.

21/ 1If a product is de facto produced, the price-variable calculated for the fixed-
cost tie—in row #ill equal the fixed cost itself; this price will then enter
the value balance of the variable-cost activity.




activity happens to coincide Wwith the pre-set value of the parameter ka. Such a

coincidence can be achieved in the present illustration by hindsight 1f the fk

parameters (all of which are 100 1n Table o) are re-set to 20, 2}

) y 14 and 40
respectively, figures which are the productisn scales 1n the simultaneons soltution.
If this 1s not done and the m>del 1s gn]lved Uy integer Programming with tre riginal
fkj parameters, ‘he productisn scales wWill st1ll te the same and all fixed ~ st3 will
be incurred as v tilred, but the price solution wWill te quite different ang will no~e

1 TR

have the simple resource-allocating functions ascribed t5 prices in lineir . and

ale)

generally, in convex) moidels.~>

67. The questinn now arises: 18 1t pissible orp ugseful to recur t, the slmple
analysis of the productisn-->st f5r a vpanch {28 shown 1n Fipire 47 [~ the prosaen e
of intermediate inputs? In practice, tre answer t, this question hinges i the
degree of :r*or ornec:om tetween the products. In the metalworking soctor the
structure of interconnexions is known t- be very sparse: the majority of metal-
working products are not required 1n the productisn of most of the )trer metal-
working oroducts, with a few specific exceptinns., Thus semi-fabri-ites form a chain
in which the linkage 18 highly specific and there are at most 4 few branchings only:
€.g. a given clutech assemb’y may be used in more than one machine, bat 1t wil) 45
be used in all the sther hundreds »f thousands f metalworking products. Some pro.-
ducts are much more widely used, e,g. nuts, tolts, bearings and elestric mators,

For these we can take advantage 5f the fact »f their wide distritution and relate
their requirements to aggregate levels 5f branches within the sector, rather than
linking them »ne by one t5 individual products. Thus the 1nput requirements of many
metalworking prcducts can be costed out on the basis ,f reasonable preliminary
guesses about ‘he choice between produstion and imports which can be confirmed or

corrected in a second round of calculationsg.

68. The method of constructing a production-cost profile for each tranch i1s thus a
highly useful pragmatic approximation that can relieve the formal programming models

of a large fraction of the total burden of a detailed solution. There will be only

gg/ With the f_ parameters re-set by hindsight, the linear programming model
will achievé an optimal solution in which all fixed-cost incurrence activities
appear with integer (unit) scales without any special mathematical devices to
exclude fractional values. Otherwise fractinnal solutions have to be progres—
8ively weeded out by introducing new constraints (for example, Dantzig, 196},
Ch. 26). Each new constraint introduces a new price variable into the solution
whose role is ambiguous from the point of view of resource allocation (Gomory
and Baumol, 1960),
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comparatively few cases in which large interactions between specific products will

be evident enough t» suggest the need for a simultaneous solution; these parts of the
total problem can be relegated to solution by formal integer programming models.
After an import-production chonice 18 effected bty the latter means, the production-
coast profile »f each branch can still te traced 3ut for purposes of foreign-exchange
allocation (if required) or for a vranch-by-branch consideration of extrapolated

products.

3., Bxtrapslated products

69. We can now return to Figure “ taking 1nt) ~onsideration that part of the diagram
which refers to the extrapolated products »f a branch., With the diagram as drawn, an
appropriately high fireign-exshunge rate (5r 15w f:reign-exchanee :llocation) will
push import substitution within the %ranch bveyond the individually listed praducts,
and will ~ut into the extrapolated range AB. If {and this 1s the -rucial point) we
know the trend »f domestic production costs per unit »f i1mport value for the extra-
polated range, we shall immediately be able t> identify the desirable extent of im-
port substitution, AD; mrreover, if there is a foreign-exchange allocation (rather
than a fixed rate) we can als> determine the now variable foreign-exchange rate.

70. First, t> pass over a formal point rapidly, the continusus cost trend represen-
ted by the curve JFK (Figure 3) might be included in the models as such: this would
transform these models into nonlinear programming models, for the solution of which
(provided they are sti1ll convex, as :n the present case) there are several convenient
computational methods. For purposes of presentation {and often f-r computational
purposes as well) it is just as satisfactory to approximate the curve JFK by a step
function (n»t shown). The closeness of the fit can be adjusted to the requirements
of precision imposed on the model. In Model 1, for example, this approximation
involves just four steps. Formally, the cost profile for the branch is then trans-
formed into a step function along its entire length; the steps, however, have a
different meaning in the listed-product range than in the extrapoclated range. In

the latter they play the role of "virtual" products whose number, cost level and

step length ("demand") can be adjusted to the requirements of an acceptable fit;

in the former, however, they are specific individual products with given levels of

demand.

71. How do we derive the extrapolated part of the cost profile, JFK? Within a
branch we will be able to list individually those products that are predominant in

production or imports. We assume that there is a sharp asymmetry in the frequency



distribution of these individual products, so that if a branch contains, say,

5,000 products, the first 100 or 2 per cent »f the products within the branch might
represent 60-70 per cent 5f the total demand. For shavenience, in the plit Hf
Figure " t»tal demand s expressed at import vailues, 1n the £ 1m o€ ¢4y frreireon—~

exchange refuirements. [f we list tne first 700 1ndividial prodiucts they misht ~over
/
4

< <

(hopefully} some "%~JC per cent >f the demand within the HrAnoh, —

72. The coHst trend >f the listed prodicts 1s assumed t - o Tisiag Por otws funda-
mental reasons. First, as more and more rare and specialized products re s nsidered
for productisn, their seriality will re correspondingly 1ower, thereiy raising their
domestic production nosts per unit of phvsisal sutput, <8 per tmn. Yet this ty
itself wiuld nst te ens zh t> give a risiag a8t trend = .o pitted: per npt F
import value if import prices per t-n alsos rose corres itinelv. It 1s, however, -+
reasonable suppositisn that 1mport prices will not ris: *5 the same extent, for 1in
most developing ~»untries the internal demand for eazh >f these individual products
will be considerably less than the scale at which tvpizal production units within

the world market are producing; thus while there ig a Sseriality decrense thth in the
domestic market and in the world market, this decreise 1s apt t, te sharper within
the domestic market. Only the largest industrialized countries ~an ne gafely assimed
to be exempt from this generalization. OSecosnd, as a product becimes more specialized
and sophisticated it emb-dies a larger proportion of higher-grade technical produn-
tion skills: these again are assumed t7 be proportisnately higher priced i1n a
developiag country than in the advanced industrial areas serving the wirld market.,
Fer both of these reasons domestic productinn costs can b expested to be rising
sharper than import prices and thus the cost profile of a branch plotted >n the bas: s
of unit import value will also be rising. The munotony of this rise is assured by

lining up products in the proper sequence,

73, These consideratisns apply t> listed and extrapnlated produsts.  If the mngt
frequent and highest-value pruducts are listed individually and lined up in the s rder
of increasing production =nsts per unit »f import value, there is g0d reszgon t-
expect that the remaining products which are n-t listed will cost more ts produce
and will continue approximately the trend nbserved to the left ~f print J on the ~.ug.

profile. (This can of course be subjected to empirical testing in a number »f

g}/ This is confirmed in the case of one branch - electric motors - for which a
Pilnt study has been undertaken (New School for Social Research, 1%67).
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concrete individual cases.)gﬁ/ It is more difficult to anticipate how the trend
will change as we cut further into the extrapolated range. Figure 8 illustrates a
sharp up—turn of the trend as 100 per cent import substitution 1s approached. This
is based on the common senge congideration that 100 per zcent import substitution in
say, one of the smaller African or Latin Ameri~an develouping countries would involve
the production of 1tems such as jet planes whose cost {1f one could even speak of a
reasonable ~ost estimate) would certainly be nutlandish. In any given concrete
instance 1t should be possible to arrive at a reasonatle estimate of the order of
magnitude of production costs for groupe or classes of products within the extrapo-
lated range by relying on the combined ) dgemsnt of e~onomists, planners, enterprise
managers and other perscns familiar with the local economy and in ~lose contant with
~urrent operations of the metilworking sector. While this admittedly briags plan-
ning for the branch back into the realm of judgement and 1ntuition (from which
formal planning techniques were supposedly called upon to rescue 11), the range of
exclusive reliance on this art has been decisively narrowed none the less, and a
much 1mproved foundation has been laid from which juderement and 1ntuition can take
their departure. In any event, the break-off point 1n many branches wil! some
before the extrapclated range 1s entered, and 1n those bhranches whaere this 13 not
the cage an effort can be made to expand progressively the list of individually

listed items until the amoant of extrapolation i1s reduced or eliminated,

/4.  In both Model 1 and Model! ?, the activi.ies associated with the step function
of extrapolated products are not tied to any fixed-cost activities. This, of ~ourse,
does not imply that extrapclated producis have n> fixed costs; on the coun*rary, high
domestic production costs for individual items hinge 1n many cases precisely on high
fixed costs 1n relation to the length of the potential production rin. In the sec-
tion JFK of the cost profile (Figure 8), however, each individual 1tem contributes
only a vanishingly short sost-step of 1ts cwn, over which .as 1n the range UA of the
same graph) production 20ost3 per unit import value are assumed to remain constant,
with unit fixed ~nste at the level determines by total demand for the 1tem. The
decigion 13 then whether to produce the 1tem at the full szale of 1ts available
demand or not to produce it at all, Due to the very short step associated with each
individual item (rot with the approximating ster function) we do not rave to worry

about less—than-f.ll-g:ale produstion (as in the range OA). Thus fixe: ~osts are

24/ A similar trend for ~apital requirements within a branch has been rostulated
in a model by Thenery, 1359 (see also Chenery and Kretschmer, 1956), based on

o

Italian data.
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merged with variable costs over the entire length of the stretch JFK, and when this
stretch is approximated by a rough step function, thege approximating steps no

longer require fixed-cost tie-ins.

75. In Model Y the balancing »f limited resource-element capacities makes 1t
prlessary Lo reciur to some estimate of resource-element use by the extrapnlated
products. Strintly speaking, the same problem on~upes also tn Model I but there it
can be by passed :y assisming a direct money ~ost 4o reﬁozrtﬂ*eicmentnwapanxty
usage, since by assumntion sush Tapacity zcan be provided in this model in any
fractional amount reqiired. Thig 15 10t the ~age 1n Model 'y where the demand for
certain rcapacities generated within *he extrapslated range 9f o number of bri whes,
Lf 1emored, aicht seriously affast the oo P lemente apo by ] intes. AL

the probtlems that nave teen mentioned 1n - mexron With the extrapolation of money
costs will be pregent t» an even greater axtent whon the extrapolation of require-
ments for individial resource-element capacities and direct material inputs 1s
attempted. All that can be said here 1s that 1t 13 probably best to by pass this
problem in deriving a tentative solution, whisn will then ~all attention to thoge
resource-element capacities for which an accurate estimate 1s egsential. [n a
second round, maximum effort can be consentrated on improving the accuracy of the
corresponding estimates, and a new solution will accordingly be derived Lncorpora-

ting an allowance for these capacities used by extrapolated products.

. ranizational resource 8
9 Organ tional ource element

T6. Models 1 to 3 represent an oveirsimplification in one highly important respect:
the omission of organizational resource elements. Thege consist of groups of
engineers, techniciang, administrators, market specialists etc., required to under-
take the engineering, design, marketing, rescarch and development, planning and
administrative functions within individual enterprises and branches of the sector

or within the sector as a whole. The exact location of some of these functions is
somewhat ambiguous., In every country, even in those with the strongest committment
to a markst economy, there are imporiant regearrh functions supported by resourreg

in the public domain that benefit many 1adustrial enterprises., For example, in the
United States of America the Bureau of Mines has long engaged 1n i1ndustrial research
and devel :pment work, and of courge there are many kinds of public support channelled
to the universities that are prime sourcee of fundamental technological advances.
Many of the above functions, on the other hand, are located in individual

enterprises.
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77. One of the most important attributes of these functions is that for their
successful performance they require a group cf skilled technicians forming a
"eritical mass" which has to reach a certain size and diversity before it can pro-
perly discharge its functions. For example, the production of agricultural machinery
presupposes technical competeiace in the running of a variety of productive processes,
adequate research and desien skills, contact with markets and sales channels and so
on. There is some flexibility in these requirementst for example, design skills
can be replaced ty reliance on tne licensed production of foreign designs, and the
group of skills as a whoie can be scaled down if aspirations of meeting world market
standards are lowered to simple import-substitution goals. The si1ze of the group,
however, i5 more or lesa independent of outpit up to a fairly large total volume and
cannot be scaled down in propcrtion to reduced output needs. Hence the concept of

"~ritical mass".

78%. The simplest way of including these functions in the model is to treat them
analogously to resource elements that serve specified groups of production activi-
ties. Thus a unique organizational resource element may be associated with each
branch so that avery activity of the branch draws on the capacity of this resource
element. The critical-mass aspect can be readily represented by providing for

large fixed-resource components tied to the rcapacity-maintenance activities for
these resource elemwntz, This still :llows for an arbitrary marginal cost for main-
taining larger capacity, and permits a cutoff at gome maximum capacity in the same

way as has been discussed in connexion with physical processing capacities.

79. With reference to Model 3, rows % and 9 can be re-—interpreted as vrganizational
resourca elements assyciated with the two branches. If row 3 is to represent the
organizational resource element associated with the first branch, then the entries
in row 3 between columns 12 and 22 are dropped; analogously, 1f row 9 1s to be
agssociated with the second branch, entries in row 9 betweern csolumns 1 and 11 are
dropped, Direct material inputs now become irrelevant, and all entries in row 10
are likewise dronped. (For 1llustrative purposes, we are now assuming that there are
n> scarce physical-processing resource-element capacities. In a prac.ical model, of
course, the organizational ressurce =lements would be added on to the model rather
than replacing existing phvsical-pricessing rasoyurce elements.) - lumns 25 and 26
agaln represen®t the firxed resource inputs: among these, capital will now play a
more satorrinate role (assoniated with sucn 1tems as typewr.ters or computers), and

the principal cntries will be new coefficients in more detailed labour-~lassification

rows (at pregent there are only two classes of labour, rows 1l and 12). These
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fixed labour resources represent the "critical-mass” aspect. In an extreme example,
where a technical group of a given size with no expansion at all, can service any
volume of production within the branch up to a stated limit £y all resource-
requirement coefficients in columns 23} and 24 {which are the variatle—-cost activitieg
for capacity maintenance) would bte zero in the relevant resource rows {here, rows
11~15). In a less extreme 1llustration 1t may be assumed that there will be gome
expansion of the technical group with the volume of production in the tranch,
making these same coefficients somewhat larger than zero. [n both ~acey 7  repre—
sents the capacity limit of the technical group serving branch J; beyond tgxn limit
the technical group has to be duplicated rather ihan being further expanded, All

of these aspects are simple extensions of the behaviour of ordinary phyvsical-

processing resource elements.

80. It is not necessary to tie tecnnical groups to individual branches. Some may
be tied to groupings less comprehensive than a branch, others mas interconnect
several branches. The principles involved are not affected by these pramatic

variations,

10. Discontinuity and feedback in the models

81. Prior to a final generalization of the contept of resource elements and their
interconnexion with the resource concept of the semi-quantitative proegramming stage,
we have now arrived at the point where a crucial programminge principle concerning
economies of scale and 1indivisibilities can clearly be set forth. This will be
referred to as the principle of minimum unavoidable disoonfxnthyzz/: no variable
in a model or i1n a programming procedure shculd be treated as a discontinuous
(indivisible, integer) variable unless the estimated error committed by treating 1t

as a rounded continuous variable exceeds the permissible error limit,

82. This principle is Jjustified on three grounds., Most obvious, but not necessarily
the most important, is the computing aspect. Integer variables impose an utterly
disproportionate burden on computing facilities. It is not difficult to find
relatively small problems (with about 50 integer variables) that will run for hun—
dreds of hours on the largest available computers without arriving at a precise
optimal solution. Since most of the data included in programming models as para-

meters are subject to considerable errors of their own, it 1s scnseless to insist

25/ Such a principle is implicit, e.g. in Vietorisz (1965).
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on solutions in integers when solutions that are no worse in terms of over-all
reliability can be arrived at with greatly reduced effort.

£3. The second and more fundamental ground is connected to price mechanism and de-
centralization. Forced integer solutions (i.e. solutions in which certain variables
are forced by special mathematical devices to assume integer values) generally play
havoc with the simple resocurce-allocating functions of a price system. FEven after
such solutions are arrived at, it is not possible to define prices that will effec-
tively decentrai:ze all detailed decigions without, at the same time, relying on
specific quantitative controls that will 1imit the options open to the decision
units. (See for example, tne discussion of Figure 9, para. 60-61.) The more
variables can be Lreated ag o ntinuous, the fewer will be the instan:es in which

quantitative controls have to play a key role,

“4. The final ground, related to the specification of programming models, follows
from the discussicn of the role of prices in the models., Tt has become clear while
discussing the detailed operation of the models that many aspects of reality can
best be approximated by trial-and-error golutions. In other words, there are many
feedbacks betweean the variables and the parameters of the models that could be made
endogenous (i.e. modelled explicitly) only at .he cost of intolerable complications
introduced into the models which would make them next to impossible to compute and
would moreover render them utterly opaque to the intuition, FEven as it is, these
models are ccmplicated enough, requiring a real effort to fcllow their workings
intuitively; yet a model, in the opinion of most practical planners, should never be
relied upon unless its workings are transparent encugh to be jugstified at least ox
post on a common-sense basis., Now these trial-and-asrror approaches hinge on pre-
liminary guesses concerning the solutions of the models, guesses which are built
into the specifications of the models prior to starting the process of their solu-
tion. They almost always involve prices. Thus it is of the greatest importance to
safeguard (in so far as possible) the role of prices within the model, even when
this is accompanied by some sacrifice in terms of the error committed, rather than
to disorganize utterly the simple resource-~allocating functions of a price system

by insisting on procise combinatorial solutions throughout.

85, In terms of the discussion of the foregoing sections this principle is trans-
lated into practice by treating as many as possible fixed-cost incurrence scales
a8 continuous variables. In regard to the production of listed products, the effect

of this procedure is to reduce average costs to level steps (such as are shown in
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the cost profile of Figure 8) which distribute fixed costs over the largest estimated
production scales; and in regard to resource elements, it allows capacity to be pro-
vided in exactly the required dosages. The latter is also the case in regard to
skilled technical groups that can be treated as "organizational® regsource eclements,
Thus quite early in the practical definition of the models it is convenient to work
out trial solutions whose purpose 18 to gegregate approximately the fixed costs that
will be treated as continuously-divisible variables from those for which this would
result in excessive error., As error estimates are possible only for the mode! asg a
whole, this has to be done largely on a common-sense, pragmatical basis by compar-
ing solutions that are optimized in the presence of insufficient restrxctlonszé/
(and thus contain fractional solution values for inherently integer variables) with
other solutions that observe all constraints including those of integrality, but
that are not necessarily fully optimal.g‘ The difference between these bounds 1s
an estimator of the over-all error that 18 being committed. No recognized method
exists for estimating errors due to individual variables that are being treated os
continuous even though they are inherently of the integer kind; thus the reduction
of the over—all error to tolerable limits by a skilful gelection of those variables
that are de facto treated as integer variables involves a considerable exercige of
judgement and skill. Needless to add, the derivation of the multiplicity of trial
solutions involved in such a procedure, many of them involving integer variables,
is greatly aided by a high-speed computer.gg/

11, Resource-element definition and 1 inkage
to semi-quantitative work

86. So far, the machine park and other characteristics of each resource element in
terms of +hich the models are formulated have been assumed to be axogenously given;

yet it is clear that the selection of the proper resource elements according to the

gé/ Technically, such golutions are termed as "dual-feasible™. Linear programming
solutions to integer programming models are always of this kind; so are solu-
tiorsg obtained by certain integer programming algorithms (e.g. the Gomory
cutting-plane or all-integer methods: Gomory, 1958 and 1963§ when these algo-
richms are interrupted before they reach the optimal solution. Since the
latter converge rapidly to near the optimal solution and slow down more and
more the closer they get to it, they are particularly well suited to refining
the bound on the possible error that is being committed,

21/ Rounded fractional solutions are always of this kind. There are also other
algorithms for identifying near-optimal golutions, for example, steepest-uacent
methods modelled on convex programming, "branch-and-bound” methods based on a
clev;r narrowing of potential combinations, and others (for example, Hadley,
1967).

g§/ The reader familiar with syetems analysis will readily perceive that this ap—
proach shows more than a little resemblance to the supposedly quite distinct
method of programme choice based on computer simulation,
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conditions of development of a given country is a key aspect of the p! nning of the
metalworking sector and should therefore be made an inteeral part of the proerammine

process.

The task of undertakine the detailed specification of resource elements ties
programmin<s madels to their earlier stame Hf semi—quantaitative work thnt serves
preliminary orientation with resard to advantasenus new lines of production nand
productive facilities within the sector as shown 1n the report Hf the Hew Schonl
Soc1al Research (1967). Given the results of this preliminary work, the task of

specifying reasurce elements can be stated as settling upon precise representations
of the more reneral and comprehensive caterories of processins facilities, termed
resources, with which the semi-quantitative stase operates, In particular, 1t 1is
necessary to apecify the weight and seriality ranses »f wrkpieces that 4 resource
element can handle; the typical assortments of output that it can producej the

features of local adaptation, such as the desree of mechanization, which depend on

the comparative prices of labour and capitalj and others. Horeover, these features
have to be made concrete by specifyins the machine park and the material, labour

and other flow input requirements H»f each resource element.

38. At the semi-quantitative astage, programming data are developed which associate
individual listed products with inputs of intermedinte commodities (subassemhlics,
components) and with the requirements of processing facilities stated in terms of
the resources mentioned above, The available reserve capacities of the latter
resources are then surveyed for a given country, and clusters of promisins new
lines of production are selected by matchine the reserve capacities of resources
arainst the processineg requirements of various products. If the capacities of pro-
posed new facilities are added to the existines reserve capacities, then the resuli-
ing clusters of products, vhose production becomes advantaseous with the investment
in new facilities, can be used to judze the kind of capacity expansion that is
likely to be of the sreatest over—all benefit from the point of view of the sector
or the economy. As some of the most immediately useful empirical information con-
cerning the metalworking sector is now available at this semi-quantitative level,

it is all the more essential to connect the modelling stage to the preceding semi-

quantitative stage.

89. 1In general, each resource (casting, forging, heat treatment etc.) of the semi-

quantitative stage will give rise to several resource elements at the stage of
modelling. FEvery correspconding resource element will be adjusted to some range of

each key processing parameter, usually weight of workpiece and seriality. Given these
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ranzes, it is still neceasary to specify the desree >f mechanization and the typical
output assortment of a rasource element before it ia possible t> proceed with 1tn
eninaering desim and with the apecification of 1ta machine park.  As many partially

averlappins ranmes f the ke parameters are pogaiiloe, With mauy dosroes Sf mechant cae

tion and many kinda of preduct amsortmenta, 1t 15 o )ear that thore © 1d to o Lens,
hundreds >r perhaps oven th msands o f meaninefyl vartmte ! pegource aloments
agsasciated with o eiven femi~Tuontitstive ressvarce, I 1t as desired t o keen the
number of ressurce elaments within reason, sav t 1 tot il of parhaps 100 4 190,

then only a few maior catarories of resource elements can be assciatod with each
resource, and the osther variants have to be suppressed, The tuestion 13 how to per-
form this selectisn most affectivelv, without prejud=in~ the antire course of deve-

lopment of the sector,

0. For the sake of 1llustrating the problems involved, let us berin with » cluster
>f products that have emersed as promisine candidates for further consideration from
the semi—quantitative stage. Let us further suppose that the addition of medium—
heavy forsine capacity, for handling low t> medium seriality of sutput, t- tho exist-
ing light foreing capacity would open the door t- the domestic manufacture >t pro-
ducts within this cluster. At the seml-quantitative stare, however, these pre-
liminary indications have not been translated int> puantitative cost estinates, and
the precise interrelations between various products and capacities have not yet

been explored.

91, One of the first tasks in model building is the specification of the kinds of
resource elements which 1:il} appear in the model., Thus the immediate question ise
how do we proceed from the resources of the semi-quantitative stage to the required
resource elements? The question is of decisive importance since the choice of
resource elements may prejudse issues related to the degree of capital/labour inten-
sity, local adaptation and the possibilities of keeping up with technolorical chanpe.
Even if the kind of resource can be approximately characterized by weight class
(e.g. light, medium, heavy), seriality (low, mediwe, high, mass) and product assort-
ment (by associating it with a particular cluster of producta), the precise machine
park included in its design will still depend on the most frequently encountered
product weights, the most characteristic lengths of production runs and the nature
of the particular products on which price pressure is strongest and for which top
efficiency in production is most essential.
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1w The problema of rescurce-alemont specification are illustrated in Table 3.

The candidate nroducts surmest~d by the semi-quantitative 3ta,~e are repregsented here by
mat fhur items (4, U kilosrammesy B, 10 0, 00; and D, 140), an exceedin~ly small
numbar o :ompnared ath the dozens or evan hundreds that might be contained 1n typical
clusters; they w1ll, however, sufti-ce ¢ demonstrate seversl points.  Amons the

vari s critoria ot resoarce-eiemoent specification, the worsht vanse of products
handled by t}e "medium=henrry force’ hag boen singled ot for attention in this
exampla, It 1s assumed that, when restrictin- curselves to thas sole sriterion,

there is a ~hoice of throee variant-resource-ecloment desisms, each uith a fully
specified machine park and fl w-1aput pattern, labelled X251, ..., X33, The
corregpondin- assumed weir~ht rances Sf sutpat are 50=.50 kv, TH-350 ke, and

1o=500 k. The 1llustrative example contains 111 three voriants in a simplified
modol patterned on lodel 3 1t postulates that the altermative variants »f resource
slements are included side bv si1de in a model of the usual kind. It 13 emphasized

1t the outset that this is not intended as the swrrmested sperational approach to

the problem; 1f 1t were, the m>dels wrild ~rou in practice t> a size that would

deprive them »f all usefulness. The purpose »f the 1llustrative example is precisely

t> print out some available shortcuts.

13,  The model in Tabie 3} is -reatly simplified Uy omittin~ all except variable
sapacity inputs for listed products; moreover, variable costs for the resource-
element viriants are set to zer» and thus the latter are characterized by a single
fixed cost that vields a specified capacity, in this case 60,000 eﬁffective machine
hours per vear for each of the three vaiiant-resource elements.-‘zzf As usual, these
appear in the denominator of a fraction in the tie-in constraints (rows 9-11) con-
nsctin~ the fixed-cost and variable—cost activities for each variant-resource
element., i'ixed costs are wiven as a single dollar figure. OSince the cluster of
products contains candidates for domestic production, imports are omitted. The
model is irritten out with two alternative exorsenous demands in columns 17A and 17B.
Only one of these demands may be used in deriving a particular progromme; the scale

of the other must be set to zero.

4. The scalss of activities RFX1, ..., RFX3 (columns 14-16) are integer variables.
The objective 1is the minimization of total dollar costs, consisting in this case

entirely of fixed nsosts (row 5).

!/

29/ In continuous operation there are 3,760 hours per year; allowing for maintenance,
etc. 6,000 effective yearly hours per machine is a high estimate; our resource
elements are set to contain 10 machines each.
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95. It is immediately clear that this particular numerical example is dominated by
the very large demand for product B}Q/ in both exogenous demand structures. Working
with the exogenous demand structure A, the 20,000 units of demand for product B can
be translated into individual variant-resource-element requirements which are cal-
culated as 400,000, 300,000 and 60,000 hours respactively, or (in fracti ns of total
capacity) as 6.667, 5.000 and 1.000, Thus it would take 6.667 replications of
resource-element variant 1 to produce product B; or % replications of resource-
element variant 2; or just one embodiment of resource-element variant 3. Comparing
fixed costs, the total for resource-element variant 1 would be (6.6671).(1.0) 1f
fractional facilities could be built; in reality, however, the next lirger integer
number would have to be installed, i.e. 7. Due to the utter simplicity of inter—
relations within the model, similar calculations can be performed for each product
resource-element-variant combination independently of a1l the others. These are
summarized both for the fractional solutions that suppose the resource-element-
variant scales to be continuously variable and for the rounded molutions. For
exogenous demand structure A the continuous solution (which is sure to be an under-
estimate) is 5+35, while the rounded solution (which may be an over—estimate) is 9.
Thus the maximum possible error is 3.65 units or 68 per cent of the lower bound.
For exogenous demand structure B the continuous solution, %3.5, and the roundeud
solution, 55, together offer a far more favourable error bound: 1.6% units or some

3 per cent of the continuous cost estimate.

96. The optimal solution for exogenous demand A ca: be derived by hand, by the
simple device of enumerating all plant combinations, starting with sin;-le plants
(resource-element-variant capacities of unity taken individually) up to three plants
(where the sums of resource-element-variant capacities are equal to 3). There ara
three single plants, six double combinetions and ten triple combinations. Fach of
these can be rapidly checked to verify if the plant or plant combination suffices

for servicing the stated exogenous demands of all four products. In this way the

}Q/ The demand for product B can be gsaid to be "large" because the input require-
ments of product B are of the same order as those of the other products; thus
the large number describing the extent of demand is not counteracted by an
unusunlly small product size (or value).
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combination (1,2,3) emerges as the best one with a total fixed cost of 6.5 units,}l/
i.e, substantially below the cost of 9 estimated by rounding off the fractional

solution,

97. What does this illustrative example demonstrate? Depending on the structure
and size of demand, one particular resource-element variant among a number of closely
related variants can dominate to such an extent that it practically eliminates the
other variants from further consideration., With exogenous demand structure B, this
is the situation with resnurce-element variant 3 of which 13 replications are
required, 'The scale of this resource-element variant can be treated as a continuous
variable, for any error introduced by so doing will evidently be small. Resource-
element variants 1 or 2 can be retained for producing product A, but if these are
dropped and product A is eliminated from further consideration, this is probably just
as favourable a practical alternative. A final verdict depends on import prices,

but at this stage of model specification it appears justified to concentrate on the

investigation of the opportunities ofiered by resource-element variant 3.

98, The situation is more difficult with exogenous demand structure A. Resource-
element variant 3} predominates here alsn, for if it were dropped, the production of
product B alone would require a minimum (fractional) fixed cost of 6.667. There
are, however, much more advantageous alternatives than sole reliance on this
resource—element variant, since the latter would still fail to provide for the pro-
duction of A, besides being a high-cost alternative. A combination of 3 and 2
appears favourable., It is low in cost (5.5 units) and drops the production of A

and D, both of which are low in demand; this may be acceptable in practice.

99. The question is if, when confronted with the results of semi-quantitative pro-
gramming work, it is necessary to recur to the use of this kind of model in making

decisions about resource element specifications. It is suggested that this is not

}l/ Any combination not containing resour :e element 3 can be immediately excluded,
since the other two resource elements require huge capacities for producing
product B. This eliminates 9 of the 13 combinations preceding combination (1,
2,3) where these combinations are ordered in terms of ascending fixed costs,
The remainirg four are eliminated on zlmost as simple criteria. Sinsce (1,2,3)
with a cost of 6,5 proves feasible, subsequent combinations with higher costs
need not be tested at all.

32/ The combination (3,2) is of course not a solution to the problem as stated in
the model.
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g the case. In general, such models (of the type of Model 3) with full allowance for

; fixed ccs.8 for listed products and variable costs in representing the economies of

i scale of resource-element capacity maintenance activities, plus all the other com

g plications discussed in earlier chapters, would become unworkable if exhaustive

3 variations of all resource elements were included in them. First of all they would
become entirely too large, and second, they would impose an impossible data-

collection burden in calling for scoree or hundred of variant-resource-element

designes with fully pecified machine parks and flow inputs. This road clearly leads

to a dead end.

10G. The model of Table 3 indicates, however, that an approximate approach oan be
defined in working towards reasonably specified resouroe elements. Some of the

features intrnduced in Table 2 for numerical simplification can now be postulated

ey s e e

deliberately for purposes of approximation. Thus resource-~element variants can be
characterized in an approximate way by their estimated annua! fixed costs and
capacities, without a closer description of their economies of scale and without
engaging in detailed design and specification of machine parks, input flows and so
on. On this basis individual produots can be tested one by one to estimate which

resouroe—element variant would allow them to be produced at lowest annual charge

attributable to processing-capacity maintenance. In making this estimate fixed and
variable capacity requirements of produots (i.e. the coefficients ¢ and 5 in Model 3)
may be merged into appropriate total capacity requirements at the level of demand

ven; direct material inputs and inputs of intermediate commodities can be ignored.
|

i o R AR i e I A

as these typically have little influence on the choice of a resource-element
variant; the variable inputs of resource-element-capacity-maintenance activities

(of the type RES1) can likewise be ignored, since these reflect not a tradenff of

PR AR e

fixed against variable costs in production, but economies of scale in regard to the
resource tlements.}}/ Thus the ohoice hinges on what it costs to maintain on an
aanual basis the fraction of the fixed capacity of the resource element that the
given product actually requires. This fixed annual cost, it should be recalled,
includes not only capital charges, but also labour and indirect material costs

attributable to running the resource element at its capacity limit for a whole year.

101. Figure 10 illustrates the meaning of assuming zero variable costs in resource—

element-capacity maintenance. This figure corresponds closely to Figure 3} except

o A S N R

that the supply elasticity for resource-~element capacity is asswned to be infinite

2}/ If the data permit, the latter economies of scale can, however, be allowed for,
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at the stated fixed level up to the capacity limit, at which point 1t becomes zero
(the supply line shoots up vertically). The facility can be duplicated: this
implies double fixed cost and double capacity limit. The variable on the horizont ¢l
axis is designated as X3 by reference t» the numberines Hf aetaivitios in Hodel
correspond.ncly the scale of fixed-cost incurrence 1s LR Mhis s the variaole
required to assume integer values in any feasilie noluti@n; tracty nal ovilaeg

appearing in a so—called continuous optimal solution alwayvs imply o nndorestimat .

of costs.

102, With the staged assumptions the approximati-n is clogely anal v-ue L the
numerical illustration given in Table 3, and thus tne individual teatine f products
against each separate regoiurce-element variant derives its ustification from the
properties of this illustrative model. 3o long as demand is lirre enonh to resalt
in multiple facilities, the rounded continuous solutions are likaly t o he - o
approximations to the optimal interer solutions, and one-ly-one toctine ia o
reliable approximatinon, If this is rot the zase, nne-by-one teatin: o load Lo .
larger error. Tlwen in the more difficult case one-by-one testing can be aaed to
weed out the less favourable variants. After this is accomplished, ne o eather
try to obtain an improved estimate by settins up a small preliminary inte er proe
sramming model such as shown in Table 3, or olse one can include « very iimited
number of the most stratepic resource-element variants as explicit alternatives an

the specification of a major prosramming model of the type of Model 3.

103, If need be, perhaps as a result of a critical shortare Hf aoat information on
resource-element variants, the entire procedure described above can be further
shortcut by simply matching product demands against ranges of resource-element
characteristics, e.g. weight or seriality ranges. Then each resource element can b
defined in such a way as to be centred on the most frequently sccurrins weltht,
seriality etc. ranges; jointly the resource eiements have t, ~) ver the entire ranse
of variation under consideration, even if in the course of programming sor » of *heuse
regource elements are eliminated a~ candidates for investment. This shortout will
mot help in deciding on optimal degrees of mechanization in response t-
capital/labour price variaticns and ¢n other 1ssues of loril adaptatior whose study
can be subsumed under the more elaborate preliminary estimates that have been dia-
cusged above; 1f the shortcut is resorted to, these 1ssues have to be decided

either on an intuitive basis or by means of special side studies.
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104. In sum, the formulation of pro~ramming models such as lodel 1 to 3 presupposes
that the ressurce elements, in terms of which the models are formulated, are
specified in advance. The task »f undertakin~ this specification ties the prosramminz
models to the earlier stare Hf semi-Tuantitative work. Jiven the results »f this
preliminary work, the task of specifyin~ reso urce elemerts can be stated as settline
upon specific representntions of the resiurces with which the semi-muantitative stace
operates, Resouarces have to be tied down t» detailed weisght and seriality ran-as,
product assortments and ~ther features »f 1oca2l adaptation such as the de-rree Hf
mechanization. These fleatures finally have t» be made concrete by specifyinrs the
machine park and flow i1nputs ~f each reshurce element. In makins the appropriate
selection, 1t is necessary t> recur to> approximation procedures that either result

in the direct speacification of the ressurce olements »r ot least cut the number of
alternatives to the bone. Two simple procedures have been susmested which offer a
way of bridging the ~ap between the semi—quantitative and the model-tuildineg stases

of programming.

12, Global-gectoral decomposition models

105. The relationship between sectoral and economy-wide prosramming can be studied
by a variety of analytical devices including input/output tables, linear prosramming
models and computer simulation. «#e shall choose a linear proesrammins framework for
the present discussion, since it 1s particularly well adapted to an intuitively
clear presentation. We shall work with Dantziiolfe type decompositio-n models
(Dantziez and iiclfe, 1961) that brin~ >ut the key features of sect ral-slobal

interrelations.

106, Table 4 presents the parameters and summarizes the kev features »f an illus-
trative ~lobal model with tw> different sectors. The oreanization of this model
follows the principles laid down in Chapter 2 (see especially Table 1),

The distincuishing feature of the mndel 18 that the parametars »f the two sectors
follow a block-diagonal format (rows 3-6) except for the presence »f two rows

(rows 1-2) in which both sectors have entries. These interconnsctinz rows represent
requirements of the primary factors, labour and capital; the remainin~ rows represent
balances of goods that are specific to one c¢f the two sectsrs., The activities of

the model are production activities except for the last one which is the exomenous

activity.
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Table 4

An illustrative two-sector Dantzig-tolfe type decomposition model
(linear programming )

{a! Iresentut:on o ~irameters

SECTCR 1 SEOME D
. Exoge-
: Good A Good ® Good € Geod | nous
1 T
‘ - 1.1 -1.25 -, 22,5 P - Ll =05 - - et 50 Carital requirements
¢ | '
! ¢ 1-12.5 =7.° U0 =TL0 =150 =5,00 =4,0 =1ledy 000 Pabour requirements
T T T T = - DU R I~ 7"
3 l I - . - . ' ' <5y HETEEE B ‘n:i;tl‘h‘p
1 i
4 -~ 25 1 1 | | LYY Joed R bialance
- T T == TTTTTTAT T AR e
5 | 1 1 - i =t Good O balance
1 i
6 I = & = .5 i 1 | -’51 Good D balance
1 2 3 4 5 v 7
(b) Listing of feasible basic solutions for each sector
Labour Capital
Sector Activities and scales requirement requirement
Complex A 1 1,3 75.0 50,0 -1,236 ~ 98
B 1 2,3 35,7 71.4 -1,071 -129
c 1 1,4 60.0 50.0 -1,100 -191
D 1 2,4  63.2  65.8 - 934 -243
E 2 5,7 53-6 35-7 - 946 - 89
F 2 5,8 25.0 30.0 - 705 =115
H 2 6,7 75.0 62,5 - 625 -225
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107, JSuch a model is not fully ~eneral, since in practice the separation of
sectoral cocefficients intH blocks is not Tuite as neat as this model would have it.
The umaal strictara »f input--atout models, for example, leads us to expect an
approxin~taly triin-alar structare rather than the diasonal structure >f this model.
done the lass, $no aimple properties ~f this mndel serve as a suitable take-off

no1at £y 1nter m-odifi-ntiong,

16« Wdhle 1 1i-ts o1 -nt different complexes which can be farmed out of the produc-
tin eotivities f tne mhdal.  These complexes represent different ways »f satisfyinsg
tho finnl demnands »f ench sectHr by usin~ the least number of different production
aetivitiee,  The fin~l demands are represcented by nemntive entries in the exorenous
~ol'rm.  or 2xamnle, an seator 1 the final demands for ~ods A and B are S0 units
arch,  Goyd & can be or oduced by activity 1 oor 0 oand oood B, by activity 3 or 4.

ihas we must have at least twoy rctivaties ¢ satisfy the final demands of these two
-y dz, and e 3an shoose 1oand 3 (complex A), 1 and 4 (conplex B), O and 3 (complex C)
or 2 and 4 (complex 4). A similar choice can be made in Sector 2. Note that

vhile we =annot satisty sectoral finnl demands b a sinsle activity, we could use,

17 we wanted, three »r aven all four activities >f a sector for doing so. However,
the restricti-n of each zomplex t» two activities results in the simplest kiad of
ordustive structure.,  Technically, these complexes are referred to as feasible basic

aolutions to the sect-ral sub-problems.

13, Fimure 11 has bean drawn to scale from the data >f Table 4. 3Zach complex is
drawn s a point representin ' capital and labour input requirements, but these
requiremants are measured from the opposite corners of a box. Thus Sector 1's
capital and labsur needs are measured from the south-west corner and Sector 2's
correspondins retuirements from the north-east corner. Tho dimensions of the box
represent combined ez momv-wide nvailabilities of the tw» factors., Such a diagram
1s xnnm 8 an drewosrth-Dorley box diasram and is particularly well suited for
studringe the allocati 'n of the tw»y fact rs amont the sectsrs of our illustrative,
hi~vhlv simplified eco nomr. Zlearly, joint allocations of either factor to the two

sectors should remain within the limits of total factor availability.

110, The complexes ~re used t» define s~octoral isoquants in tne diacram. These are
wtained Ly interconnectin: efficient complexes. G and C are not efficient, because
they use m>xr2 capital and labour than some other efficient porint. The economic

meanins -7 the connectins line is A production structure obtained by averaging com—

plexes with different weizhts. Thus the midpoint between B and C is a 50-50 average
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of complex B and C, while the point 3/4 of the distance from I' t> H is an average
consisting of 3/4 H and 1/4 F. The averacin~ pertains not only to factor inputg,

but also to all other characteristics (e. . :ctivity scales) »f the complexes. Bevond
the averayed cwmplexes, the isomuants are extended horizontally and vertically, 2.7
t> the risht 7 \, These extensions can be interpretad s simifrines factor—disposal
activities, c.7. the extension to the ri-ht of 4 ~onsists °f ~ conbinatisn (not an
averame) of soaplex A with v rvin- »mounts Sf labsr disposal, 1.2, 1abur allacated

to Sector 1 ind loft wnutilizad.

111. The sect ral 1somuant is 1 reneralizatin of the conventionnl production funce
tion to the Hperatinz of n entire sestr. 11 points »n the 1s>Turnt are 1n n
senae ctuivalent, since they represent th: b performonse ~f the zestyr. In the
present case this mewns meetin~ sect rol demonda os spe~ifiad o the exo =enous
activitv; 1n other cases 1t mi-ht (1s> moean revanias withizn cnecifis sectoral supply
opr capacity limitations {hach o~ 1 1 - ~1fied 1n the axopenous \nttvity}.
Thus the 1scmuant 13 A device e cunpressins 1advoractioa o tn reoord ty sectoral
detail such s nrecise sativity lovels, vhale coaverin- ialrm-tion on twy 1toms
vital for walysins tne ~1yoal anterpel-tioan Tetveeon se~toper Tirst, the maantita=-
tive requirements (or supplies) of the Losie resourses int e oanectin: the sectors,
in the present case »f labour snd o-pital; vt second, the innliad aaformation that
all underlyin- sectoral demand, suppl- Hr other tvnes f snecific trlances and

limitations arc met.

112, Points that are nat on th 1:omant itself daffer sharply in internretation
accordine to the side of the isomant »a whish ther aprear. Prints on the hollow
side (i.e. above the isoquant »f Sector 1 wd belor that >€ 0) ~re f2rsible from the
technical/ocnnonic point of view but a>t efficient, since one =an aiways find some
point on the isomuant that uses less of both labour and canital. SHaversely, the
points on the othar side of the 13> >mutnt are nt atthaanble, since they simmify a
smaller use of labour and capital th-n s me point >n the isoquant that represents

the best possible cwmbination,

113. Global resource allscatin ~~n be represented in the diarram by choossin~ one
ellocation point for each sector and by checkins vhether the resultin~ allocation
is (a) attainable and (L) erficient. For example, if we pick point B for Jector 1
and P for 2, the resultin~s allocation is efficient at the level of each sector and
also rlobally attainable, since it uses less than the available amount >f labour or
capital.

In order to specify the criterion of global efficiency, we have to select
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an objective function. 1In Table 4, for example, the top row (capital) of the nodel
can be selected as the objective-function row; the objective then is to maximize the
surplus (minimize the use) of capital. In Fizure 11 this sbjective ~an be served by
maximizins the vertical separation hetieen sestorn] allosation points. 0 oand @ oare
clearly not the myst efficient = mbinstim for this purp se; upon 1nspection tioo

A-F combination is found t> be more efficient. dote, howaver, thot Hoth the wj

and the A-F combinations leave s me labour anutiliced,  Intaltivelv 1t 13 ottrastive
to attempt full labour utilization for -reantest officiensy 1n camitel use. 0 thig
end one wishes t» select tu> points thot are precisely vertical, since the sum of
labour allocations will then exhaust the available ~1obal supply. hen one passes
a ruler across the diarram while keepin~ it in the vertical position, Lhe larcest
vertical separation is attained when the line passes throuth A and cuts the =i
seqment »f Sector 2, If minimizine *he use of capital 1s the eriterion, the optimal
gsolution is the uge of complex A for Jectsr 1 and a wol~hted avera~o f 0 and P in
Sector 2. e find a similar >ptimum for a different shhiective function, e. v, the

minimization of labour; in the latter case we maximize the horizontal seoaration

between allocation points and s> on.

114. The geometric representation ~iven above is intuitively transparent and is an
excellent way of drawing attention t5 gsome of the Key conceptual problems which
arise in embedding sectoral prosrammin~ decizions in n aconomy-wide regource
allocation context. Yet it has the drastic limitation that the number »f 3actors
and the number oI connectin~ resources are restricted t» tuo., Ior practical oro-
gramming purposes we have to rely H>n a purely al rebraic fomulation of the model,

a formulation that generalizes t> any number of sect>rs and connectin - res mrees.
The Dantzio-iolfe alworism 1s such a general, afficient computin~ aevice fHr obtiin-
ing rapid exact s»lutions. The need for some such computiny device 13 al!l the more
essential as generally it is impossible t» oroceed bv the enumeration of se:toral
complexes, whose number rises combinatoyrially with the number of distin:t i:tivities
in the sectoral subproblenms. Thug, 1nstead of definin~ sectsral 1sorminats ooad rela-
tine them to each other, the ~eneral computational methd tikes a drastic shortout
that makes it unnecessarr to enumerate spesificall» any it o few very hi-hly
selected sectoral coimplexes.

115. The basis of this shortcut is the definition of sectoral subpro -rommes that
are used to locate previsusly unknowm sect.ral complexes aloa- the sectoral

isoquants. Thus we can start with just a handful >f complexes (e. :. snc per cector;
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but methods exist for locating even these starting complexes if they are not initi-
ally known) and additional complexes will accumulate in tha course of the calculation,
The sectoral iscquants can be thought of at all times as being approximated by con-
necting the already known complexes. Hven a single complex will give an approxima-
tion of a se~toral i1soquant: for example, when only complex B of Sector 1 1s known,
the estimate of the sectoral 1isoquant 1s an l-—shape with the point of the L located
at B. It is ~lear that approximations of the 1scquant based on omitting some of the
complexes will always be entirely on the attainable (technically feasible) side of
the correct isoquant; thus they will be composed of feasible but generally ineffi-
cient points. The approximation improves as more complexes are identified; eventu-
ally, the method locates all complexes needed for defining the correct 1soquants 1in
the neighbourhood of the optimum. The shortcut corsists in not 1dentifying the over-
whelming majority of the complexes in those regions of the correct isoquant that are

not required for defining the optimum.

116, The sectoral subproblems used for locating new complexes consist of the inter-
section of the columns of the sector with the rows of the sector plus the intercon-
necting rows. Thus the subproblem for Section 2 consists of the intersection of
columns 5-% with rows i-? and 5-6 (Table 4). The intersection with rows 5-6 indicates
the constraints specific to the sector, while the intersection with rows 1-? 1s used
for defining a sectoral objective function which consists of a weighted sum of these
rows. Since the coefficients in these interconnecting raws represent primary factor
requirements (labour and capital) we can interpret the weights as prices and regard
the weighted sum as the total factor cost for the given sector. Thus the objective

of the sectoral subprogrammes is the minimization of factor costs within each sector

at given factor prices.

117. These factor prices, and the new complexes that are found in the course of sgec-
toral suboptimization, form the connecting links of the entire computational proce-
dure. At each step we determine a provisional optimum within the Edgeworth-Bowley
box diagram, based on the estimated isoquants that connect the complexes already
identified within each sector. The provisional optimum also identifies a correspond-
ing set of factor prices. These prices are then used as weights for the objective
functions of sectoral suboptimization problems. The latter 1dentify new complexes

which allow for a closer estimate of the sectoral 1soquants, and the whole procedure

}A/ In the two-dimensional diagram (Figure 11) the labour/capital factor price
ratio is interpreted as the slope of a budget line connecting points of equal
factor cost.
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is repeated. As long as the estimates of the isoquants keep improving, the provi-
gsional optimum also improves. The procedure ends when no further improvementi is

possible.

118. In the present illustrative case both of the interconnecting resources re-
presented primary inputs. This need not always be the case. Figure 12 indicates
the schematic structure of input-input, output-output and input-output combinations,
where the segmented connecting lines are replaced by smooth curves. The first of
these sketch diagrams corresponds to Figure 11. In this case the sectoral connect-
ing lines correspond to the 1soquants of neoclassical production functions. [f both
connecting resources are outputs, the sectoral connecting lines have the shape of
neoclassical production possibility curves; in the case of one output and one input,
the lines correspond to neoclassical factor input-product output diagrams, best
known from applications to linear homogeneous production functions.

13, An illustrative model for the metalworking
gsector in an intersectoral decomposition system

119. Table 5 presents the parameters and other pertinent information relating to a
decomposition model (discussed in para. 105-118) but specifically aimed at the
requirements of the metalworking sector. This model 1s :ntentionally kept to a

very small size to permit the gradual introduction of additional complexities.

120. The model shows only two products designated as goods 1 and 2, for the sector.
Each of these may be imported or domestically produced. Required inputs are capital
for domestic production and foreign exchange for imports. The import activity is
reversible: in other words, it is assumed that at the prevailing world market price
it is not only possible to import a commodity, but also to engage 1n negative im-
ports, i.e. to export this commodity. This export opportunity, however, depends on
a special quantitative limitation for each good, given in rows 5-6., The logic of
the model permits the ready addition of further export activities at lower export
prices: this procedure represents export demand in the form of a step function,

with prices falling stepwise as exported quentities increase.

121. The complexes characterizing the model are gZiven also in Table 5. There are
only two significant alternatives for each good: it should be imported entirely or
produced domestically and exported. The alternative of domestic production without
any exports or imports is subsumed in the former alternatives. Thus there are four
complexes that have to be considered individually. The capital (K) and foreign-

exchange (FE) requirements of each complex are broken up by product.
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A small illustrative model for the metalworking sector

in an intersectoral decomposition system
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122, For the purposes of intersectoral analysis, capital and foreign exchange are
regarded as the interconnecting resources; accordingly, the complexes have to be
represented in an Edgeworth~Bowley type diagram with capital on the vertical and
foreign exchange on the horizontal axis. The usual diagram, however, has to be
slightly modified since both net surpluses (exports) and net deficits (1imports) of

foreign exchange in each sector have to be given consideration.

123, Figure 13 presents the corresponding diagram. Complexes A, B and D are found

to be efficient. Note that the right-hand side of the diagram corresponds to the
isoquant configuration such as that shown in Figure 11 or diagram (a) of Figure 12,
while the left-hand side of the diagram corresponds to the input-outlput configura~
tions given in diagrams (c) and (d) of Figure 12. The vertical line supplied as an
extension from point D upward corresponds, as usual, ito disposal or non-utilization

of a factor, in this case of capital. Note that resource requirements are denuted by
negative numbers; Figures 11 and 13 carry such negative numbers on the customary hori-
znntal and vertical axes. In Figure 13, the opposite direction of the horizontal axis

becomes meaningful and carries positive numbers to denote net foreign exchange outputs.
£ p ; & p

124. In Figure 14, a sketch diagram is given indicating the interaction between the
metalworking sector (Sector 1) and the rest of the economy. It is assumed that the
rest of the economy, like the metalworking sector, is capable of operating either on

a net import or on a net export basis; thus the course of the sectoral connecting

line for Sector 2 1e similar to that for Sector 1. It ig further assumed that a net
positive balance of foreign exchange representing a net inflow of foreign investment,
is available to the economy. This is the extent to which imports as a whole (foreign-
exchange requirements) are permitted to exceed exports as a whole (endogenous foreign-~-
exchange supplies). This net foreign investment defines the horizontal dimension of
the Edgeworth-Bowley box; however, in the present case, the box is extended beyond

the usual corner at which the net resource input of a gsector becomes zero. The verti-
cal dimension of the box is normal and represents the availability of capital In
order to achieve the greatest possible capital economy, Sector i has to operate in the
present case on a net export basis (see the position of the vertical arrow between the
two sectoral lines) while Sector 2 operates on a net import basis. If net foreign
investment becomes rero, the horizontal dimension of the Edgeworth-Bowley box col-
lapses to a point, but the extensions to the net-export regions still operate; in

the latter case it can thus be decided which sector will be a net exporter; the other

sector will then have to have an equal net import. Finally, the diagram can also

accommodate net foreign investment (capital outflow): in this case the origin for
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Diaprammatic representation of a snall illustrative
model for the metalworking sector
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Figure 14

Sketch diagram of two-sector decompositiorn. model where each sector

mAy run either a net export or 2 net import surplus, Sector 1 cor=-
responds to the numerical model dia/rammed in Fipurse 13
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Sector 2 (the NE corner of the box) moves to the left until it passes beyond the
origin for Sector 1 (the SW corner of the box). The box thus has a negative hori-
sontal dimension. This may appear unusual but is in fact very simple to interpret:
either both sectors must have net export surpiuses, or the net export surplus of
one of the sectors has to be large enourh to offset the net i1mport surplus of the
other and still leave sufficient foreign exchange to comply with the exogenous
foreign-exchange requirement. In each of these cases the diagrammatic representa-
tion of a single sector follows the principles 1llustrated by the emall numerical
model, and the determination of the optimal position invariably rests on the identi-
fication of the vertical cut that gives the largest separation between the sectoral
connecting lines.

14. Pixed costs in the model

125. We are now ready to introduce elements of indivisibilities and economies of
scale into the model. These features are indispensable if the model is to be made
realistic, since they play a key role in planning decisions affecting the sector.
Some of their effects, at the level of Planning within the sector, have already been
discussed; it is, however, essential to give such a discussion more depth by placing

it in a context that takes inter-sectoral relationships into explicit account.

126. The simplest way of introducing indivisibilities and economies of acale into
the model is by adding fizred costs. This leaves the formulation of the model 1in
linear programming notation essentially unchanged, except fur the fact that some
variables are restricted to integer values {Chapter 3). In the case of the small
illustrative model for the metalworking sector, which we have just developed, we
add the following parameters:

Capital Foreign Cagggitl

exc limit
Fixed cost for production of good 1 200 200 160
Pixed cost for production of good 2 500 0 8o

127. The model with these additions is shown in Table 6. The definition of fixed-
cost activities and tie-in constraints follows exactly the principles laid out in

previocus chapters. The scales of activities 2 and 5 are integer variables.

128. The effect of the fixed costs is an increase of the capital and foreign-
exchange requirements of the sector in a way that depends on the productive struc-
ture. Referring to Table 5, the listing of complexes indicates that compler A con-

sists entirely of import activities, with no production within the sector; this
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complex will thus be unaffacted by the introduction of fixed costs in production,
Complex B, however, contains a productive act vity for -ood 2 and accordin~ly has to
incur the fixed cost for this aotivity, ~iven as 500 units of canital. DThus the
capital remiirement of complex D rises from 540 t2 1,040 units, while tho forei m-

exchanre reTuirement remains the some.,

129, In Firmure 15 the new complexes includin- tne specified fixed costs are degio
nated by A', 3' and s0 on. (Imore for the moment A", B" ets. occurrin- in thio
figure.) It can be seen that A c¢oincides with A', while ' (desimated b oan arrou)
is obtained from A by a vertical movement T SC0 units, corresvondin- to the fixed
capital requirement. Reforrin-~ back t> Table sy complex T ohas both productive
activities and is therefore assimmned loth fixed edsts, Those fixed -~ssts add ap to
700 units of capital and 200 units of foreim exshanze.  In Fi=ure 17, wosordin S

we move up vertically by "00 units (capital) and to the right by 200 ‘mits {(forei =

exchanse) to obtain D' from D,

130, It may be thou-ht that we can now connect the nei comnlexes A', 3', ' to -et
a new isoquant; this is not, however, the case, since it would imply avera-in.- the
fixed costs. [or example, the midpoint between A=A’ and 5' .ould imply 1nearrin -
half the total resource requirements of B'5 this incurrence is ~11 ri-ht as tor oo
the variable casts are concerned, but the fixed cysts have to be 1neurred ones and
for all as soon as there is anv praduction of wood I, Yot tne averasin - nrocedure
falsely assumes that the fixed costs, as much as the variable costs, «sn o et in
half in the latter case: in other words, this kind of averac~ins treats fixed—cost
incurrences not as intever but as continuous (divisi‘;)le) variables and will there-
fore be referred to as continuous averasinz, and the resultin~ isomuant will be
referred to as the continuous 1soquant., In Firure 15 the latter is denoted by the

dotted line connecting complexes A', B' 6 D',

131. For correct averaging we must include the respective fixed costs of any pro-
duction activity in full, as soon as any production is undertaken. Thus in avera.rin-
complexes A' and B', we have t-5 add on the fixed costs of production of wod ¢ {500
units of capital and no foreirm exchange) for all averaced points, with the sin~le
exciption of point A itself where the production of 7ood { actuiallv etuals zero.

This procedure is indicated in Figure 20 by erectins a fixed-cost arrow sn A', The
end point of this arrow is A"(B') which will be referred to as the correct averagzin:-

point A” for B'. 1In Figure 15 the correct averaging line is seen to connect A"(B')

with B' itself since there are no fixed costs at A' and therefore the correct avera-

ging point B"(A') coincides with B'. Thus, starting with A' (which coincides with A
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Fig\_ge 19

The introduction of fixed costs. The complexes A, B, D are carried by
the fixed costs into points A', 3', D', These points cannot be directly

averaged, The correot averaging points are shown as A", B", D"
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where no fixed costs are incurred) the correct averaging line first rises to A"(B')

(which corresponds to the smallest non-zero production level of good 2) and then

proceeds to BY,

132. At B' the fixed costs for producing pood 1 have to be added on before the
averaging with D' can begin; accordinrly an arrow representines 200 units of capital
and 200 units of foreism exchanse is erected on B', to ~et B"(D'). iote that this
averaging point does not coincide with the averasines point B"(A'). it D' no further
fixed costs need to be added since D! already allows for the fixed costs »f both

production activities. The correct averasin~ line thus runs from B"(D') to D',

133. Figure 15 discloses that some points of line B"(D') to D' are inefficient.
Thus point B"(D') itself and the points near to it are inefficient because they usge
more capital and forei-n exchange than B' alone. Theyr can therefore be superseded
by B' ¢>mbined with a disposal activity for capital. 1In other words, it is more
efficient to use B' and to leave some capital unutilized than to use B"(D'), no
matter what the direction of optimization happens to be. Fipure 16 ~ives the final
correct isoquant obtained after the elimination of inefficient points. The area

{
between the correct isoquant and the continuous isoquant is shaded in the fiqure.lz/

134. What information does the correct isoquant convey about the sector? Pirst, it
quantifies capital and foreign—-exchange requirements. The precise meaning of this
quantification has to be stated with some care, however, due to the jamred outline
of the 1soquant once fixed costs are introduced. Thus we define the correct isoquant
in either one of two equivalent ways: (a) as the meometrical locus of least capital
requirements corresponding to given foreism-exchange requirements or outputs; or

(b) as the geometrical locus of least foreisn-exchange requirements (where these are
algebraically extended to include negative requirements, i.e. net outputs of foreigm
exchange ) corresponding to given capital requirements. Second, the correct isoquant
provides the implied information that all specific sectoral balances and constraints
are correctly obseived, including the fixed-cost tie—in constraints and the specifica~
tions that restrict certain variables to integer values. [vidently, the continuous
isoquant violates the latter condition since it treats integer variables as con-
tinuously divisible.

}2/ We have ignored complex C in deriving the correct isoquant. In general, one
cannot state with certainty that an inefficient point of the no-fixed—ocost
problem will remain inefficient when the correct isoquant of the discrete
problem is defined. It is necessary therefore to include such points in the
correct averaging procedure until it can be shown that their correct averaging
lines are everywhere inefficient.
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Figure 16

The sectoral isoquant derived from the correct aver-
aring line., Inefficient points are eliminated
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135. Given the correct isoquant for the metalworking sector, we can define an
intersectoral model on the same principles as in the purely linear case. HWith
reference to Figure 14, the general structure of the problem remains exactly the
same as before, with the simple modification that the isoquant of the metalworking
sector (and possibly of the oth r sector as well) will now exhibit the kind of agged
indentations that occur in Figure l6. The optimum 15 still found geometrioally by
identifying the largest vertical separation between the two isoquants (for an
objective function of capital-requirements minmimization)., The only essential
difference ie due to the fact that now there is a possitility for several local
minima to occur, due to the indentations of the isoquant. Once thie oceurs, purely
local optimality criteria are no longer adequate for the 1dentification of the
optimal solution; methods of finding such a solution are based on fradual improve-
ments and consequently will break down. Note that the feometrical method of 1denti-
fying the optimum by the criterion of the larfFest vertical separation between the
isoquants relies on a complete scan of all possibilities summarized by the two

1soquants!

136. This key fact determines the differont order of difficulties encountered in
the linear and the discrete cases. In the purely linear case we can rely on power-
ful shortcut methods which avoid ecanning all the combinatorial possibilities and
which find their way directly to the optimum. In the discrete case the simple
shortcut methods break down, and while a number of ex18ting mathematical procedures
show considerable improvements over the exhaustive enumeration of combinatorial
possibilities, they i1nvolve much greater difficulties than the ones associated with
the purely linear case. Above all, the simple relationships between resource allo-
cation and pricing in the purely linear case (and also 1n nonlinear but convex
models which do not involve indivisibilities and economies of scale) break down 1n

the case of the discrete problem.

137. Fortunately, in practical planning taske we do not require exact g~lutions.
The parameters of the problem are themselves subject to considerable marg.ne of
error, and in any event a freat many uncertainties about the future intrude upon
exact formal solutions to programming models. Th jractical planner 1e quite willirg
to accept approximations if he 1s provided with an adequate measure of caontrol over

the margins of error involved in such aprroximations.

138, With reference to Fipure 16, we can define primal ond dual approximations .

Primal approximations alwave remain on the attainable (technically feaeitle) gide
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Figure 17

Primal approximations to the correct sectoral isoquant
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of the correct isoquant, e.g. on the upper side in Figure 16. Thus they observe

all constraints of the problem, but they may be inefficient. The search for the
optimal solution based on such approximations will fall short of the true optimum;
thus in the case of the minimization of capital requirements, the solution will be
one that uses more capital than the attainable minimum, MNany approximate solution
methods to integer programming problems give such feasible but typically sub-optimal
solutions. Vith reference to Figure 17, a solution method which found points & and

D but missed point B might resort to a correct averaging procedure between the latter
two points. The corresponding linc would run higher than the correct 1soquant, since
it would connect D' with point ¥ and add the height of the step above B' to the step
above A', Taking this line as an approximation tc the correct isoquant will neceg-
sarily result in sub-optimal solutions (see line D'ZA' in Figure 17). Another primal
approximation might do away with averaging altogether and simply piece together
solutions from unaveraged complexes. An isoquant corresponding to this strategy
would connect A', B' and D' by large horizontal-vertical steps (see line D'XIB'XSA'
in Figure 17). If in addition some complexes remained unidentified, the steps would
run at an even higher level (e.g. line D'YA' in Fipure 17). To keep errors within
bounds, it is clearly desirable to perform a corract averaging operation on complexes
which have already been identified, and to keep from missing complexes which would

allow significant improvements of the approximation,

139. The essence of the dual approximations is that they close in on the correct
isoquant from the infeasible (technically unattainable) side. The simplest approxi-
mation of this kind is the one that ignores fixed costs altogether and operates with
the original isoquant ABD appearing in Figure 13 (see also Figure 18). A closer
dual approximation takes fixed costs into account, but Jdistributes them evenly over
all units of availabl: production capacity. A third and even closer approximation
treats the fixed costs of the complexes as fully divisible for averaging purposes

and lecads to what has been labelled as the continuous isoquant,

140, It is important to clarify the distinction between the second and the third
approximation., To this end, we calculated the following average fixed costs per
unit of production capacity: good 1, 1.25 units of capital and 1.25 units of foreign
exchange; good 2, 6.25 units of cepital and no foreign exchange;éé/ These average

}é/ The calculations were made by dividing the fixed costs (200, 200) v - the stated
capacity of 160 for the production of good 1, and likewise dividing (500, 0) by
80 for good 2,
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Figure 18

Dual approximations to the correct sectoral isoquant
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fixed costs can be added to variable costs for each production process, and the
resulting purely linear model can then be solved in the conventional way. VNote,
however, that this approximation fFenerally understates the fixed conts associated

not only with the averaged complexes but also with each complex in isolation. For
example, complex R' (see Table 5) involves the production of 6 units of sood .

(30 for domestic demand, 6 for export); thus we calculate a fixed cost of (36).(6.09)
= 225 units of capital instead of the actual 500 units. Likewise, for comples D' we
caleulate (100).(1.25)+(36).(6.25) = 350 units of capital and (100).(1..%)+(36).(0)
= 125 units of foreigm excharge instead of the correct figures of 700 and .00 ree-
pecti~ely. These underestimated resource requirements for each complex will be
denoted by the symbols B*, D¥, lMNote that as A involves no fixed COBLS, A=A'=Ai¥,
Thus the isoquant estimated by the second dual approximation runs throurh A, By, Dx
while the isoquant estimated by the third dual approximation is the continuous
isoquant A'B'D'. It can be seen in Figure 1€ that the third approximation 1s closer
than the second, because the third is exact (has no arror) at the points representing
individual complexes and is in error only over the averaging stretches connvcting

the complexes. The second approximation ie in error except at complexes such as A
that have no fixed costs at all, while over the averaging stretches too, the error

is larger than the one characterizing the third approximation.

141. In the general case the three dual approximations can be derived by mathemati-
cal programming techniques. The first is obtained when the sectoral subproblem is
optimized while fixed-cost activities are omitted; the second, when fixed-cost
activities are retained together with their respective tie-in conetraints but the
integrality conditions on the fixed-cost incurrence variables are suspended; and

the third by integer profgramming and strict observance of the above mentioned

3/

integrality conditions.

142, The difference between the second and third dual approximations can be summa~
rized as follows: while both work with average rather than marginal costs, as both

teke into account fixed costs which are ignored in the derivation of marginal coste,

}1/ In all three cases, the entire course of the approximating isoquant can be
obtained only when the optimization is carried out repeatedly with gradually
changing capital/foreign-exchange price ratios inserted in the sectoral
objective functions, since each such optimization will lead to only one extreme
point (complet) along the isoquant. This repetitive procedure can be forma—
lized and shortcut in the case of linear programming and is techrically
referred to as parametric programming.
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in the second approximation average costs are obtained by distributing fixed costs
over the units of available capacity, while in the third approximation average costs
are obtained by distributing fixed costs over the actual unite of production charac-

terizing each comrlex,

143. Jointly the primal and the dual approximations permat a satisfactory pragmatic
approach to the programming of individual sectors within an over-all intersectoral
model, The primal approximations will vield feasible solutions that are generally
not optimal tut close to the optimum; the dual approximations will permit placing an
upper bound on the error that is being committed and th. approximate pricing of the

interconnecting resources,

15, /. more comrrehenrive model

144, Ve shall now enlarre the model representing the metalworking sector in the
global/sectoral decomposi* on system, in order to bring it closer in conception to
the three models already discussed. In particular, we intend to represent some of
the key features of liodel 3 (see para, 36-3f) that arise from the independent presence
of economies of scale: first, at the level of the individual product (economies of
lon¢ series), and second, at the level of resource elements (cconomies of large scale),
e wish %o study the interaction of these two kinds of inlivis.bilities in the deri-
vation of the sectoral isoquant. In addition, we shall bring in variable exports
which have not been included in llodel 3. 1In !l'odels 1 to 2 exports have been treated
o6 exogenously determined, whereas in the small illustrative model discussed in
Chapters 13 and 14 exports vere already endogenous, btecause the scale of the import
activity occurring in this model was treated as a free variable. I'egative valued

of this variable sigmified exports, and a specific limit was imposed on the extent

of such exports, In the more comprehensive model exports will be treated as a
falling step function of export price, with separate limits on the extent of exports

it each of two price levels.

14%, The model is specified in Table 7 in purely linear form without fixed costs.
For each of the tuo foods tio separate production activities are fiven, using one

of two resource elcments. There are also iwo activities representing the maintenance
of resource-element capacity (columns 6-10). For each good there are five sigmifi-
cant production-and-trade choices: (a) imports; (b) »roduction by activity 1 and
export up to limit of first siep (row 7); (c) production by activity 1 and export up

to limit of second step (row £); (d) production by activity 2 and export up to limit
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Figure 19
ammatic representation of a more comprehensive illustrative model for
the metalworking sector, The numbers refer to individual complexes
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Table 8
Listing of complexes for the 1llustrative model
given in Table 7
Activity Resource requ.rements (-) or supplies (+)
for good good 1 good 2 total
Complex 1 2 FE R1 R2 FE R1 R2 LFE LR LR2 LK
1 I I =800 ~600 -1400
2 I PIEl -R00 +120 -540 - 680 - 540 - 540
3 I P1E2 =800 +420 -840 - 380 - 840 - 840
4 I P2E1 =800 +120 -360 - 680 - 360 - 450
5 I P2E2 =800 +420 -560 - 380 - 560 - 700
6 P1E1 I +200 -2000 -600 - 400 -2000 =2000
7 P1E1 P1E1 4200 -2000 +120 =540 + 320 -2540 ~-2540
8 P1E1  P1E2 4200 -2000 +420 -840 + 620 -2810 - 50
9 P1E1  P2E1 4200 --2000 +120 =360 + 320 -2000 - 360 =2450
10 P1E1 P2E2 4200 -2000 +420 =560 + 620 -2000 - 960 -2700
1 P1E2 I +600 -3000 ~-600 0 -3000 -3000
12 P1E2 P1E1  +600 -3000 +120 =540 + 720 -~3540 -3540
13 P1E2 P1E2 +600 -=3000 +420 -840 +1020 -3840 -135340
14 P1E2 P2E1 4600 -3000 +120 -360 + 720 -3000 - 60 -=3450
15 P1E2 P2E2 +600 -3000 +420 =560 41020 -3000 - 960 -3700
16 P2E1 ! +200 -1500 -600 - 400 -1500 =137,
17 P2E1  P1E1 4200 -1500 +120 =540 + 320 - 540 -1500 =241,
18 P2E1  P1E2 +200 -1500 +420 -840 + 620 - B40 -1500 -271%
19 P2E1  P2E1 4200 -1500 +120 -360 + 320 -1860 -2329
20 P2E1 P2E2 +200 -1500 +420 -560 + 620 =2060  =2575
21 P2E2 I +600 -2350 -600 0 =2250 =2K1}
22 P2E2 P1E1 4600 -2250 +120 =540 + 720 -~ 540 -2250 -33i%!
23 P2E2 P1E2 +600 -2250 4420 -840 +1020 - 840 -2250 -1653%
24 P2E2 P2Et1 +600 -2250 +130 -360 + 720 - 610 =326}
25 P2E2 P2E2 +600 =2250 +420 -560 +1020 -2510 -=3513%
NOTES FE: Foreign exchange R1, R2: Rescurce element capacities
I: Imports P1, P2: Production activity 1 or 2

E1, E2: Export step (limit) 1 or 2
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of first step; and (e) production by activity 2 and export up to limit of second
step. The number of joint combinations for the two products is (5).(5) = 25; there
are thus 25 complexes whose main Characteristics are listed in Table 8. The capital/
foreign-exchange isoquants implied by these 2% complexes are plotted i1n Table 8
which can be regarded as a feneralized version of Fipure 13, As the diagram i1ndi-
cates, there are only five efficient points with the given choice of parameters
which determine the 1soquant for the sector. Apart from pure 1mports for both goods
(complex 1), the efficient choices always involve production by means of resource
element 2 and co.prise the following: imports of €uod 1 with production of good 2
up to either the first or the second export step (complexes 4 and 5); and production
of good 2 up to the second export step with production of €ood 1 either up to the
first or up to the second export step (complexee 20 and 25). All other complexes
are inefficient. The isoquant has three sloping linear segments in the net import

region and two in the net export region,

146. The model is extended by the introduction of fixed costs in Table 9. Fixed
costs of 100 and 200 units respectively, are associated with the production activi-
ties for good 1 with a corresponding bound of 160 units of production for each of
these, a bound which ie not exceeded by any of the complexes. The corresponding
parameters for good 2 are 50 and 100 units of fixed cost, with a production bound
of 80 units., For the sake of simplicity, all fixed costs are given in terms of
capital alone, even though it would be economically meaningful to define some fizxed
corts in terms of foreign exchange (necessarily imported components of productive
capacity) or in terms of resource-element capacities, Similarly, fixed costs are
also associated with resource elements: again these are given 1n terms of capital
alone., The respective fixed custs are 250 and 100 units, with corresponding capacity
limits of 2,000 and of 500 units. These limits are not bounds; for many complexes
it becomes hecessary to duplicate resource elemente as total required capacity
exceeds the limit associated with a single fixed-cost incurrence. Thus the integer

variables for activities 14 and 16 will at times assume values of 2,3,4 and 8o on.

147. Table 10 lists the fixed costs of the complexes which are needed for drawing
up the sectoral isoquant which is diagrammed in Figure 20, It will be noted that
this figure is a more elaborately detailed variation on Figure 16.

148. The derivation of Figure 20 18 laborious but straightforward. There are only
two new features that emerge 1n comparison in Figure ¥, Firset, it is no longer

true that the continuous 18oquant, as heretofore defined, will necessarily remain
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Table 10
Listigg of fixed costs for complexes of a more comprehensive
1llustrative model for the metalworking sector

comler Fli i M Ml sodao  1eods0 Tl

1°

2" 50 250 300

3 50 250 300

4 100 100 200

5! 100 200 300

6! 100 250 350

T 100 50 500 650

8 100 50 500 650

9 100 100 250 100 550
10 100 100 250 200 650
11° 100 500 600
12 100 50 500 650
13¢ 100 50 500 650
14 100 100 500 100 800
15 100 100 500 200 900
16 200 300 500
17! 200 50 250 300 800
18 200 50 250 300 800
19 200 100 400 700
20! 200 100 500 800
21 200 500 700
22! 200 50 250 500 1000
23 200 50 250 500 1000
24" 200 100 600 900

25 200 100 600 900
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Figure 20

Sectoral isoquants derived from the 1llustrative model presented
in Table 9, showing effects of fixed costs
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on the infeasible side of the correct isoquant. The former connects 1, 4, 57,

9'y and 25', and as is readily seen it runs between 4' and 5', and again between

9' and 25', above the correct isoquant over a short distance. How this might happen
can be easily folloued in the case of 4' and ¢'. These complexes have identical
fixed costs except for resource element . which has to be duplicated in complex 5,
while it apprars only once in complex 4', If 1t were not for this duplication in 5',
the complexes 4' and ' could be averared correctly by a simple linear connexion.
This linear connexion would run to a point 100 units below point 5' (1f S' had only
1 unit of resource element 2). As it is, the same line will be correct for 70 per
cent of the distance from 4' to 5' because over this stretch the total required
capacity of resource element | stays under 500 units, the limiting capacity for a
single fixed cost! It is only at this point that an extra 100 units of fixed cost
have to be incurred to permit the continuation of the correct averaging process,
Thus there is a sudden jump of 100 units 70 per cent of th: way from 4' to 5' after
which the correct iscquant, maintaining the same slope as before the Jump, runs

into 5'. The direct route from 4' to 5'y on the other hand, starts by anticipating
the final effect of this jump and thus runs above the correct isoquant until the
Jump actually occurs. Such a situation can arise only when the fixed costs of a

complex can be i1ncurred stepwise,

149.  As a result, the definition of the continuous isoquant has to be tightened
for this case. As can be seen in Figure 20 the additiion of new subcomplexes at X!
and Y' allows a redefinition of the continuous isoquant. This redefinition satis-
fi1es the condition of having the continuous isoquant remain entirely on the infea-
s1ble side of the correct 1soquant: the continuous isoquant will now connect the

points 1'4'Y'5'0¢X125,  Cuch subcomplexes occur at integer multiples of the capa-
1ty limit associated with a single incurrence of a specific fixed cost of a given
complex up to the number of actual incurrences minus one, Vhen points along the

continuous 1soquant are identified by integer programming within the sectoral sub-
problems, this process will correctly identify subcomplexes such as X' and Y' that

occur along the continuous isoquant.

150, vecond, the complexes that define the continuous isoquant may not suffice
to define the correct isoquant. The correct isoquant between 9' and 20' is not
obtained by correctly averaging 9' and 25" but by using 20' instead of 9' in the

correct averaging process because the latter averaging line runs at a lower level

than the former. Vhen using 9' there is an immediate Jump of 200 units, whereas
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when using 20' there is no such Jump, as 20" and 25' have an almost identical fiyed-
cost structure (see Table 10). Inasmuch as 20! is only 1.5 unite higher than ar
the latter is efficient when used alone but becomes 1nefficient as soon as averagsing

with 25' is undertaken.

16, Allocations and pricing in the presence of fixed costs

151, The pre~ se definition of sectoral 1soquants 1n the illustrative intersec-
toral model with two sectors and two resources (such as i1s shown for the continuous
case in Figure 14) p rmits the 1lentification of the optimal solution by soanning
the diagram for the larFest separation between the 1somquante,  1f the least ure of
capital is the objective, the largest separation i1es required in the vertieal dipe.
tion. No matter how jagged the correct 1soquant of each sector becomes oo o pepy!t
of correct averaging between complexes that have fived costs, the search tor the
largest vertical geparation 1s still a simple and quick ojcration (see Figure V0,
Typically there will be multiple local optima - 1n Figure 7l there are six of the..
identified by check marks - which have to be compared among themselves to find the

over-all optimum, identified by a double check mark.

152, The separation between the correct 1soquant and the continuous isoquant is
indicated, as usual, by shading. Figure <1 shows the large indivisibilities in
Sector 1 and the much smaller onecs in Sector I, If the continuous isoquant 18 use:!
as a programming approximation to represent the correct isoquants of the sectors,
the error committed in Sector 2 will be considerably smaller on the averare than th.
error in Sector 1, At the same time, since correct local maxima tend to occur at
complexes in one or the other of the sectors (becausr at these points there is no
averaging and many fixed costs qre saved) the approximation to the optimal solnutio:.
based on the continuous isoquants will be burdened with less error originating 1n
the sector with the larger indivisibilities than the average error i1n this sector.
In Figure 21, for example, the maximum separation between the continuous isoquants
occurs at B' which is also the point at which the: correct over-all optimum ig found,
The difference between the value of the correct optimum and the approximation baged
on the continuous isoquant is determined only by the small error in Sector Z; there
is in fact no error in Sector 1, even though the latter sector has a much larger

average error over the course of the isoquant as a whole.

153. If there are more than two sectors and several of these have large indivisi-

bilities which give rise to deeply indented 1isoquants, we no longer have any




IDWGL10/ 2
'age 100

Fipure 21
Sketch diagram of two-sector decomposition model with fixed costs
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fuarantee that the continuous isoquants of the sectors will five a fair approximation
to the optimum, It is essential therefore to complement this approximation by
estimates of the optimum based on primal approximations (see Chapter 115), which wil}
tend to underestimate rather than overestimate the optimum. The difference tx: tweern
the optimum derived from the primal and that derived from the dual approximation

‘Yields an upper bound on the error that might be committed.

154. The relationship between primal and dual approximations to the sectoral
isoquants is of fundamental importance both to the conetruction of propramm: ng

models and to practical rlanning decisions within the sector and the intersectoral

system as a whole.

155, ke now turn to the problem of small indivisibilities. 7o the extent that
the difference between the correct isoquant and the dual approximation 15 withirn
permissible error limts, we can replace the correct isoquant by the dual approx:.
mation. In practice this means that we do not have to bwild a sectoral model that
allows for the last minute indivisitilities, but can be content vith 2 model that
treats the major indivisibilities in a discrete fashion while 1%t uses dual-type
approximation for the minor ones. Of the three dual approximatione discussed in
paragraphs 13G-14. the first 1friores fixed costs altogether, while the second and
third distribute fixed coste e1ther over full capacity or over actual yproduction
quantities in the complexes. The last two approximations, being variants of ar
average-cost type approach, are suitable as guides for the suppression of sma!}
indivisibilities, While both of these approximations are strictly of the dual tyje,
l.e. they remain at all times on the 1nfeasible s1de of the correct itsoquant , wnen
using them for eliminating small indivisibilities from further consideration i1n the
model, it is best to modify them slightly and to distribute fixed coste over a
production rate based on estimated capacity utilization. This will fenerally te
lese than 100 per cent. To begin with, even at points represented bty 1ndividua!
complexes the capacities associated with fixed costs are typically less than fully
utilized, Vith reference to Table f, for example, complex % uses %60 units of
capacity of resource element 2; the fixed cost associated with this resource element
in the model of Table 9 is 100 units, with a capacity limit of S0C umits. Thus to
satisfy the capacity requirement of 560 units, fixed coet has to be incurred twice,
and this leaves 440 units of unutilized capaCity. When separate complexes are
averaged, capacity utilization drops below 100 per cent aven when the 1solated
complexes utilize the capacity fully. While it it not possible to predict accuratel:
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what the capacity utiliration of a particular resource element will bte (as the
estimate 16 required jrior to the formulation of th: model), one can gather some
12ea from the ajprroximate relationship of total demsnd f{or carazcit. to caracity
for &« ci1nsle f1xet ecost, The larger the nwster of wnite resyiret, the higher the
protable oo a1ty utilization can e get. For L 1zenticel uraite, cajacity utili-

. . . . \ < N 7 \
zation {csenuming oiun loading of &1l faciittice) will te wt least a1~l/n,.

19€. “1ver the egtinmated caparity utilizatiorn, fixed coste can te dietiributed
over the corregpa: ing unmite of jroduction and added to variable coete, If the
ectimate © “urn ot to be apyroyimately correct, we arrive at an 1roquant that runs
or. the averopee Slove tne third “ducl aryreximation but telow th correct i1soquant.
Thie aprroyinet.n 10 re1ther a pure duai nor a jure ;riral appro¥imation, but is
withir erros frmit of either, Tt b th paep b Af CorreEperiirg clheelv 45 the
ordinary “anogeriol jractice of dirtrituting fixed coste, for ~rcounting jurpoees,
over the articiviot productiorn rate, Tf all fixed coste car te treated 1n this
manncr within jreecrited error limite, the resulting mode] will te jurely lirear.
In the solution of such a lincar wolel 211 cetivities actually utilize? w111 treak
ever; thus the jrice eolution of ruch & model will reflect full rather than marginal
costs. Irecar-even at ey ante estimated carncity utiliration levels 1e of course

not the same .¢ break-even at ex poet realived levels. As th: model is formulated
exclusively 1n terme of the former, there 1¢ no fecdtack within the model tetween
ex post realized an ex ante jostulated cajacity utilizatione. Ir an actual
decentralization mechanism based on average—cost praicing, the experience in regard
to capacity utilizatior during = given reriod will modify the anticipated capacity
utilization levels for the following reriod, and thus 1t tecomes possible to define
the behavioural prerequisites, at the level of th- managerial decision of the firm,

for an adartive elimination of all ex poet profits and losses,

157. ¥we shall refer to the elimination of emall indivisibilities from the model

by means of an average-cost type approximation as the bridging-over of emall
indivisibilities. Thus in formulating z model for the metalworking sector, we shall
begin by classifying roduction processes and resource elements into two groups:
continuous (within error limits) and discrete. In the case of continuous produc-

tion processes and/or resource elements, indivisibilities have to be bridged over

by an average-cost type approximation.
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158. Indivisibilities that are too large to be bridged over when forwulating the
model, Thcse will enter the model in a discrete way, with their fizxed costs
specifically and separately accounted for in the manner i1ndicated i1n the models
discussed (see, for example, Table ?). The resulting model , containing continuous
and discrete activities, may well ‘e much too large to be solved directly by inteper
programming. In this case the irimal and the dual approximations to the sectoral
isoquants helr to def. . o apfroximate optimizing procedures that will yield botk
feasible but suboptimal solutions and upper bounds on the possible optimum. VFor
example, the use of the third arrroximation for the rectoral lsoquante inwolves the
solution of integer proframming models within the sectors that are murh smaller
than the intersectoral model as a wvhole. Tach such solution contributes a point
along the continuous 1somuant, (The cecond aprroximation 1s even simpler: 1t
involves only the solution of linear programming models, but 1t is less close.)
These points can then be interrelated by a purely linear programming technique
which is the exact counterpart of the Dantzig-¥olfe procedure (in which no fixed
costs occur), The reason for this is that once we work with the continuous 1soquant ,
we effectively linearize the intersectoral problem by bridging over all indivisi-
bilities, no matter how large these are. The solution to this linearized inter-
sectoral protlem yields a set of rrices for the interconnecting resources. Thig
new set of prices is then used to define new objective functions for the sectoral
subprotlems (see Chapter 12). &4n integer programming solution for the latter will

identify new complexes alorng the interconnecting isoquant and so on.

159, Simultaneously we can use primal approximations for the sectoral 1soquants

to obtain a feasible suboptimal solution to the intersectoral problem. In this

task the difficulty 1s, in part, that of finding a sufficient number of sectoral
complexes from which to construct arproximate intersectoral programmes. In the
simplest of these nrima: approximations such complexes are used one at a time for
each sector without an attempt at averaging; in more sophisticated versions explicit
account can be taken of the fixed costs occurring in the individual complexes and
correct averaging can be applied. In any event, candidate complexes for theee tasks
can be supplied from two sources: the dual approximation and the large 1ndivisi-
bilities when these are contained 1n a sector, The relevant complexes constructed
from the latter will be relatively few in number, and a partial enumeration strategy
based on the knowledge of the structure of the csector can be expected to yield a
food selection of candida‘e complexes, A comparison of solutions obtained by the

primal and the dual approximations will define a bound on the possible error.
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The approximations mfy have to be improved progressively until the optimal solution

1€ obtained within an acceptable margin of error,

160. We will now discuss the problems of central allocations ard decentralization
by a price nechanism. The cptimal solution to the intersectoral rrofFramming nodel
rtdentifies those discrete activities that hazve to be undertaker. and geparantes them
from those that will not be used. The solution to this model 1g the tagis for
taking central planning decisions with refard to fixed investments that are too
large to be bridged over by an average--cost type decentralizirfg rmechanism. The
prices which can be associated with either the dual approximation or the primal
1nteger-programming approximations are in ¢eneral not suitatle ae yuides to decen—
tralized resource allocation decisions which will sointly arrive at the arrroximate
optimum that has been identified, e1ther becauge the ITices briife over ex - ecively
large indavieibilitics, or because (in the case of the rrices occurring 1irn integer
rrogramming models) they cannot be uniquely associated with the resources whose
decentralized allocation is desired. Thus it 18 ineviteble that the rlanning deci-

si1one pertaining %o discrete activities have to be undertaken centrallv. (nce it

18 decided, on the basis of the approximate optimal solutior to the [rofFrarming
wodel, which fixed costs will be incurred and which not, the remeinder of the rrob-
lem becomes fully linear and can be decentralired by a price mechanism. To do this,
reformulate that part of the model which remains after the central rlanning decision
has been taken with regard to the discrete activities. Discrete activities whose
fixed costs will not be incurred can be dropped out altorether, while those whose
f1xed costs will be incurred can be represented by their variatle parts alone., The
resource components of those fixed costs that will be incurred can then be subtrac-

ted from the respective exogenous resource availabilities (the sides of the Edgeworth-

iowley box). The model is now purely linear and can be solved ty standard

techniques. The price solution w:ll ¥ield correct decentralizing prices. These

i

irices will prevail only on the assumption that the discrete part of the resource

*1location problem has already been decided upon in one particular chosen manner,

161, 1In sum, the following planning strategy emerges from this discussion:

error li-itsﬁiy an average-cost type decentralizing mechanism. “stimate
amticaipated capacity utilization levels and distribute fixed costs over
the corresponding number of units of the variable-cost activities. Thue
the components of fixed coet are in effect added to the components of
variable cost, and the resulting activities can be treated as continuously
divisible.

(2) Decide ex ante which indivisibilities can be bridged uver within ﬁ
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(b) Build a model for each sector out of the continuously divisille rnd
the discrete activities. Felate these models to cach other wis 1nter-
connecting (1ntersectora i/ resources \PF. foreigm exchange ar: CCTItul)

(c) OCbtain an approxinmate ortimal colution to th 1+ fepsocct tor-1 rolcl,
ueing primel and iyal apirorimetione., | stimate b mrrewrn of error e
the difference tetueer the rrimal and th dual arprovimation, | efine
these arrroximations urti} anoortimal solutiorn 1v ~Ytnayredd vithin an

accepta®l. mareir of error.

(d) Use this solution 28 o tasie for mazing planning decisione wrth
regard to the discrete activitiec, Jhieamounte to decy ding uhieh fixed
costs will be incurred aond which not, “he decision hoe to be put 1nto
effect by means of centrs1l resource ~llocitions,

(e) 1f desirable, the reet of the resource cllocitior [rotler crn be
decentralired Ly mnan of an averago-cos Fricing crrrocch that lietrg-
butes fized cocts on the basis of estimated levele of - ity uty lize-

.

tion. Trofits or lossee 4 to VT ence Letyveoy 1C1peted and
ealized capacity ut:lization must te profreseivelr ¢ mvated Yy opanee
fFerial decision rules that adourt the estimater for + ~1ven 1¢ri00 on
the basis of the cxpericnce of jasct reriods.

17. Capacity allocation and pricang over tinme

162, The policy conclusions arrived =t ir reresrarhe 171-171 bave a corollary with
regard to resource pricinF. {ince thoge fixed coste wbout vhich centrnl deecisiorne
have to be taken do not enter the decentralizing jrice nechiniem, thes hove no 1p-

fluence on the pricing of resources ir the model, ir other worde, ther are trecte |
in effect @& sun¥ costs for pricing rurposec, while variable costs {including die-
tributed costs in the coge of small indivisitilitics) clone deterrine the price
structure. "his does not mean thnt fixed corte have no offect on reeource allocr—
tion. Cn the contrary, ac thc cntire arfFumert of the previous char’ r hars attemp—
ted to show, they have a crucial .rfluence y but thie influence cannot Lo erepted
through the price mechanisn (exccpt for minor, bridged-over indivisitilitieg)

hes to be given a chance to assert 1tself via a non-price tyre, essentially combi-
natorial, centrally controlled resource allocation mechanism. This mechinism not

only complements, but underlies the decentralized pricing mechanism, since differing

central allocations will Five rise to different specific rrice structures,

163. This analysis also permits 2 simple resolution of the theoreticazl conflict
between the relative merits of average-cost versus marpinal-cost pricing., As far
as small indivisibilities are concerned, average-cost pricin, is found to be an
attractive decentralizing device within error limite; the underlying rationale here
is that the enormous savings of information handling, which accrue to decentraliza~

tion, favour working with approximately optimal rather than exactly optimal outcomes.
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carfer indivisibilitics must be handled by central decision-making based on models
that summarize the main combinatorial 2lternatives oren to the system ae a whole.
fnce the key decisione ahout the maor fixed coste have teen made, further detail
can be left to decentralized decision-making tased on a yrice svetem that is built
on pure marpinel corte 2e far as the mror fixed coets are concerned. Yet these
marFinal costs already incorpornte rvercge fiyed cocts derived from the smaller
indivisitilities, The distinction hetween "small” and "large” 1ndivisibilities

depende entirely on the acceptatle error limit uvith rerard to the definition of the

ortimum,

164, All of the above conclusions are derived from static modele. Dyvnamic features
can be brought into the analysis by extending the models to cover several time
irriods, Yodel ! hae Leen constructed to 11llustrate some of these novel features
while reducing the interrelations to their bare-bone essentials. The notation of
Uodel 4 follows the notation for odels 1 to 3 given in the finnex, except for the
omission of most of the subscripts and superscripts of th¢ parameters. There are
two production activities in each time period (columns 1-7, 9-10, 17-18); their
fixed costs have been suppressed, as ve wish to concentrate on resourcec—element
capacities. Intermediate commodity inputs have also been suppressed. Resource-
element-capacity requirements per unit of production ¢ are shown in rows 5-6,
17°-16, «5~c6. The next two activities in each time period repregent the incurrence
of fixed coets associated with the building of new resource—element capacities; the
following two, the corresponding variable huilding costs. Thus, before new capacity
cen be added, a fixed building cost must be incurred, and thereafter a variable
building cost must be met for each unit of capacity built. This representation of
economies of scale in regard to resource—element capacities has been discussed in
paragraphs ©1 to 53, The fixed and variable building costs are represented by the
. and _ parameters respcctively, which refer to inputs of primary factors., It is
assumed that the second resource element is continuous, i.e. it has no fixed buil-
ding costs. For comparison, neverthcless, the fixed inputs have been denoted by
parameters which are assumed to take on zero values. This is indicated by circling

these parameters.

165, Finally, Fodel 4 includes a new kind of activity (columns 7-€, 15-16, 23-24),
representing the holdover of existing capacity from period to period, OSuch activi-

ties are represented by a hypothetical purchase of capacity in period t; its renting

out in period l+l, and its sale in the latter period. There is such a hold-over
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#ctivity for each resource-element capacity. Column 25 is, as usual, the exopenous

rolumn,

1£6. imong the rowe of "odel 4, the first two in each time period are product

tolinres, with final demend in the exogenous column; the next two are primary-

factor bilances, lows ‘=0 ) 17216 nnd "= are cajacity stock talances, Thrse

aceount for exicting stocke, irherited from the previous time period, which are
vl lable for uee 1n current jroduction. The exofenous Ei entrieg in rows ©-6
represent ctock ynherited from the zero time jperiod, while the stock availabilities
ot periode « ond ! depend on the scale of the hold-over sctivities 1n periods 1 and
«« the priece variatles aseocizted with there rowe (for an interpretation of price
viriotles, ser rorepriph o) ore copacits rentals.  §owe ©~10, 19-20 and <G-20 are
copocity tlow talances,  Jher aceount for tho hifference between inherited capaci-
ties ond capecities poasged on to the next time period, ince depreciation is

suj pressed, the 2bove differcnce 18 the amount >f capacity added during the period,
“he yrice voriat les asro1nted with these baleaces are capacity flou rrices, i.e,
the tuving ond selling jricer of o unit of ciyacity, Row 31 18 the objective func-
t1on inid rejresents terminal (Uth perind) valuation of resource-element capacities,
urirg the relative prieoes kl and x . This choice for the objective functior ig in
aceord with th usunl formulation of multi-perind stock (rupac1ty) accumulation
modiele,  The kl and k coefficiente replace the copacity stock and flow bilance
entries vhich occur i1n each carecity hold-over activity 1n previous time [ riods,

167, Fows 7-5, 17-1' and . 7-c¢ remuire special interpretation. Model & 1s taken

to represent only the decentrelized part of resource allocation, after the central
decisione with regord to maor fixed costs have lteen made. Trese rows, designated
ag tie-in rove after the usual tie-in conetraints which they replace, set the scales
of the fixed-cost activities to the rsedeterm1ned integer values, represented by X*
parameters 1n the exorenous column.jﬁy #dhere a fixed-cost activity is set to zero,

the corresponding variable-cost activity i1e interpreted as also restricted to the

zero ecale,

10 . Demand, rcpresented Ly the exofenous entries in the product-balance rows, is

aseumed to inrreage from period to reriod., Instead of providing the extra capacity

AL In these rows, in order o force exact equality between an X* parameter and

the corresponding fixed-cost activity scale, no non-zero slacks are allowed,
This can be handled by an elementary extension of the linear programming
format shown in Chapter Z,




ID/wG.10/2
Page 109

required for the additional demand of each period, it is generally advantageous to
build ahead of demand, i.e. to add a larger amount of capacity during a gaven jeriod
than that required for satisfving the demand increase of that period. This occurs
in capecity building whenever th re are sconomies of scale which reduce the average
cost of new capacity as the ecale of the addition increages. Cffsetting this adven-
tage 18 the fact that expenses have to te incurred 2t »n earlier Lime period thor of
somc part of the additionat capacity were tuilt later, 1.e. carital as tied uy n
currently unneceseary, 1dle capacity, for highly eimplified cages 13 18 rossi t:le

to derive analvtical solutione for the protlem of optimal capacity addition (¥enne,
1°G1); for more comj lex cager, euch as the precent one, recourse munt be aade to
integer propramming.  The optimal eolution to an inteper propramring formmiation

epecifiec the amount nnd kind of new capacity ta bhe added an each reriod,

166G, Civen th se resulte 11 1s interesting to annlyse the corresponding price
implicatione, esrecially with repard to the rental price of cepacity, Whenewer
there i¢ elack coapacity, the #ssocinted rental price will be rero. “Yowewver, owing
to the steady exopenous 1ncrease of demand, no capacity slack wiil persiet indefa-
nitely. Yventually the capacity limit will become tinding and the rentol price wiid
rise above zero, in the intervening [eriode, however, the flow rrice of 1pher)ted
and parged-on crpacities of thie jarticular kind will hiave remained constant, rince
1n each two concecutive periode the stoek (rental) price of capacity sets the daffe
rence tetween the corresponding flow yrices, Thus i f the capacity of resource
element 1 h't been redundant for n periods, beginning with period t, the rinck-
rental price for these poriods will te 7zero, and the flow price of cipacaty an
period t+n will ‘e the same ag in period t-1. In period tinsl, when capacity be-
comes binding, the etock-rentsl yprice (see Model A) equalr

- ’ — \ -
ys(t+n+1) = yf(t+n) - yf(t+n+1) = }f(t 1, yf(t+n+l).

where Y and Ve refer to capacity stock (rental) and flow prices respectively,

and the parentheses contain the index of the time period. CTince the price solution
of a multi-period programming model can be interpreted #s representing discounted
prices, 1n current values the flow irice of slack capacity increases at compound
interest, If we treat the flow price of the capacity of the second resource-element
(which i8 Contlnuous) as thc numeraire 1n each time period for defining current
prices, the rate of interest in the model will coincide with the rental of this

continuous capacity.
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170. If the technology of lodel 4 is stable from period to period, the input
requirements for producing additional capacity of resource element 1 will be the
same in a later period as in an ecarlier one; thus the current flow price of the
capacity of this resource element will drop to its 1nitial value as soon as 1t is
being added to. As a result, the drop in flow jrice has tn be compensated by a

high rental to five a rate of return on the holding of this capacity emual to the
rate of return on the other capacity. The rental price oabtained Auring the reriod
(or periods) when the capacity 1s binding compensates for sleck periods when rentols
are zero. The result is a fluctuating price pattern for the crpoe1ty of resource

element 1,

171. The flow price of the capacity of resource element 1 allove »nly for th
variable part of building cost. As i1n a static model, fixed btuilding corte are
treated as sunk and do not enter the decentralized price form tion mechaniem,
Resource allocation decisions pertaining to these fixed cogts afFain have to be
centrally taken, In more comprehensive modrle with a larger number of regource
elements, there will probably be some resource elements whroge f1xedd tuilding costs
are sufficiently minor to be bridged over by an average-cost dpproach, s discussed

in connexion with the static models.

172, The amplitude of the price fluctuations on discontinuous resource—element
capacitics may be considerably reduced by secondary demands for theee capacities,
For instance, a larpe prees may b indispensable for turning out refrigerator doors;
the same press may however also be used for producing multiple unite of smaller
objects at a single stroke. If installed to enable the domestic rroduct:on of high-
frrade refrigerators, this press may well have slack capacity for several years which
can be taken up to manufacture smaller objects. Thi se ot iects then constitute the
secondary demand for the capacity of the large press which can be reduced as the
primary demand increases, as the smaller objects can also be turned out on smaller
presses. During a prolonged slack period the stock (rental) price of the capacity
of the large jress may well be zero: this condition serves to encourage any pro-
duction activity that can generate economic value from the glack resource, As all
demande, primary and secondary, increase over time, the slack period will eventually
come to an end when the full range of production activities makes use of the press,
When demand, however, increases, 1t will be necessary to cut out the lowest-¢grade
uses, and to reserve the existing capacity for the most economic activities. This

is achieved by allowing the stock (rental) price of capacity to rise to that point




where the lowest-grade uses are eliminated by their inability to meet the rental

price. Further increases in demand will successively eliminate higher—grade secon-
dary demands, until finally the scarcity of capacity will constrain even the primary
demand which cannot be shifted to other capacities., At this point, if primary

demand is i1nelastic, additional capacity has to be provided.

173. The hierarchy of primary and secondary demands defines a composl te derived
demand function that has a considerable price elasticity even when the individual
demand functions are totally inelastic. Yet, if these demands have some elasticity
of their own, the elasticity of composite demand for the capacity will further
increase. Yoreover, 1f some of the demand for a product that is a heavy capacity
user can be covered from imports during periods of g:eatest capacity shortage, and
conversely if the same product can be exported during periods of more ample capacity
availability, a third influence 1s constituted, tending to make the composite demand
for the discontinuous capacity more elastic. The greater the elasticity of this
demand, the smaller will be the fluctuation of capacity rental prices for a fixed
time-table of capacity additions; this analysis also suggests that the optimal size

of capacity addition will increase with the improvement of capacity utilization.

174. The concept of interruptible secondary demand and of peak and off-peak load
pricing is thoroughly familiar from studies on electric utilities, where the cycle
is a daily one. In our case we are dealing with a cycle that exhibits a periodicity
of several years between capacity additions, and this periodicity arises not from
demand but from capacity fluctuations. None the less, the common element is the
periodically fluctuating ratio of capacity to demand, and thus many of the familiar
insights of the electric power load cycle can be applied to the long-range planning
of discrete industrial capacity utilization and pricing. In particular, moderate
long-term fluctuatione in capacity and product prices, and structural fluctuations
in the utilization of existing capacities and their complementation by exports and
imporits should be a normal part of long-range economic planning. ‘“he benefits that
can be derived from such price and structural fluctuations have to be balanced
against the disruptions caused by the continuous read justments in production.

These need not have, however, exclusively adverse effects. Cyclical read justments
facilitate the braking of rigidities and vested inefficiencies with which a stable
production process often tends to be saddled. Such read justments may aleo be of
great help in the progressive introducticn of technological innovations on which

wuch of the genuine development of an economy 80 decisively rests.




1D/WG.10/2
Page 112

18, Fpilogue

175. The programming methodology developed in thir rep rt is based on an extensive

investigation of the possibilities of technical/esonomic description for metal-

working industries and on an analysie of the major planning problems raised by this

vital but forbidding sector, presented in a voluminoue earlier report entitled

The Planming of Production and xports in the Yetalworking Industries (New Cchool

for Cocial Herearch, 1”67), following & vear-long stud; commisgioned by UNTDO,

176, The beet opportunity for testing these methods is offered by the two-level

pleanning model, which has been developed for all sectors of the economy, including

metalworking 1ndustries, by the Institute of "conomic fcience and the Centre of

Gomputation Techriaues of the Hungparian Academy of Cciences. A detailed degeription

of the metalworking portions of thie two-level model has recently been prepared
under a UNIDO special service agreement (Deak, 106F): as far as known it 1s the
only comprehensive two-level economy-wide profgramming model of 1ts kind., As a
clear example of convergent thinking on related problems, for vears the author of
this report has independently been relying on two-level planning models as a frame-
work for thinking about sectoral planning problems. [n the course of a UNIDO-

sponsored visit to Hungary he had the opportunity to discuss hie approach with the

aconomiste who were responsible for the construction of the Hungarian planning
model.30 The methodolofy suggested in thie report is largely consigtent with the
conceptual framework of the Hungarian planning model and can in many ways be thought
of as constituting a more detailed third level for the metalworking sector that
could be conetructed under the existing two levels. It should be noted that the
construction of such a third level for the mining sector has already been underway
for some time, as the model has been found to offer background information of
increasing relevance for practical planning decisions. Vhile many details of the
author's supgested methodological approach will undoubtedly be rejected or modified
1f and when a UNIDO-sponsored country study of the sector in Hungary finally comes
to fruition, 1t 15 hoped that it will at least provide a take-off point for a prac-
tical test. Tt would be particularly interesting if some of the suggestions for the
handling of fixed costs in an essentially linear-programming type decomposition

model could be made the subject of experiments with the aid of the existing two-

level planning model.

39/ In particular Dr. Jénos Kornai, Director of the project.
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177. One auestion thiat must be left in a tomewhat uneatiefactory state pertaine to
& practical price svetem, Wwhile it g beins suspested to tridee emal. indiviei by ls-
ties, maor fiyed corte ~re g1, left Suteide tve price structure. “or sdsirietpra-

tive and ‘ncerties TEAESTE . Stk 0t Ay te srdiprergatie (- AiEtryt e mary ot

the me or fixed gt 40 o CURNT AT U metalwnre v gectog

, AVer Gt e, Are made
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CAPBCItY Or of futoat”T T e tiyedtl e STonrrence ge certrally decy e, 4 w1
be unaffected h oy, Foange s Bt the tmgpdarie oo Coweprede geoandars A- 1 vities
wWith average fixed roste will die-osurage Eriertrises frar ey mloack A HE TR RT'Y W

and will thus he Anti-economicil, o whit cxtert g tte AoCe tanse 01 auck smdverse
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atioar that g
eradually hardered into a vested ireffiorency ™ The Aarewer to tris cuegt or irade

well bevond the usual technolomv-rertred ‘srmulatior af tr, rrotlem
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178, There are of couree many sther miegtisre v oan emual - weatiefactory state,
Frobleme of techrical inrovation, labovr trairimp, productior tereduling, rroduct: -
vity and many others kave rot ever reer toucked upor,  The cortre of attertion 11
occupied by the protlem of tectnical ‘economc descriytior of mesringful jroduction
alternatives for the gector under = fiven techrolofy, ir & jredominantly etatic
framework, and with no institutional corgtrainte from the gi1de of latour mkilis and
80 on. The framework of linear ard integer programmin, wag utilic~ed for oTrfani *ing
the available alternatives 1n one particulerly simple and obwvious fashion, without
an implied commitment to this framework as necessarily the last word in tre orpani-
ration of this kind of irformation. All in all, despite a constant effort to
simplify the protlems, the very rature of the sector *8 cuch that 1t priles compli-
cation on comrlication in a seemingly endlese wav, wuite roessitly 1t will bte
necessary to complement the essentially syvnortic approach taken here -. the AamAsE1INf
of data for a grand decision -- with an adaptive-control type apprroach having a
totally different orientation in that 1t treats ma-or parts of the exvstem as “"black
boxes"” whose internal workings are fundamentally inacceseible o description and

analysis.




None the less, when all thies has becn said, it is clear that so far only a

modest effort has been directed by economiste toward coping with the universe of

176

*

rrotleme posed by sectoral planning., If the jresent report excites enoush criticism

and 4:ssent to stimulate some additional effort in thir field, 1t w111l have achieved

118 purpose,

g




1DNG.10/2
Page 115

BIB! IOCRATHY

Alpert, S.R,, (1cto) "Teoromy of Ucole rnotre Cetal lemoval

2y (1 : wdustry | Cournal of
Industrial “conomice, July, 170o10,

\ o T ONY Y ; o . .
Aries, P.T., ard 7.7, Yewton 1 T Themean Lpireering ot etirstion, Yofrav-
Hili, Yew York.

»

1 o T I S T S . ) .
Chenery, . B, ¢} S Uhe Rele of Tndnetrielieation e Cevelavment oo, rane”,
American conoric Ceview, Trorecdiree, Tav, 0.

| PN v iy 3 mae .- ’ ®
——  JORG D The -nterdepenicoree of Trvesteers vorEiong’ an Y, “Yramevite ot al,,

The Al.iocatioy of conomi. _CBOUrCes, Ctarfoaps ‘nivers it rees .ifﬁfﬂFE,

- ]
California,
e and * .7, sretecimer 100 "tesource [ lscatior for Sconera e D eve loprent”
- . " e l l ) T ) '
conometrica, 0, Q, Titoow

s - WO : . . o »
Chiltor, “.M, "d, 1260 ost ineer g 1 the Trocere industricc, o raw-i1il,
New Yorw,

Dantrigy, 5.F, ﬂ“r?i:nmuFYmemnf ti“m-mum£,frum%m:W:vrij'hmm
Princeton, N..,

——=&and T, volfe 101 UThe Cecomragrtior Slparitie far  grear raprare’
_comometrica, O, L, et
" . - % .- kY -
Defk, ~. «17¢", “roduction ard YPOrt lannirg s the ryineerirg Trdustre . Voo
’ P i i PR rouetre '
. B S £ ~
Vierna 7 W3, 1077,
. - S Ve . . \ - . . -
Gallik, 7, "10+1) "“xprloratisr ip th SEVELOTTERY At Tre-Trvegtrment Cots far th.
C Trited YNatione, Txrert rorking roup or
1

Industrial
Ko, TDF “ve

rt frofFramming Tata, Yew Vorv, 17010 Yay Tocument

X
Mechanical Transfor=stion vector”,
Fvelopm ) - ‘
efy 4 Tay 1061, 1% pr. oaYirevisted version of original conrulting
parer. {n file at INIT( Tocumerntation Certre, )

~ e I Y s 1 -
Gomory, 7.7, {107 +rip sifForithm for Inteper Tol

lutions to rear ‘rograme’,
Technical "eport Xo.1, Trircetor-"%" “athemat:ce Pegearch froect, Nov, 1000

rerrinted 1r F, ., lreves and U, colfe, edr., Fecent Advencer ir Usthematica)
Froframmirg, tr., €030 Teltrav=Fill, Yew Vork | 1001,
oy Y e - - N . . e ' N PR .
— (1ef 1) "sll-Trtefer Trogramming flgorithot in CLEL Uutk ard "N,0 . Chompeor, ede,
industrie] Ccheduling, py.103- bey “rertice-Hall, rplewocd C1.ffe, .0,

---= and ¥,7, Raumol {1%¢C) “Irtcrer Trogsrarming and ‘ricang”, conometrica,
- 1 L DL T
r - - - L4

Hadley, =, (1067} ‘ntefer Trogramming, fddiean-lesles ress, Feading, Vars,

N . I N
T [l A A . ~ -~ - PR - . N T o ; ~ ¢ g N B .
ani ... ‘choolier 17°%) Tocatioar actare in the Tetpackom;eol _rdustre
p ™ 3

al vef lyver
[}

!
erence to tuture “xyengion ir the Arkancer- Vhgteol ed
tatee Terartment of omm t

R S - N N . .
Fanne, A.F, (1061 "Capacity “xpansion and Trotat:ilietic irowtd

. ‘corometrice,
T4, £Ypac
¢ N y U N LR

New School for Sociel Fesearch, Center for “coramic “larming (%7, The ilanning of

Production and “xrorte in *he “etalworxing “niuetriee, ew York,

-

. . R . ~
Starr, M.X, (1¢£4) Troduction Management
“nelewood Cliffe, N,J,

)

b+

gters enc Tantresie, ‘rertice-lall,




10,/WG.10/2
Page 116

“uever, A%, (10€3) "Combinatorial Theory Underlying !inecer Programs', in %.l., Craves
rnd ¥, Wolfe, ede,, l'ecent fdvances 1n Nathematicel Vrogramming, rv.l-1¢,
Ve rew=ti 11, YMew York,

, conomic Cammiesion for Catir Jmirics o 1GeY) 1o gndustria cufmice

[ AN
ritesd T atiore J
oy Smépien Crgina, Tew Vork cTeles Yo, 1777 T rot cvarlable an Tngplast

-
troreletoor

Trated Dtates, Tepertaent of Trtercar, Turesn of Miroe 19000 “uide for Uakang Cost
ftimetse for tomico -l e o coretiong, sremngton, L0, , Cerort or Invectifa-
t.ooare na, T,
Jietaries, T.0 10000 Trocect Cwveluatior in the “reeerce of conomics of {cale and
‘riiviettilities, Interregmioncl Jvmporsiur on Indugtriel Trocect Vweluation,
Trited Notione, Tragus, 11-.0 Jet, 160" Thisruseiron varyer crp e w0,

ceeoalear Uecertralycation in tonconvex Dretems’ | Tconome.ric fociaty, 1606°
.

o Yark YVeeting Unartforerce

—e= 10t “trofrerming Tata Cummar: for the “hemical Tndustry”, Indurtricli-ation
snd “roductivity, 10, T-%¢,

E———

P T—




IbAG.10/2
Annex
Page 1

ANNEX

Notation for Models 1 to }

Rows

1L151,...,1L187 Listed—product balances. The first numeral is the serial
number of the branch of the scctor, the last 1s the serial
number of the jproduct within the branch,

1EXT, 2EXT Txtrarolated products, treated as a sinfle 1tem for cach
branch. The first numeral 1s the serial number of the
branch. These rows refer to supply-demand balances of
the extrapolated products.

E

Foreign—exchange bolence,

RES1, REST Resource-element-capacity balances. The last numeral is
the serial number of the resource element .

DMAT Direct material input. Hhefers to materisl input 1nto
production that 1s accounted for directly 1n connexion
with a product, rather than indirectly via the material
input recuirements of resource elementr. -

LABl, IABC Lebour input 1nto resource eclements. last numeral is the
serial number of the clars of lavour.

IMAT Indirect material input, via rescurce clemente. Includes
tools, lubricants, form sand, etc. Here only one 1t:m 1s
carried, 1r phvsical unmits, but several |tems may be
added or totzl cost may be carried as a single money sum.,

cap Capital recuirement, Thig 1s the total capital stock t; .
down, measured in monev termc, The price applicable to
this resource 1s the capital carrying charpe, consisting
of the rate of interest plus any other charfes.

3 Annual money cost, accounted directly (a flow).

15TP1,...,1STP4 Step function liruts for extrapolated products. First
numeral refers to branch, last to the serial number of
the step.

1LFX1,...,1LFX7 Fixed-coet constraints for set-up charges in production
of listed products. First numeral refers to branch, last
to serial number of product,

RL1, RL2 Resource—element capacity limits. The last numeral is
the serial number of the resource elewent.
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Y1, FK2

o, R
-8 P
1 ' S As
A ¢
‘arareters

Fixed-cost constraints for resource-element capacities,
The last numeral ie the serial number of the resource
element.

Production of listed producte. First nuneral refers to
branch, last to serial number of product.

Fixed-cost incurrence activity for production of listed
products. Hepresente the incurrence of set-up charges for
a fFiven production scries. irst numeral refers to branch,
last to seriol number of product.

Tmrort activities for listed products, Pirst numeral
refers to brench, last to serial number of product,

Froduction ster in vrroducing extrapolcsted products of a
branch., Totel rroduction scrle 18 sum of successive steps.
First numeral refers 4o branch, last to serial number of
step.

Import of evtrepolated products, first num ral refers to
branch.

Pesource-clement cepacity mointenance, These activities
indicate the inrute reeded for maintaining (5513 buildinr)
fFiven recource-element cepacities. In static one-period
modele no building activities occur, 'The last numeral is
the serial number of the resource element.

Fiyed-cost incurrence for resource-elerent capracities,
The scales of these activities measure the fraction of
fixed cost 2ctually incurred. The last numeral is the
gerial numbh 1 of the resource element,

“xofenous activity epecifring fixed supplies and demands
of different regrurces,

input of listed product j into another listed product
(serial number not specified). The superscript i refers
to the trprical product from which the coefficients of the
gFiven listed rrodu- t have been derived. As an input this
coefficient 1¢ rrovided with a negative sigm, Conceivably
a situation miyht occur where tivo or more listed produc's
are produced b the same vrocesse: in this case by-
oroducts would be designated by positive a coefficients.

ER——
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Input of listed product no. 4 of branch i into another
listed product, no. X of branch ¢ . Typical producte from
vhich the given listed product is derived arec not distin-
€uished in thir notation. Other comments given above for
a% also epply here,

Matrix of ai coefficients, of order 7x7.

Identity matrix, of same order (7x7) as h. The tdentity
matrix has (+1) entries along the mein (MW-SE) diagonal,

Portion of wviriable production cost of a listed rroduct
expressed in money terme, per unit of output. Superscript:
see al.

=)

Yearly fixed cost associated with production of given
listed product. Consists of vearly eapital charpes of
tooling, jips and firtures, and time (cnpacitr) corct of
setting up the required number of yearly production runs.
Superscrirt: see al,

Variable carecity remuirement of J-th resource element 1n
the production of a fiven listed product. "Variable" means
that portion of total capacity requirement that varies
directly wi1th scale of rroduction, es distinguished from
fixed remuirement. Superscript: gee al

e

Analogous to former par~meter, Cubscripte: 1, seriel num-

ber of resource clement: . branch of listed product: k,
serial number of listed product.

Fived cepacity requirement of J=th reeource clement in the
production of 2 F1ven lieted product. Conrists of shere
of time fund of riven resource element devoicd to setting
ur the recuired number of srarly production runs.
Superscript: seo al,

Lnelogous to former parameter. subecripts: see LA
?.

Direct material inrut into production of gfiven listed
product. That portion of 2ll materinl inruts that 1s
accounted for separately for each listed rroduct, es dis-
tinfuished from indirect materinl inputs accounted for e
resource-element—coracity utilizations. Tuperscript: see
al,

-1

J

Analogous to former parameter. Tubscripts: J» branch of
listed product; k, serial number of listed product.
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¢i (VModels 1-7)

(Vodel 3)

¢

mo (Models 1-7)

m . {Model 3)
1k

n (Models 1-v)

f (Vodels 1-?)

913 (Model 3)

Capital investment in tooling, iirs and fixtures required
for production of a given listed product. Superecript:
see al,

=i

«

Analogous to form r porameter. Cubcerirts: sce “ik'
Foreigm-cxchrnge reeurenert in importirg @ piven listed
product, per unit srount; i.c. the foroyyn-cxechenfe 1mport
price, “he rubiserirt refere to the cerial number of the
listed product. 7 orn 1nmt thic coofficient ie provided
with a negative sign, 7t timee the corrncionding cetivity
might be permitted to run in reverse | ciyratving on export;
then m  becomes the oxport jrice.

Analofous to former prrameter, Iubseripie: coe Mo

Foreign-exchanfe recuirenert for importing o urit imount
of the extrapolated products, of the tranch: i.e, the
import price of the extrapolated products, treated ag o
single aggregate commodity: o5 ap injut thie coefficient
18 provided with & nepative sifFn. A4 timee the correspon-
ding activaity might be wrmitted to run in reveree, si1pmi-
fying an export: ther n becomes the eyport price,

Analogous to former paramcter. (ubscript: .y branch of
extrapolated product,

Production cost ner unit of extrapolated produrts treated
in agfrefFate terme.,  The subscript o refers to the seriel
number of the step in the step-function uscd to represent
the rising trend of these money costs.

Yearl; demand for the _-th listed product.

Exogenous foreifn-exchange allocation to or availability
for thc model. If negative, it signifies a net recquirement;
in the iatter cace imports have to be treated as free
variables, permitted to toke on negpative values in order

to allow foreigm-exchonge gencration by export.

Limit for individual step J 1n step funclion for extrepola~
ted products, Cee Y.

o

Analogous to former parameter. Subscripts: 1, branch of
extrapolated product; j, serial number of individual step
in step function.

Variable part of labour of classification 1 utilired per
year in maintaining a unit capacity of resource element de

f
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xij Fixed part of labour of classification i utilired per ooy
in maintaining any capacity in excess of 7zero of rezource
/ \ p .
element ;.
£. Variable part of indircet materinl input utilized per ooy
J in maintaining a unit capacity of resource element "N
E:j Fixed part of indirect meterial input utili-ed POT ear
maintaining any capacity 1n excees 2¢ rero of recource
element e
K. (Kappa) Variable part of capital stock tied ur in maintaining a
J unit capacity of resource elcment Je
K . (Kappa) Fixed part of capital stock tied up an meantaining ene
J capacity in excees of 7ero of resourcc clement -
fk. Upper bound on production scale of Lioted product Jin
J branch k.
€. Limit on capacity of a sinfle resourcc clement o,

J ol









